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. PREFACE 


Tjfi.’s  volume  has  been  written  under  BuAer  Contract  NOas  51- 514(c)  to  provide  en- 
gineers with  analytical  and  other  techniques  basic  to  the  unified  approach  to  problems 
of  aircraft  control  system  design. 


A large  portion  of  the  volume  is  a codification  of  existing  techniques  and  material 
appearing  in  textbooks  and  published  papers.  However*  a certain  amount  of  new 
material  is  also  presented  for  the  first  time  in  published  form.  Bibliographies  cover- 
ing the  major  source  material  are  appended  to  each  chapter. 


This  volume  has  been  Written  from  the  point  of  view  that  the  basic  approach  to  control 
systems  problems  is  of  necessity  through  the  transfer  function.  The  various  ways  of 
dealing  with  such  problems  in  practice  are  essentially  means  of  getting  various  de- 
grees of  approximations  to  the  transient  solution  of  the  equations  of  motion  from  which 
the  transfer  functions  are  derived.  Since  the  object  of  prime  interest  in  control  and 
servomechanisms  work  is  the  transient  behavior  of  the  system  under  consideration, 
it  is  felt  that  this  approach  will  provide  the  control  systems  engineer  with  a relatively 
new  codifying  concept  with  which  to  attack  his  problems. 


The  authors  are  indebted  to  many  individuals  and  companies  who  have  aided  or  in- 
fluenced this  volume  either  directly  or  indirectly,  and  particularly  to  the  Bureau  of 
Aeronautics  Of  the  United  States  Navy.  Special  appreciation  is  due  to  Mr.  L.  hi. 
Chattier,  Mr.  R.  A.  Bertneche,  and  Mr.  3.  Folse,  of  BuAer,  whose  foresight  and 
continued  interest  have  made  this  project  possible.  Special  mention  should  be 
given  to  Juanita  Zimmer  man,  Betty  Harsey,  Elias  Moness,  F.  B.  Bacus,  and  James 
Jones  of  the  Northrop  Servomechanisms  Section  for  their  untiring  efforts  in  preparing 
the  manuscript  for  publication;  also  to  K.  B.  Tuttle,  who  was  charged  with  the  re- 
sponsibility of  coordinating  all  the  individual  efforts  involved.  The  arduous  task  of 
writing  this  book  has  been  made  a more  pleasant  one  by  the  continuing  interest  and 
able  assistance  of  ail  those  mentioned  above  and  the  entire  Northrop  Engineering 
Division. 
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IMPORTANT  NOTE 


This  volume  .-/as  written  by  and  for  engineers  and  scientists  who  are  concerned  with 
the  analysis  and  synthesis  of  piloted  aircraft  flight  control  systems.  The  Bureau  of 
Aeronautics  undertook  the  sponsorship  of  this  project  when  it  become  apparent  that 
many  signifies  nt  advances  were  being  made  in  this  extreme!/  technical  field  and  that 
the  presentation  and  dissemination  of  information  concerting  such  advances  would 
be  of  benefit  to  the  Services,  to  the  airframe  companies,  and  to  the  individuals  con- 
cerned. 


A contract  for  collecting,  codifying,  and  presenting  tr  is  scattered  material  was 
awarded  to  Northrop  Aircraft,  Inc.,  and  the  present  volume  represents  the 
the  results  of  these  efforts. 


The  need  for  such  a volume  as  this  is  obvious  to  those  working  in  the  field.  It  is 
equally  apparent  that  the  rapid  changes  and  refinements  in  the  techniques  used  make 
it  essential  that  new  material  be  added  as  it  becomes  available.  The  best  way  of 
maintaining  and  improving  the  usefulness  of  this  volume  is  therefore  by  frequent  re- 
visions to  keep  it  as  complete  and  as  up-to-date  as  possible. 


For  these  reasons,  the  Bureau  of  Aeronautics  solicit  3 suggestions  for  revisions  and 
additions  from  those  who  make  use  of  the  volume.  St?  some  cases,  these  suggestions 
might  be  simply  that  the  wording  of  a paragraph  be  changed  for  clarification;  in  other 
cases,  whole  sections  outlining  new  techniques  might  be  submitted. 


Each  suggestion  will  be  acknowledged  and  will  recea  e careful  study.  For  those  which 
are  approved,  revision  pages  will  be  prepared  an*i  distributed.  Each  of  these  will 
contain  notations  ar  necessary  to  give  full  credit  ho  the  person  and  organization  re- 
sponsible. 


1 htfl  cooperation  on  the  part  o'  the  readers  of  this  volume  is  vital.  Suggestions  for- 
warded to  the  Chief,  Bureau  of  Aeronautics,  i,'  Mention  AE-612),  Washington  25 , 
D.  • C..,  Will  be  most  welcome. 
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GENERAL  CONSIDERATIONS 
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The  purpose  of  this  volume  is  to  present  the  systems 
engineer  with  essential  mathematical  tools  for  solving 
problems  arising  in  piloted  aircraft  control  system 
design.  This  introductory  chapter  is  devoted  to  survey- 
ing some  of  the  general  principles  involved  and  to  de- 
fine certain  Important  terms. 

As  far  as  his  degree  of  control  over  the  airplane  is 

concerned,  a pilot  may  be  said  to  engage  in  two  types  of 
flight  activity  in  the  course  of  a mission.  The  first  of 
thesa,  usually  called  navigation,  does  not  require  great 
precision  of  control  but  enables  the  pilot  to  fly  the  air- 
plane to  Some  point  at  which  he  begins  the  second  type 
of  flight  activity  characterized  by  the  much  greater 
control  needed.  During  this  second  type  of  flight,  the 
pilot  must  direct  the  airplane  in  some  precise  geo- 
metrical relationship  to  an  object  on  the  ground  or  in 
the  air.  The  object  on  the  ground  may  perhaps  be  the 
landing  field  where  the  pilot  will  terminate  the  flight  or 
a target  which  is  to  be  bombed;  the  object  in  the  air 
may  perhaps  be  an  enemy  aircraft  which  is  to  be  de- 
stroyed or  a friendly  aircraft  with  which  the  pilot  is 
to  fly  in  completing  a mission.  Depending  upon  the 
particular  situation,  it  can  be  seen  that  this  precision 
type  of  flight  is  required  in  such  activities  as  landing, 
tracking,  gunlaying,  bombing  runs.  Hie  essential 


difference  between  the  two  types  is  one  of  precision  of 
control  maintained  by  the  pilot;  the  essential  likeness 
is  that  the  pilot  is  primarily  interested  in  directing  or 
commanding  the  airplane  to  assume  a certain  orientation 
in  space. 

The  pilot  uses  the  cockpit  control  devices  for  two  func- 
tions: to  command  and  to  stabilize  the  airplane.  The 
difference  between  these  two  functions  can  be  clarified 
by  a simple  but  common  illustration: 

A pilot  takes  an  airplane  aloft  and  at  a certain 
flight  condition  attempts  to  establish  a certain 
rate  of  climb.  He  pulls  back  on  the  stick  and 
holds  it  steady.  In  response  to  this  com- 
mand, the  airplane  smoothly  takes  up  a 
steady  climb.  However,  the  climb  rate  is 
not  precisely  what  the  pilot  wants,  so  he 
applies  a slight  forward  force  to  the  stick . 

The  airplane  then  pitches  forward,  and  the 
rate  of  climb  is  reduced.  But  it  is  reduced 
too  much,  so  the  pilot  applies  back  pressure 
again,  and  again  the  airplane  climbs  too 
fast.  This  procedure  continues:  The  pilot 
adjusts  the  stick  forward  and  backward 
continuously,  and  the  airplane  pitches  up 
and  down  without  ever  settling  down  to  the 
desired  rate  of  climb. 


In  this  example,  the  pilot  was  unable  to  command  a rate 
of  climb  and  get  exactly  what  he  wanted.  He  had  to 
jockey  the  stick  back  and  forth,  climbing  fi-st  too  fast , 
then  too  slowly.  The  average  rate  of  climb  was  pro- 
bably satisfactory,  but  the  pilot  was  compelled  to  work 
very  hard  to  maintain  it.  If  he  has  been  able  to  stabilize 
at  the  desired  rate  of  climb  after  perhaps  one  or  two 
small  corrections  with  the  stick,  he  would  have  been 
satisfied;  but  he  was  not  satisfied  with  the  oscillating 
response  he  actually  achieved. 

However,  performance  was  unsatisfactory  only  if  the 
pilot  insisted  on  getting  exactly  the  rate  of  climb  he  had 
initially  decided  upon.  As  long  as  he  placed  the  stick  in 
a certain  position  and  held  it  there  (command  input),  the 
airplane  flew  smoothly  with  no  tendency  to  oscillate;  its 
flight  behavior  was  stable.  It  was  only  when  he  attempted 
to  make  certain  fine  adjustments  that  the  oscillation 
occurred.  The  airplane  by  itself  was  stable.  What  was 
unstable  was  actually  the  pilot- airplane  combination  . 

To  solve  a problem  of  this  sort,  one  must  study  three 
factors:  a)  the  pilot,  to  determine  how  he  responds  to 
certain  stimuli,  such  as  pitch  angle,  normal  accelera- 
tion, and  stick  force;  b)  the  airplane,  to  determine  how 
it  responds  to  certain  control  movements  and  air  forces , 
such  as  backward  and  forward  stick  deflection,  lift 
changes,  and  pitching  moment  changes;  and  c)  the  pilot- 
airplane  combination  as  a system,  to  determine  how  they 
will  interact  with  each  other. 

When  this  has  been  accomplished,  changes  can  be  made 
in  certain- elements  to  produce  a better  system. 

This  volume  presents  techniques  suitable  for  handling 
feedback  control  systems  problems  of  types  of  practical 
importance  to  engineers  concerned  with  the  design  of 
flight  control  systems,  of  which  the  one  considered  above 
is  an  example.  These  are  the  methods  of  analysis: 
methods  of  determining  how  a system  or  elements  of  a 
system  behave  when  subjected  to  command  inputs  or  to 
external  disturbances.  The  volume  goes  beyond  anal- 
ysis, however,  and  consider  methods  of  synthesis , 
that  is,  procedures  for  determining  the  best  way  of 
selecting  many  elements  and  combining  them  into  a 
system.  Analysis  takes  a given  system  and. determines 
its  behavior,  whereas  synthesis  creates  a system  which 
will  behave  according  to  a certain  desired  pattern  . 

In  building  up  a control  system,  it  is  usually  con- 
venient at  first,  and  often  necessary,  to  "live  with"  a 
certain  number  of  components.  In  controlling  an  air- 
plane, for  example,  the  airframe  must  usually  be  ac- 
cepted without  change  because  certain  design  parameters 
affecting  its  performance  were  determined  by  considera- 
tions other  than  control,  such  as  landing  speed  and 
maximum  gross  weight.  Those  elements  which  are 
accepted  without  change  are  referred  to  as  unalter- 
able elements.  All  the  other  elements  in  the  system 
which  can  be  chosen  or  designed  at  will  to  obtain  the 
desired  performance  are  called  alterable  elements . 
In  the  example  used  above,  certainly  the  pilot  and  moBt 
probably  the  airframe  would  be  considered  unalterable 
elements.  The  surface  controls  would  be  the  alterable 
elements.  Dius  a problem  in  analysis  can  be  considered 


as  one  in  which  the  behavior  of  the  system  is  studied 
to  indicate  which  of  the  alterable  elements  might  be 
changed  to  produce  satisfactory  performance.  On  the 
other  hand,  synthesis  is  concerned  with  designing  or 
choosing  alterable  elements  which  will  enable  the  system 
to  produce  a desired  performance. 

The  term  system,  as  used  in  this  volume,  may  be  de- 
fined as  any  group  of  interacting  entities  required  to 
account  completely  for  the  physics  of  a particular 
observed  phenomenon.  This  definition  includes  systems 
as  simple  as  a pendulum  and  as  complex  as  an  aircraft 
fire  control  system.  For  the  pendulum,  the  interacting 
entities  are  gravity,  the  atmosphere,  bearing  friction, 
and  the  mass  of  the  pendulum,  as  illustrated  in  figure 
1-2.  In  an  aircraft  fire  control  system,  there  are  too 
many  elements  to  list  here.  However,  a pertinent  point 
is  that  many  of  the  elements  are  themselves  complex 
"sub- systems, " such  as  a tracking  radar  system  or  a 
pilot-controls- airframe  combination  similar  to  the 
one  described  earier  in  this  chapter . 

The  purpose  of  this  survey  has  been  to  present  some 
general  considerations  relating  to  the  design  of  piloted 
aircraft  control  systems:  in  subsequent  chapters,  thr 
mathematical  means  for  dealing  with  design  problem  .s 
are  discussed. 

This  volume  is  directed  to  college  graduate  engineers  . 
Consequently,  the  entire  effort  is  owav^  a logical 
presentation  of  the  methods  of  analys  is  and  synthesis. 
This  precludes  digressions  for  th  » presentation  of 
general  background  material.  Hot?  ever,  since  it  is 
expected  that  the  engineers  who  use  '.'lis  book  will  have 
backgrounds  in  various  branches  engineering,  not 
all  of  which  make  use  of  the  muth  mafic s pertinent  to 
controls  analysis,  an  append’-:  <t.  nel-sded  which  touches 
briefly  on  important  topicr  It  i s highly  recommended 
that  the  reader  scan  the  spp.  *-dix  so  that  he  may  acquaint 
himself  with  any  unfamiliar  material  found  their  . 

In  addition  to  certain  mathematical  material,  the  ap- 
pendix contains  a rather  extensive  gi  >ssary  of  terms.  In 
particular,  many  new  definitions  at  r given  to  old  and 
familiar  words.  Although  this  may  at  i’rst  seem  arbi- 
trary, experience  will  show  that  once  these  definitions 
are  well  fixed  in  mind,  the  text  can  be  followed  with 
much  less  confusion  than  would  exist  had  the definitions 
been  left  to  chance.  The  reasons  for  this  are  simply 
that  automatic  control  theory  is  relatively  new  and 
there  are  a number  of  systems  of  nomenclature  in  use. 
If  no  standardization  were  settled  upon  for  this  book,  n - 
two  readers  would  gather  the  same  impressions  from  the 
text.  The  definitions  adopted  by  the  AIEE-ASME  joint 
committee  at  the  time  this  volume  is  published  are  used 
whenever  possible.  A list  of  these  symbols  and  de- 
finitions is  given  in  the  glossary,  together  with  those 
of  whatever  standards  exist  in  fields  where  th#  AIEE- 
ASME  presentation  is  not  applicable. 

The  main  body  of  text  can  be  divided  into  three  major 
divisions.  The  first  division  is  simply  chapter  II  in 
which  fundamental  background  material  relevant  to  the 
description  of  system  behavior  is  presented.  Chapters 
HI,  IV,  and  V form  the  next  major  division.  These 


chapters  are  concerned  solely  with  the  analysis  and  VII  and  Vin  are  devoted  to  machine  methods  of  handling 

synthesis  of  linear  systems.  The  third  division  consists  analysis  and  synthesis  problems.  These  chapters  com- 

of  chapters  VI,  VII,  and  VIII  and  considers  not  only  plete  the  volume, 
linear  devices,  but  also  non-linear  systems.  Chapters 
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CHAPTER  II 

FUNDAMENTAL  CONCEPTS 


4* 


*• 


SECTION  I — INTRODUCTION 


This  chapter  discusses  the  means  of  describing  control 
systems  in  order  to  facilitate  analysis  and  synthesis . 
The  mathematical  form  used  to  describe  a system  and 
each  of  its  components  is  called  "the  transfer  function. " 
The  transfer  function  of  a linear  system  completely 
specifies  its  dynamic  performance  in  terms  of  the 
Laplace  transform  variable  s and  certain  fundamental 
parameters  such  as  natural  frequency,  time  delay  and 
damping  ratio.  Since  control  systems  analysis  and 
synthesis  is  carried  on  almost  entirely  in  terms  of 
transfer  functions,  it  is  important  that  its  forms, 
meanings  and  various  graphical  representations  be 


firmly  established. 

The  transfer  function  is  essentially  a "mathematical 
model"  of  a unit  or  system,  and  it  is  manipulated  like 
a laboratory  model  in  order  to  produce  satisfactory 
performance. 

Manipulation  of  the  transfer  function  is  greatly  facili- 
tated by  a number  of  graphical  aids  that  show  relation- 
ships between  the  transfer  functions  of  the  individual 
components  of  a system,  and  promote  visualization  of 
the  transfer  functions  themselves. 


* 


SECTION  2 - MATHEMATICAL  MODELS 


(a)  GENERAL 

Given  the  problem  of  designing  a gear  unit,  an  engineer 
proceeds  by  first  considering  the  physical  requirements , 
such  as  mechanical  advantage,  pitch  diameter,  and 
stresses.  Bearing  in  mind  such  further  factors  as 
producibility  and  availability  of  material,  he  formulates 
his  design.  These  ideas  are  then  converted  into  work- 
ing drawings,  frcm  which  the  gear  is  produced.  Finally , 
the  finished  product  is  tested. 

Essentially,  the  design  procedure  may  be  summarized 
as  follows: 

1.  The  requirements  of  the  design  are  determined  . 

2.  Calculations  are  performed  in  order  to  deter- 
mine controlling  parameters. 

3.  The  best  methods  of  meeting  requirements  are 
determined. 

4.  Working  drawings  are  prepared. 

5.  The  unit  is  constructed. 

6.  The  completed  design  is  tested. 

A similar  procedure  is  followed  in  designing  control 
systems.  However,  the  complexity  of  such  systems 
makes  a more  extensive  design  procedure  necessary . 
Following  the  formulation  of  the  design,  a rigorous 
analysis  must  be  applied  to  answer  these  questions : 

1.  Is  the  basic  concept  sound? 

2.  How  does  the  system  perform? 

3.  How  well  does  the  system  perform? 

4.  How  can  the  system  be  improved? 

These  analyses  can  sometimes  be  done  through  labo- 
ratory experiments.  As  an  example,  consider  the 
analysis  of  an  electrical  distribution  network.  The 
system  is  simulated  in  the  laboratory  by  assuming  that 


lumped  parameters  approximate  the  distributed  capaci- 
tances, inductances,  and  resistances.  These  para- 
meters, along  with  variables  such  as  loading  conditions 
to  represent  disturbances,  are  varied  and  measure- 
ments of  the  responses  are  made.  Because  of  the  as- 
sumption of  lumped  parameters,  the  results  are  not 
a perfect  representation  of  the  physical  system.  How- 
ever, they  are  the  best  obtainable  under  laboratory  con- 
ditions and  may  yield  a great  deal  of  useful  information . 

The  complex  nature  of  most  control  systems  often  pre- 
cludes the  laboratory  experiment  method  of  analysis  . 
However,  one  can  come  close  to  achieving  the  advan- 
tages of  the  laboratory  experiment  by  performing  the 
experiment  on  paper.  Mathematical  equations  may  be 
used  to  represent  a physical  system  in  much  the  same 
way  as  the  laboratory  model  simulates  it,  When  prop- 
erly derived  both  the  mathematical  and  laboratory 
models  should  reflect,  within  certain  limits,  the  charac- 
teristics of  the  physical  system  being  analyzed.  What 
these  limits  are  is  determined  by  the  assumptions  used . 
Obviously,  a mathematical  model  derived  from  unfounded 
assumptions  will  lead  to  grossly  misleading  conclusions . 
Consequently,  assumptions  must  be  made  with  great 
care.  Precautions  must  be  taken  throughout  the  analysis 
not  to  lose  sight  of  these  assumptions  and  to  realize 
that  they  limit  the  validity  of  the  final  conclusions . 

In  order  to  provide  a reminder,  it  is  wise  to  make  a 
complete  and  well  defined  list  of  assumptions  which 
control  the  analysis..  This  procedure  yields  additional 
benefits.  For  one  thing,  In  order  to  express  precisely 
what  he  has  in  mind,  the  engineer  must  think  critically 
about  his  statements.  For  example,  it  is  easy  to  make 
the  mental  assumption  "no  friction, " but  it  requires 
more  careful  consideration  to  write  down  precisely 
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where  there  is  no  friction.  In  considering  "where, " the 
engineer  often  discovers  that  the  assumption  is  un- 
reasonable and  hence  changes  his  attack.  Another 
additional  ber  afit  derived  from  the  list  of  assumptions 
is  realized  when  discrepancies  occur  between  analytical 
and  experimental  data.  ‘Reference  to  the  list  usually 
points  to  the  cause. 

For  these  and  many  other  reasons,  it  is  highly  recom- 
mended that  all  assumptions  be  listed  before  proceed- 
ing on  any  analysis  problem . 

(b)  LINEARIZATION 

One  of  the  most  important  assumptions  usually  made 
in  analysis  concerns  the  "linearity"  of  the  elements 
of  the  system.  The  system  shown  in  figure  II- 1 is 
considered  in  some  detail  in  section  II-3  where  the 
following  equation  is  derived. 


B vary  in  a similar  fashion,  (II- 1)  takes  the  form: 


. cPx 


d"-^. 


,dx. 


<11-3 ) ‘ ‘ *+fi<X)dtf5rl+  ’ ' ",fn-l(X)dt  f"X=  3(t> 

This  is  known  as  a non-linear  differential  equation.  In 
the  simple  example  chosen  it  was  assumed  that  the 
ft(x)  were  functions  of  x only.  In  general,  however, 
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Figvt-e  II -1 . Second  Order  System 

Since  x is  the  displacement  of  the  mass,  this  equation 
says  that  the  sum  of  the  inertia  force  (Md2x/dt2 ),  the 
damping  foroe  (Bdx/dt) , and  the  spring  force  (kx), 
equals  the  driving  force,  Q(t) . In  order  to  solve  this 
equation  conveniently,  the  following  three  assumptions 
are  made: 

1.  The  mass  M is  constant. 

2 . The  damping  factor  B is  constant . 

3.  The  spring  characteristic  k is  constant. 

If  these  statements  are  true,  (II-l)  is  of  the  form: 

d"x  d“-1x  d“‘Jx  dx 

(U -2)  ®o5pr+  *1^ + aJdt^+  * ' ‘+a»-  ‘dt - * a“x  “ Q(t) 

where  a<>,  ai,  .. . ,,ai,  . . aa  are  constants  and  Q(t)  is 
some  function  of  time  (t) . Equations  of  the  form  of 
(II-2)  are  called  linear  differential  equations  with 
constant  coefficients  and  are  readily  solved.  However, 
none  of  the  tnree  assumptions  is  precisely  correct . 
Consider,  for  example,  the  spring  characteristic 
k . One  form  which  this  quantity  may  have  is  illus- 
trated in  figure  II-2. 

The  essential  point  here  is  that  the  spring  characteristic 
k is  a function  of  the  dependent  variable  x . If  W and 


In  most  cases  equations  of  the  type  of  (II-3)  are  solved 
only  by  lengthy  computations . However,  in  some  cases , 
such  as  that  represented  by  figure  H-2,  an  additional 
assumption  can  be  made  that  reduces  the  equation  to 
the  form  of  (II-2) . Specifically,  it  can  be  assumed 
that  the  range  of  values  of  x is  restricted  so  that  the 
slope  of, the  curve  is  constant.  This  is  called  the 
linear  range  of  x . 

It  can  be  inferred  from  the  discussion  that  one  necessary 
characteristic  of  a linear  system  is  that  the  static  re- 
lationship between  the  input  and  the  output  is  a straight 
line.  Systems  which  do  not  satisfy  this  criterion  are 
said  to  have  non-linear  static  characteristics. 

Non-linear  static  characteristics  are  divided  into  two 
main  classifications: 

I..  Continuous  non-linearities. 

2.  Discontinuous  non-linearities. 

Figure  II- 2 represents  a continuous  non-linearity  , 
Figure  II-3a  represents  a different  type  of  non-linear 
static  characteristic  in  that  there  is  no  straight  line 
portion.  The  device  represented  might  be  a pressure 
transducer,  figure  II- 3b,  in  which  case  the  input  is 
pressure  and  the  output  is  volts.  The  curved  line  on 
the  graph  of  input  vs.  Output  represents  the  actual 
static  characteristic  of  the  system.  The  dotted  straight 


lines  represent  several  different  possible  linear  ap- 
proximations to  the  true  curve.  If  the  operating  range 
of  interest  were  large  and  symmetrical  about  the  origin, 
the  line  xy  would  be  used.  If  the  operating  range  were 
small,  the  line  uv  would  be  used.  If  the  range  of  opera- 
tion centered  about  the  point  a,  the  straight  line  passing 
through  that  operating  point  would  be  used  to  represent 
the  system  static  characteristic.  Whenever  the  true 
characteristics  of  a system  are  approximated  by  a 
straight  line, in  this  manner,  it  is  said  that  the  system 
has  been  "linearized." 


Figure  II -3 . Continuous  Hen-Linear  System 


Suppose  that  the  pressure  transducer  were  redesigned 
so  that  it  had  a static  Characteristic  represented  by 
the  line  xy . Next,  assume  that  the  potentiometer 
wiper  attachment  to  the  bellows  became  loose.  The 
unit  would  then  appear  schematically  as  in  figure  n-4b . 
The  bellows  can  now  move  through  a certain  distance 
without  moving  the  potentiometer  wiper.  The  result 
is  a discontinuous  static  characteristic  as  shown  in 
figure  H-4a.  This  type  of  discontinuous  non-linearity 
has  as  its  essential  feature  a hysteresis  loop  and  is 
called  backlash.  Note  that  it  can  be  referred  to  in 
terms  of  the  output  or  input. 

The  only  way  to  linearize  a system  of  this  type  is  to 
assume  that  the  backlash  is  negligible.  This  is  equiva- 
lent to  saying  that  the  range  of  operation  of  greatest 
concern  is  large  compared  to  the  backlash.  This 
situation  is  illustrated  in  figure  n-5. 

Figure  II- 6 illustrates  some  other  important  dis- 
continuous non-linearities. 
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Figure  II -4  . Backlash  Type  Discontinuous 
Hon-Li  neari  ty 


Threshold  or  flat  spot,  figure  n-6b,  occurs  in  a system 
equivalent  to  that  of  figure  II-4  with  the  addition  of  a 
centering  spring  from  the  potentiometer  wiper  to  the 
case.  Whenever  the  bellows  has  moved  beyond  the 
threshold  region,  the  spring  holds  the  wiper  against 
the  wiper  attachment.  Thus  when  the  bellows  reverses 
its  direction  of  travel,  there  is  no  lost  motion  until 
the  threshold  region  is  reached  again. 

Preload,  figure  n-6c,  is  characterized  by  a step  funct- 
ion force  or  torque  versus  a displacement  away  from 
neutral.  Note  that  the  applied  force  on  a device  with 
this  characteristic  can  vary  from  minus  the  preload 


Figure  IIS.  Backlash 
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value  to  plus,  without  causing  any  displacement . 

Coulomb  friction  has  the  same  relation  to  velocity 
that  preload  has  to  displacement,  figure  H-6d.  As 
shown  in  the  illustration,  a force  equal  to  the  friction 
is  required  to  produce  a displacement  away  from  zero. 
To  reverse  the  direction,  the  force  must  be  reduced 
to  zero,  then  applied  again  in  equal  strength  in  the 
opposite  direction. 

Detent,  figure  II- 6e,  differs  from  preload  in  that  the 
force  reduces  to  zero  at  some  small  value  of  dis- 
placement. The  shape  of  the  detent  characteristic  is 
determined  by  design. 

Stiction.  figure  H-6f,  is  usually  assumed  to  be  related 
to  velocity  as  detent  is  related  to  displacement.  In 
general,  this  assumption  is  valid  only  for  very  low 
values  of  velocity.  Stiction  differs  from  coulomb 
friction  in  that  the  force  reduces  to  zero  at  some  small 
value  of  velocity. 

All  of  the  non-linearities  so  far  discussed  have  con- 
cerned behavior  of  a system  near  neutral  or  the  null 
point.  An  important  non-linearity  encountered  with 
larger  values  of  input  and  output  is  limiting,  figure 
II-6g.  This  characteristic  occurs  in  any  real  system . 
The  usual  assumption  is  that  the  operating  range  of 
significance  in  analysis  is  "below  saturation." 


There  are  many  other  types  of  non-linearities  that 
are  important  in  certain  control  system  analyses  . 
But  these  are  discussed  in  some  detail  in  chapter  VI . 
The  essential  point  to  be  gathered  here  is  that  these 
examples  are  typical  of  what  is  not  acceptable  if  the 
system  is  to  be  represented  by  linear  differential 
equations  with  constant  coefficients  (H-2). 


So  far  only  those  effects  of  coefficients  varying  with 
the  dependent  variable  (x)  have  been  considered.  The 
coefficients  may  also  vary  with  time.  In  the  simple 
mass-damper-spring  example  shown  above,  the  tem- 
perature of  the  environment  may  be  changing  in  some 
fashion.  If  this  were  the  case,  If,  B,  and  k would 
also  vary  with  time;  then  (n-1)  would  take  on  the  form : 


(n-4) 
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This  is  known  as  a linear  differential  equation  with 
variable  coefficients . It  is  more  readily  solved  than 
a non-linear  equation,  but  the  process  is  much  more 
involved  than  that  required  for  the  simple  linear  equation 
with  constant  coefficients.  In  particular,  it  is  not  amen- 
able to  any  of  the  methods  to  be  used  in  chapters  in 
through  V.  Consequently,  the  remainder  of  this  chapter 
is  devoted  to  mathematical  models  that  can  be  derived 
from  equations  typified  by  (n-2) . 


SECTION  3 —BLOCK  DIAGRAMS  AND  TRANSFER  FUNCTIONS 


(a)  THE  BLOCK  DIAGRAM 


readily  in  the  schematic  diagram  of  figure  n-8. 


Engineers  have  developed  methods  of  working  with 
drawings  and  diagrams  especially  designed  to  provide 
useful  information  and  to  aid  in  the  visualization  of 
certain  aspects  of  a problem.  For  example,  figure 
IX- 7 shows  a pump  geared  to  a motor  whose  field  voltage 
is  supplied  by  a remotely  located  control  box.  This 
diagram  provides  information  regarding  the  number  of 
units  composing  the  system  and  their  relative  locations 
and  sizes.  That  ts,  it  conveys  a description  of  some 
of  the  external  features  of  the  system.  However,  it 
does  not  provide  a thorough  understanding  of  how  the 
system  operates . The  operation  may  be  seen  more 


This  figure  shows  an  amplifier  supplying  a voltage^ 
V8>  to  the  control  field  of  a motor.  This  voltage  alters 
the  motor  torque,  thus  effecting  a change  in  motor 
speed,  nt,  with  a corresponding  perturbation  of  the 
rate  of  flow  of  fluid,  Qg,  in  the  outlet  pipe.  The  flow 
of  fluid  impinges  on  the  flowmeter  vane  which  is 
balanced  by  a spring.  A potentiometer  attached  to 
the  vane  puts  out  a voltage, VF,  proportional  to  vane 
deflection  (and  consequently,  proportional  to  Qg) . The 
flowmeter  potentiometer  is  connected  to  the  control 
potentiometer  in  a bridge  circuit.  Thus,  when  the 
control  potentiometer  is  turned  clockwise  the  voltage^ 


Figure~II-7 . Pump  Drive  System 
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Vi,  is  increased  so  that  a voltage  VE  = - Vr  appears 

at  the  amplifier  input,  the  amplifier  contains  special 
circuitry  which  increases  the  current  in  the  motor 
control  field  until  the  flowmeter  voltage,  vp,  just 
balances  the  control  potentiometer  voltage, V,,  (i.e. , 
Vi  -V^0).  In  this  way  precise  control  is  maintained 
over  the  flow  rate  qo  . 

Although  figure  H-8  is  an  abstraction  that  bears  only  a 
slight  resemblance  to  figure  H-7,  it  is  useful  because  it 
shows  the  functional  relationships  of  the  entire  system. 
Thus,  it  serves  as  an  aid  to  the  formulation  of  the  math- 
ematical model  of  the  System.  hi  fact,  one  of  the  equa- 
tions has  already  been  derived,  namely,  VE  -Vj-Vp.  This 
equation  states  that  the  amplifier  input  voltage  is  the 
difference  between  the  control  potentiometer  setting  and 
the  vane  potentiometer  position.  This  relation  will  be 
used  later  in  deriving  the  complete  equation  of  the 
system. 

An  even  more  abstract  representation  of  the  system 
can  be  devised  which  allows  direct  determination  of  the 
mathematical  model.  Consider  first  the  amplifier.  It 
has  as  its  input,  VE  , the  difference  between  the  control 
potentiometer  voltage  and  the  flow  meter  potentiometer 
voltage.  Its  output  is  the  motor  control  field  voltage, 
vo  • This  can  be  represented  as  in  figure  II- 9. 


Amplifier 


Figure  II -9  . Block  Representation  of  Amplifier 

The  term  ya  in  the  figure  is  referred  to  as  the  amplifier 
transfer  function  because  it  transfers  the  input  to  the 
output,  and  it  is  a mathematical  expression  of  the 
amplifier  performance.  That  is,  the  output  of  the 
unit  is  given  by  V0  = yave  . 

The  motor  operation  may  be  expressed  in  a similar 
fashion  by  a block  as  in  figure  IMO. 

Notice  here  that  the  motor  input  voltage  is  the  amplifier 
output  voltage  and  that  the  motor  output  is  the  rotational 


speed  nt.  The  function  Y„  transfers  the  input  V0  to  the 
output  Uj. 


Figure  II -10  . Block  Representa  tion  of  Motor 

There  is  another  input  to  both  the  motor  and  the  ampli- 
fier, namely,  the  line  voltage.  See  figure  n-8.  How- 
ever, this  voltage  is  considered  as  merely  an  energy 
source  of  constant  magnitude . If  this  assumption  is 
true,  only  the  steady  state  characteristics  of  the 
system  are  affected.  In  this  particular  case,  line 
voltage  is  important  because  it  determines  the  steady 
state  speed  of  the  motor  . The  question  of  primary 
importance  in  the  analysis  treated  in  this  book  is  ? 
"What  happens  to  the  system  when  it  is  disturbed 
slightly  from  the  steady  state  operating  point?" ' Con- 
sequently, the  transfer  function  is  concerned  only 
with  those  inputs  which  will  help  answer  this  question . 
An  important  assumption  upon  which  all  the  analysis 
treated  in  this  volume  is  based  Ys .'that a Jtjdifc analysis 
has  Pi6viously_^en_made  jmd_it  has  been  ascertained 
that  the  system  is  capable  of  operation  a t~  the  steady 
state,  operating  point  under  consideration.  “ * ‘ 


Returning  to  figure  II- 8,  the  gear  unit  and  the  pump 
may  also  be  represented  by  blocks,  each  with  a transfer 
function  relating  the  output  to  the  input,  figure  II- 11 ... 


In  figure  11-11,  the  output  quantities  are  defined  by 

“o“Vi.and  Q0«Ypnoi 


Combining  figures  II-9,  II- 10,  and  n-ll  results  in 
figure  11-12: 


, This  combination  of  blocks  i L known  as  a block  diagram . 
It  shows  the  cascade  arrangement  of  the  amplifier  , 
motor;  gearing,  and  pump.  As  yet,  this  block  diagram 
is  not  a complete  functional  representation  of  the  pump 
drive  system  since  the  function  of  the  flowmeter  in  the 
system  is  not  yet  accounted  for.  However,  the  diagram 
does  show  the  transfer  of  an  input  (control)  quantity, 
'fg , through  various  functional  components  into  an 
output  (controlled  quantity)  fluid  flow,  Qo , and  on  this 
basis  coiild  be  called  a control  system.  But  regarded 


Amplifier 
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symbol  called  a differential,  which  repre- 

sents the  equation  ve“  vi  " V' 

The  complete  block  diagram  for  the  pump  drive  system 
is  derived  by  combining  figures  H-12,  11-13,  and  11-14, 
ana  is  shown  in  figure  11-15.  Notice  that  by  following 
the  arrows  away  from  the  differential  to  the  right  and 
back  through  the  flowmeter,  a complete  "loop"  is 
described.  Systems  that  can  be  represented  in  this 
way  are  known  as  closed-loop  systems  and  are  dis- 
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Figure  11-12.  Block  Diagram  of  Portion  of  Pump  Drive  System 


as  a system,  it  has  the  serious  deficiency  that  any 
variations  of  the  pressure  of  the  fluid  supply  to  the 
pump  produces  a change  in  the  output  quantity,  c^..  It 
is  evident  that  to  maintain  a constant  output  flow,  , 
with  this  system,  some  means  would  be  needed  to  vary 
the  input,  VE .whenever  changes  occur  in  . 


This  means  is  provided  by  a flowmeter  used  as  shown 
in  figure  11-8.  The  flowmeter,  driven  by  the  fluid , 
turns  a potentiometer,  which  produces  a voltage , 
his  is  represented  by  figure  lt-13. 


Figure  11-13.  Block  Representation  of  Flowmeter 
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Figure  11-14 . Block  Representation  of  Input 
to  Amplifier 


The  position  of  the  control  potentiometer  wiper,  and 
thus  its  voltage,  is  proportional  to  the  desired  flow, 
Vt  - rcQl  . By  virtue  of  this  circuitry,  the  voltage  into 


tinctly  different  in  their  properties  from  those  that 
can  be  represented  by  simple  cascading  of  elements  as 
in  figure  11-12. 

The  blocks  starting  with  the  amplifier  and  ending  with 
the  pump  form  what  is  known  as  the  forward  loop 
elements  of  the  system.*  That  is,  these  units  transfer 
the  input  forward  to  the  output.  The  flowmeter,  which 
feeds  information  f«om  the  output  back  to  the  input, 
paakes  up  the  feedback  loop  element  of  the  system  . 

If,  in  this  closed  loop  system,  the  output,  Q„, increases 
for  some  reason,  the  feedback  voltage,  VP,will  also  in- 
crease. And  since  the  input  to  the  amplifier  is 
VE»  Vi-  Vp>the  amplifier  will  reduce  the  motor  control 
field  voltage  and,  consequently,  the  pump  output,  . 
Automatic  regulation  of  the  flow  is  thus  achieved. 

If  the  flowmeter  is  removed,  the  feedback  from  Output 
to  input  is  removed  which  opens  the  loop  of  the  block 
diagram.  The  system  then  assumes  the  form  of  figure 
H-12,  and  is  called  an  "open-loop"  system. 

A homely  example  is  presented  now  to  emphasize  the 
difference  between  open  and  closed  loop  systems'. 
Consider  the  automatic  washing  machine.  This  device 
cannot  sense  the  degree  of  dirtiness  of  the  clothes  and 
performs  each  operation  of  its  cycle  only  for  a pre- 
determined length  of  time.  This  is  an  open-loop  system . 
On  the  othei  hand,  when  the  clothes  are  laundered  by 
hand,  the  time  and  energy  expended  are  a function  of 
the  dirtiness  of  the  clothes  because  the  washerwoman 


Flowmeter 

Figure  11-15 . Block  Diagram  of  Pump  Drive  System 


the  amplifier  is  the  difference  between  the  flowmeter 
potentiometer  output,  V.  and  the  control  potentiometer 
setting,  V( . This  is  indicated  by  the  scheme  shown  in 
figure  n-14.  The  illustration  also  introduces  a new 


Thu  terms  forward  loop,  and  feedback  loop  are  mis- 
leading since  “loops”  as  such  are  not  referred  to. 
However,  because  of  long  usage,  they  are  commonly 
accepted.  In  this  volume,  they  are  also  referred 
to  as  forward  path  and  feedback  path. 
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continuously  observes  the  clothes  and  controls  her 
behavior  according  to  her  degree  of  satisfaction  with 
them  • Thus,  she  behaves  not  only  according  to  the 
command,  "Wash  these  clothes,  but  also  according  to 
what  Mppens  as  a result  of  the  washing  operation.  The 
washerwoman  and  associ ated  equipment  m ake  up  a*  ‘ 
closed  loop  system r 


Whether  it  refers  to  an  open  or  a closed  loop,  the 
block  diagram  possesses  several  important  character- 
istics that  deserve  special  mention.  It  must  be  re-  * 
membered  that  a block  diagram  is  a functional  repre- 
sentation of  a physical  system.  Since  the  blocks  re- 
present functional  components  rather  than  physical 
components,  a block  may  represent  several  physical 
units  lumped  together,  or  one  physical  unit  may  be 
subdivided  into  several  functional  blocks  . This  .com- 
bination and  separation  of  physical  components  into 
functional  units  is  based  upon  the  operational  relation- 
ships between  the  units. 

For  instance,,  figure  11-15  shows  individual  blocks  for 
the  control  potentiometer  and  amplifier  and  a symbol 
for  a differential.  Actually,  the  potentiometer  and 
amplifier  are  located  within  one  control  box,  while 
the  differential  merely  represents  a method  of  wiring . 

Also  in  figure  H-15,  the  block  representing  the  motor 
accounts  for  the  relationship  between  shaft  speed  and 
control  field  voltage.  But  since  the  pump  character- 
istics are  important  factors  in  determining  shaft  speed, 
certain  pump  features  are  actually  a part  of  the  motor 
block.  In  this  example,  the  flow,  q0 , is  a simple 
function  of  pump  speed.  It  is  this  simple  function 
that  is  represented  by  yp.  It  is  evident  that  an  intimate 
knowledge  of  the  behavior  of  the  elements  of  a system 
is  needed  before  a block  diagram  can  be  constructed . 
This  aspect  of  the  problem  will  be  treated  in  some 
detail  later. 

(b)  BLOCK  DIAGRAM  ALGEBRA 

It  is  a comparatively  simple  job  to  derive  the  mathe- 
matical models  (transfer  functions)  of  the  individual 
elements  Such  as  Ya,  Y*,  Yg  of  figure  11-15.  Each 
model  describes  the  behavior  of  the  corresponding 
individual  element.  To  determine  how  these  elements 
perform  when  linked  together  requires  the  derivation 
of  a new  mathematical  model  that  describes  the  com- 
plete closed  loop  system  of  figure  11-15.  This  new 
model  is  more  complex  than  any  represented  by  the 
individual  elementary  transfer  functions,  and  must 
be  examined  to  obtain  a description  of  the  behavior  of 
the  entire  system.  The  field  of  controls  system  analy- 
sis consists  simply  of  a number  of  special  ways  of 
investigating  the  properties  of  the  closed  loop.  All 
of  these  special  methods  depend  upon  manipulating 
block  diagrams  such  as  figure  n-15  into  simple  form. 
Such  manipulations  fall  into  the  subject  of  block  diagram' 
algebra. 


As  systems  become  more  complex,  they  become  un- 
wieldy mathematically.  This  situation  is  remedied 


by  a system:'  of  block  diagram  algebra  that  makes  It 
possible  to -reduce  even  the  nibst  complex  system  to 
a single  block. 

This  is  illustrated  by  the  pump  control  system  discussed 

above,'  ■■■■:■  ■ ■ 


The  transfer  functions  Xa>  Xto  X„  and  YP  are  the  trans- 
fer functions  of  the  forward  elements  of  the  System . 
Referring  to  figure  11-12,  YA « V0/VE  , y„  « ttt/V0  , 
XG  - n0/n  1 , Ye  * Q0/n0  ; and  since  . 

q/V  (W  (W  0Vni>  “ XA  X„  Yg  YP  - Ypl 


the  four  blocks  of  the  forward  path  may  be  reduced  to 
a single  block,  defined  by  a forward  transfer  function 

y_  fiemre  XT-1 S 

as  in  figure  11-17 . 


CS  ftm»«  - 
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Figure  11-16.  Equivalent  Single:  Block  Representing  - 
Forward  Path  of  Figure  11-15 

Note  that  the  feedback  element  of  figure  11-17  is  un- 
changed from  that  of  figure  n-15,  because  the  flowmeter 
transfer  function,  Yp,  is  the  only  element  in  the  feed- 
back link;  consequently  it  defines  the  feedback  transfer 
function  of  the  system. 


Forward  Path - 


- Feedback  Path- 


Figure  11-17 . Simplified  Block  Diagram  of  Pump 
Drive  System 

The  overall  relationship  between  the  output,  Qo  , and 
input,  Q1 , is  obtained  in  terms  of  the  forward  and  feed- 
back transfer  functions  as  follows: 

The  voltage  to  the  amplifier  was  given  by 
(If-5)  . V^Vj-Vp 

and  since  vE  = Q0/YFI,  , Vt  = YcQi  , and  vp  = yFy0  , 
these  expressions  can  be  substituted  into  (n-5)  yielding 
<}0/XFIl  = YcQi  - YPQ0  . Rearranging  the  terms, 
QoCVXpl  + Xp)  * XcQi  • Clearing  fractions  and  forming 
the  ratio  of  output  to  input,  the  equation  is 

SiL  = YC  YFL 

(11-6)  Qf  l+XpYpL 

(II-5)  and  (11-6)  are  the  two  fundamental  relationships 
on  which  all  closed-loop  control  systems  theory  is 
based.  (II- 5)  is  called  the  actuating  error  equation. 
It  defines  the  "actuating  error"  (as  represented  by 
VE  ) as  the  difference  between  the  desired  quantity 
(as  represented  by  ) and  the  output  quantity  (as 
represented  by  Vr).  By  direct  substitution  of  the  input 
and  output,  and  by  application  of  the  forward  and  feed* 
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Figure  11-22.  Surface  Control  Positioning  System 


Controller 


Feedback  Potentiometer 


Figure  11-23.  Kotor  Control  System 


Hydraulic  Lines— -j 


Figure  11-24  . Hydraulic  System 


by  the  block  diagram  of  figure  n-25. 


Linkage 


Figure  11-25.  Hydraulic  Control  System 

The  block  Y„  is  needed  to  account  for  the  conversion 
of  rotary  motion  (c)  to  linear  motion  (xt) . The  block 
Yt  accounts  for  the  conversions  of  surface  deflection 
(S)  to  linear  feedback  displacement  (xp).  included 


in  both  ,YS  and  YL,are  conversion  factors  to  account  for 
the  mechanical  advantages  of  the  walking  beam. 


The  block  diagram  equation  of  the  hydraulic  system  is 

I-  “ l- Y>1"  *ete  * ’ raftk 


The  complete  block  diagram  of  figure  11-22  is  con- 
structed by  combining  figures  11-23  and  11-25.  This 
is  shown  in  figure  11-26. 


Making  use  of  the  definitions  of  (II-9)  and  (n-10),  the 
system  is  reduced  to  a simple  cascade, figure  11-27. 

, ; { j,  ‘K,  1 

By  defining  YCP  » Yc  Ys  Ys  yh  the  system  is  reduced, 
to  a single  block,  figure  11-28. 
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Figure  11-26,  Surface  Control  Positioning  System 
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Figure  11-27.  Surface  Control  Positioning  System 


(11-12)  CLOSED  LOOP  TRANSFER  FUNCTION  - 

FORWARD  TRANSFER  FUNCTION 
1 + FORWARD  TRANSFER  FUNCTION 
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A common  example  of  an  inherently  unity  feedback  type 
system  is  the  hydraulic  system  shown  in  figure  H-30. 


Figure  11-28.  Surface  Control  System 

A block  diagram  form  of  great  value  in  the  analysis 
to  be  treated  in  later  chapters  is  shown  in  figure  P-29 . 


Figure  11-29.  Unity  Feedback  Loop 


The  block  diagram  equation  for  this  system  is  derived 
using  the  principles  of  figure  11-18.  Referring  to 
figure  II-29,  E-R-C and  c •«  YE,  therefore  C/Y » R - C . 


(11-11) 


1 _L_ 

R " 1+  Y 


Equation  (P-ll)  should  be  compared  to  (II- 7).  There 
is  one  essential  difference  between  these  two  forms: 
the  presence  of  a product  of  two  different  functions 
in  the  denominator  of  (II- 7).  Since  (II- 1 1 ) can  be 

derived  from  (0-7)  if  the  feedback  transfer  function 
is  unity(Y2«  l),  the  system  in  figure  n-29  is  referred 

to  as  a unity  feedback  system.  For  this  type  of  system 
the  closed-loop  transfer  function  is  simply 


Since  the  valve  is  attached  directly  to  the  cylinder, 
there  is  a one  to  one  follow-up.  The  sequence  is  as 
follows:  control  stick  rotation  displaces  the  valve 
spool  relative  to  the  valve  allowing  fluid  to  flow  into 
the  cylinder.  The  fluid  flow  is  accompanied  by  cylinder 
displacement.  As  the  cylinder  moves,  it  carries  the 
valve  housing  with  it.  Since  the  spool  is  attached  to 
the  stick  (now  held  stationary),  the  cylinder  will  come 
to  rest  when  it  has  carried  the  valve  housing  to  the 
neutral  position  relative  to  the  spool. 


0 

1 

1 

x n 

1 

Stick 

Cylinder 

Figure  11-31.  Unity  Feedback  Hydraulic  System 


A control  system  with  non-unity  feedback  can  be  con- 
verted to  the  form  of  figure  11-29  by  the  following 
sequence.  For  example,  the  system  appears  as  in 
figure  11-32;  its  transfer  function  may  be  written  as 


(II-13) 


C 1 YjYj 
R "Y~  1+  YjY2 


Figure  11-32.  Hon-Unity  Feedback  System 


Replacing  YjY2  by  Y,  the  closed  loop  of  figure  11-33 
is  obtained.' 


Figure  11-33.  Unity  Feedback  System 


After  the  closed  loop  is  analyzed,  it  is  necessary 
to  multiply  the  results  by  1/Yj  in  order  to  de- 
scribe the  complete  closed  loop  behavior,  i.  e. 
C/R*  (1/Yj)  [Y/(l  +Y)]  . 

The  unity  feedback  system  is  very  seldom  encountered 
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in  physical  networks,  but  it  is  very  helpful  in  analysing 
closed  loop  systems. 


Another  useful  diagram  is  that  of  the  unity  forward 
path  systems,  figure  li-34. 


figure  11-34.  Unity  Forward  Path 


figure  11-37,  Final  Form  of  Figure  11-34- 

A symbol  useful  in  developing  block  diagrams  is  the 
adderflU).  Application  of  this  symbol  is  rather  subtle 
since  it  is  mechanized  by  the  same  type  of  apparatus 
as  the  differential  (g>).  * One  important  application 
is  in  describing  a so  called  open  loop-closed  loop  con- 
trol system  figure  n-38.  Here  the  input  is  compared 
to  a feedback  quantity  as  in  any  of  the  closed  loop 
systems  described  previously.  In  addition  it  is  applied 
directly  to  the  final  control  element  (YP)  through  an 
"open  loop  controller"  ( Y0[, ) . Here  the  adder  symbol 
is  used  to  show  that  signals  are  being  added  into  the 
loop  from  an  external  source  (Yol)  • 


% 


The  transfer  function  for  this  system  is  derived  by 
eliminating  one  loop  at  a time.  Since  the  forward 
transfer  function  is  unity,  the  first  loop  is  eliminated 
by  applying  (n-?)  to  figure  n-34,  i.e.,d/c  - 1/(1  +YX) . 
The  resulting  diagram  is  shown  in  figure  11-35. 


Figure  11-35.  First  Step  in  Seduction ■ of 
Figure  11-34 


Applying  (H-7)  to  the  second  loop, 


Figure  11-36.  Elimination  of  Second  Loop  of 
Figtre  11-34 


Finally,. 

& 


and  the  block  diagram  is  shown  in  figure  n-37. 


Figure  11-38.  Open  Loop — Closed  Loop  Controller 

The  adder  is  also  used  to  describe  positive  feedback 
systems.  If  the  quantity  fed  back  is  added  to  the  input, 
the  block  diagram  will  appear  as  in  figure  n-39. 
The  closed  loop  equation  now  has  the  form:  - 


E'  - V + .B. 


Figure  11-39.  Positive  Feedback  System  ' 

A third  application  of  the  adder  is  shown  in  figure  11-40. 
This  is  a parallel  arrangement  of  blocks'.  The  adder 
output  is  given  by  d-  a'  + b'  +:c*  , and  since  .a*  = aYa , 
b'  - bYv,  and  c'  - cYc,  d • aY*  + bYb  + cYc  • Note  that 


♦ 


See  Lauer,  Lesnick  and  Matson  (Ref,  3)  or  Janes,  Ni- 
chols and  Phillips,  (Ref.  4)  for  ..excellent  descrip- 
tive material  on  mechanization  of  these  fimcttais. 
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the  cascade  or  series  arrangement  of  blocks,  figure 
IM2,  represented  a multiplication  operation,  and  the 
parallel  arrangement  represents  an  adding  operation. 

The  location  of  the  adder  or  differential, can  be  shifted 
in  a block  diagram  to  aid  in  the  simplification  process . 
Figure  Ii-4i  illustrates  this. 

Table  II- 1*  is  an  extensive  list  of  similar  transformation 
pairs  to  be  used  in'  modifying  and  reducing  complex 
diagrams.  Note  that  item  10  was  used  to  transform 
the  cascaded  blocks  of  figure  11-12  into  that  of  the 
single  block  of  figure  11-16.  Also  note  that  figure  II-  29 
was  modified  to  figure  IT- 20  by  using  item  16. 

To  illustrate  the  use  of  this  table  a complex  multi- loop 
block  diagram,  figure  II- 42, is  reduced  to  a simple 
single  loop  as  follows : 

• This  table  was  adapted  from  Reference  6 


A-  ( 

V 

b f n 

d*  p+  c or 

X 

*■ 

J d-  a¥*  c 1 

c 

(a) 


(b) 


Figure  11-41.,  Equivalent  Block  Diagram— 
Moving  of  Summing  Point 


El*  V1  ~ B1  Ea  - nr,  - Ba  A-  «4+ E,  » A-  B, 


Combined 


Figure  11-44,,  Forward  Loop  of  Figure  11-43 
Eliminated 
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x. 

2. 

3. 

4. 


■ Transformation ■ - 

Interchange  of  Blocks 

Interchange  of  summing  points 


5. 

Moving  a summing  point 
beyond  an  element 

6. 

Moving  a takeoff  point 

ahead  of  an  element 

7. 

Moving  a takeoff  point 

beyond  an  element 

8. 

Moving  a takeoff  point 

ahead  of  a slimming  point 

9. 

'jr 

Moving  a takeoff  point  beyond 

a summing  point 

10. 

Combining  cascade  elements 

11. 

Removing  an  element  from 

a forward  loop 

12. 

Inserting  an  element  in 

a forward  loop 

13. 

Eliminating  a forward  loop 

14. 

Removing  an  element  from  a 

feedback  loop 

15. 

inserting  an  element  in  a 

forward  loop 

16. 

Eliminating  a feedback  loop 

16a. 


16b. 


17.  Inserting  a feedback  loop 


17  a, 
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As  a starting  point,  the  series  blocks  are  combined 
wherever  possible  (item  10).  Thus  Xx  and  V?,  and 
Ys  and  Y7  are  combined.  Figure  n-43  shows  the  first 
reduction. 

Next,  the  forward  loop  between  and  A is  simplified 
(transformation  13;  see  figure  n-44). 

Figure  n-45  shows  the  relocation  of  the  take-off  point 
and  differential  point  of  the  main  (outer)  loop  (trans- 
formations 7 and  4) . At  the  original  take-off  point 
figure  11-44,  the  input  to  the  feedback  block  denoted 
by  Y10  was  m6 . The  take-off  point  is  now  at  C . Con- 
sequently, C must, be  transferred  back  to  through 

the  block  l/Y6Y7  before  being  fed  into  Y10.  Similarly, 
Ba,  the  Output  of ViP, must  be  transferred  to  B/YjYj 


before  being  subtracted  from  the  input  V.  Thus,  the 
input  to  Y*is  (V- li'2-  BjJYjYj  Substituting  for  , the 
input  iSfV-Bj/Y^j-Bi)  YjYa » (V-  Bj)  Y^Yj-Bj. 

Since  (V  - Bj)  YjY3  » Sj  it  can  be  seen  that  this  is  the 
same  input  to  Y3  as  in  figure  11-44. 

The  three  sets  of  cascaded  blocks  are  combined  in 
figure  11-46,  leaving  two  minor  loops  separated  by 
a single  block,  all  enclosed  by  a major  loop. 

The  two  inner  loops  are  easily  converted  into  single 
blocks  (transformation  16)  as  indicated  in  figure  Hr 47. 
From  this,  the  final  modified  diagrams  of  figure  11-4,8 
are  evolved. 

The  final  diagram  allows  the  direct  determination  of 


f litre  11-47 . two  Inner  Loupe  of  Flitre  11-46 
Mlimineted 
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(b) 

Figure  11-48,  Final  Simplified  Block  Diagram 
; of  Figure  11-42 


the  overall  closed  loop  equation  c/V.  For  this  diagram, 
it  is  given  by; 


0.  WAWV*»> 

V (I+Y1Y2Y3Y11) (1+Y5Y,Y7Y8) +Y3Y5Yio(Y4+Y9) 


(c)  EQUIVALENT  BLOCK  DIAGRAM 

The  transfer  function  (Y)  for  many  physical  units  can 
be  derived  directly  by  ordinary  methods  of  analysis. 
However,  it  is  often  advantageous  to  construct  block 
diagrams  from  the  equations  as  the  derivation  proceeds. 
This  not  only  helps  in  the  derivation  by  indicating  sub- 
sequent steps,  but  also  greatly  aids  in  developing  an 
understanding  of  the  physical  situation  that  the  equations 
represent.  The  procedure  is  illustrated  here  by  deriv- 
ing the  transfer  functions  of  a compound  wound  d-c 
motor  with  a separately  excited  control  field. 


Figure  II-49a  is  a schematic  representation  of  the 
motor.  This  can  be  simplified  as  in  figure  II-49b. 
In  figure  II-49b  resistances  and  inductances  are  lumped 
together  in  the  respective  branches  of  the  circuit.  By 
this  simplification,  analysis  is  facilitated  without  loss 
of  specific  information.  It  is  important  to  note  that 
positive  control  field  flux  is  in  opposition  to  the  fixed 
shunt  field. 

The  following  assumptions  are  made  for  this  motor 
analysis: 

a.  The  system  is  linear. 

b.  Perturbations  about  operating  points  are  small. 

c . There  exists  negligible  coupling  other  than  that 
intended  between  circuits,  components,  or  voltage 
and  frequency  control  systems. 

d.  Negligible  armature  reaction  effects. 

e.  Negligible  d-c  bus  voltage  variations. 

f . Negligible  shunt  field  current  variations, 

g.  Negligible  saturation  of  magnetic  circuits  . 

The  motor  constants  are  defined  as  follows* 

Total  armature  back  EMF  * e. 


’ Total  armatur  e current  - I*  v 

Total  d-c  bus  voltage  * Eda  c 
Total  flux  - I 

Motor  speed  » § ^ 

Armature  circuit  resistance  » R* 

Armature  circuit  inductance  = L, 

Control  field  resistance  ■ 

Control  field  inductance  ■ 

Tutal  "effective"  motor  control 
' field  current  » If,M 
Total  motor  torque  » T, 

Motor-load  inertia  - J 
Motor- load  viscous  friction  - B 
Small  perturbations  are  denoted  by  lower  case  letters. 


Thaimistor 


frequency 
Control  Field 


Fixed  Field 


Fixed  Field 
Current 
Adjuster 


/ 


iio  to  120 
V.D.C.  Bus 

Compensating  Winding 

Commutating  Winding 

Brush  6 other 
resistances 

Armature 

Brush  Si  Other 
Resistances 

Series  Running  Field 

Note:  Series  Starting 
Field  not  shown. 


(a)  Running  Condition 


T° 


110  to  120 
V.D.C.  Bus 


fcm»  Control  Field 
fgD-  Fixed  Shunt 
Field 

Series  Field 
(Bucking  or  Aiding) 

±° 


Note:  Increasing  If  _ Decreases  Net  Flux 
(b)  Reduced  Diagram  of  (a). 

Figure  11-49,  Motor  Schematic 


Then,  from  motor  theory,  E*  - M.  § , In  addition  to 
being  a function  of  fixed  and  control  field  currents,  4 is 
also  a function  of  armature  current  since  the  motor  is 
compounded,  Then,  perturbations  in  Eh  are  dr  ived  by 


(11^16) 


3 Eb 
3$ 


(■hi,  3$.  \ 

+ 3I,ch^"J 


3E. 

TS1 


(No  term  due  to  fixed  field  current  exists  since  its 
perturbations  are  assumed  negligible.)  Here  it  Is 
Important  to  note  that  the  control  field  is  a bucking 
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field,  that  is  .0$)/0Ife.)  is  by  convention  a negative 
number  at  the  operating  point . 


Motor  theoryalso  r <datesaiittature  cu*r ent  to  Melt  EMF 
as  follows:  Edc-E^+Ii(Ri+sI.a)  where  s»d/(dtj  or  lor 
small  perturbations, 


'11-17) 

where  v*  -.La/Ra 


R,.(rais*l). 


Equations  (11-16)  and  (II- 17)  indicate  that  the  back  EMF 
component  Isa  -feedback  system  as  shown  in  figure  n-50. 
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Figure  11-50.  Back  EMF  Block  Diagram 

Motor  torque  is  proportional  to  the  product  of  the  net 
flux  and  the  armature  current,  i . e . , T„  =■  K^I  tt  . 

Because  of  the  series  field,  perturbations  in  $ are  a 
function  of  armature  current  1,  as  well  as  the  control 
field  current  If.* , Consequently  for  small  perturbations 
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Figure  11-51.  Motor  Torque  Block  Diagram 
chiefly  by  windage.  Therefore,  T,  »Js  6 + B&, 

In  perturbed  values 

(11-19)  9 1 «'■. 

t,  3(te  S+l)  - . . . 

where  rB  * j/b  . 

Figure  11-52  shows  the  speed-torque  block  diagram. 

V I i 1 e 
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Figure  11-52.  Speed-Torque  Block  Diagram 

The  control  field  transfer  function  does  not  affect  motor 
stability,  however  it  is  presented  here  to  complete  the 
description  of  the  motor  "components.” 

Input  to  the  motor  is  the  control  field  voltage  Bf  . 
Because  of  the  control  field  inductance  Lt „*  there  is  a 
time  lag  between  the  control  field  current  Ir,«.and:the 
control  field  voltage  Ef0„  . 

i, . - fla* , Kfg;!/8« 

fc»  Ef0,S  + Rfc«  ■ % ,S  + 1 

where  Tf  ■ * (B*  ,y(Rfoii)  and  Rfc,“  This  is 

shown  in  figure  u-  53. 


Figure  11-51  is  a block  diagram  of  the  motor  torque 
equation. 

The  important  dynamic  loads  on  the  motor  are  simply 
motor -load  inertia  and  damping,  the  latter  caused 


Figure  11-53.  Motor  Control  Field  Block  Diagram 
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Figure  11-54 . Motor  System  Block  Diagram 
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Combining  figures  11-50,  11-51,  and  11-52,  the  motor 
system  block  diagram  of  figure  H-  54  is  obtained.  The 
system  transfer  function  is  derived  by  combining  equa- 
tions (II-16),  (H-17),  (H-18),  and  (n-lS),  and  is  shown 
by  equation  (11-20)  . 


N(s)  / D(s)  * ±KG  in  which  K is  a positive  constant 
and  G is  a function  of  s expressed  as  a non-dimensional 
ratio  of  products  of  the  factors  of  Nf  s)and  D(s).  The 
roots  of  N(B)  and  D(s)  are  referred  to  as  the  zeros  and 
poles,  respectively,  of  the  transfer  function,  and  to- 
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Equation  (n-20)  is  formidable  to  say  the  least.  How- 
ever, figure  n-54,  which  is  its  block  diagram  form, 
is  fairly  straightforward  in  that  it  shows  in  readily 
identifiable  form  the  manner  in  which  all  of  the  electri- 
cal and  magnetic  entities  of  the  motor  interact  to  pro- 
duce the  dynamic  behavior  defined  in  the  transfer 
function  equation  (11-20). 

(d)  THE  TRANSFER  FUNCTION 

in  subsection  (b)  of  this  chapter  the  terms  ya,  Y. , . and 
Yp  of  the  pump  drive  system  were  denoted  as  the  block 
transfer  functions  oi  the  functional  components . In  sub- 
section (c),  a means  of  obtaining  block  diagrams  from 
differential  equations  was  discussed  with  the  derivation 
of  specific  transfer  functions  considered  incidental  to 
the  process.  These  sections  were  primarily  concerned 
with  developing  block  diagram  abstractions  of  physical 
systems.  An  ultimate  aim  of  this  volume  is  to  provide 
the  designer  with  the  basic  tools  required  to  perform 
experiments  on  paper . The  block  diagram  abstraction 
is  a necessary  step  in  this  direction. 

To  perform  experiments  on  paper,  the  system  designer 
must  have  available  mathematical  models  of  system 
Components  which 

1 Completely  define  the  performance  of  the  com- 
ponents, 

2.  can  be  combined  with  other  models  according 
to  the  procedure  developed  in  section  H-3b  to  ob- 
tain models  of  a system, 

The  transfer  function  is  a form  of  mathematical  model 
fulfilling  the  above  requirements.  This  subsection  is 
concerned  with  the  derivation  and  interpretation  of 
transfer  functions.  In  the  process  of  explanation,  it 
is  shown  that  the  transfer  functions  can  be  combined 
and  do  completely  define  the  performance  of  a system. 

To  simplify  the  presentation,  the  characteristics  of 
transfer  functions  j.re  developed  by  the  extensive  use 
of  examples.  Transient  and  stability  characteristics 
are  discussed  for  specific  systems,  with  pertinent 
generalizations  noted  without  proof. 


gether  with  the  "gain"  K they  completely  define  the 
system. 

The  simplest  transfer  function  is  one  in  which  G is 
unity.  Consider,  for  example,  the  potentiometer, 
gear  box,  and  amplifier  of  the  pump  drive  system  of 
subsection  (a).  The  potentiometer  is  calibrated  so  that 
a certain  setting  representing  a desired  fluid  flow  rate, 
Q* , will  produce  a voltage,  V, . since  the  potentioinetei- 
is  essentially  linear,  the  transfer  function  is  - Kc 
volts/gpm,  where  Kc  is  a constant  determined  by  the 
reference  voltage,  Vr#f  , and  the  calibration  of  the 
potentiometer.  .The  potentiometer  block  is  now  given 
by  figure  n-55. 


Figure  11-55.  Potentiometer  Block 

The  gear  transfer  function  is  simply  the  gear  ratio 
since  inertias  and  friction  effects  have  been  lumped 
into  the  motor  block.  Denoting  the  gear  ratio  as  Kc  , 
the  transfer  function  i3  then  n0/n1 » KG  (dimensionless) , 


Figure  11-56.  Gear  Block 

Ideally,  the  transfer  function  for  the  amplifier  is  de- 
fined by  its  gain,  KA  . For  an  input  voltage,  VE  , the 
output  voltage,  V0  , is  equal  to  KAVE  . The  transfer 
function  is  KA  volts/ volt  and  is  constant.  It  is  quite 
possible,  however,  that  the  output  voltage  will  not 
vary  instantaneously  as  the  input  voltage  varies.  That 
is,  there  may  be  an  elapsed  time,  or  time  lag,  be- 
tween the  change  in  input  voltage  and  the  proportional 
change  in  the  output  voltage.  In  this  case,  the  G would 
not  be  unity.  A detailed  study  of  the  amplifier  would 
result  in  an  analytical  expression  for  G which  would 
account  for  che  time  lag. 


Transfer  functions  of  linear  systems  with  constant 
parameters*  can  always  be  expressed  as  the  ratio 
of  two  polynomials  in  the  Laplace  transform  vari- 
able s . **  Further,  it  is  always  possible  to  write 

* A linear  system  is  one  whose  properties  may  be  ex- 

pressed mathematically  in  terras  of  linear  differ- 
ential equations. 


For  a simple  example  of  a component  which  has  a 
G function  other  than  unity,  consider  the  hydraulic 
amplifier  shown  in  figure  n-57.  An  input  displacement 
in  the  direction  shown  will  open  the  valve  so  that  the 
fluid  will  flow  in  the  direction  of  the  arrows.  The 
result  is  that  the  load  is  displaced  to  the  right.  From 
the  figure,  the  following  relationship  can  be  derived;* 


**  The  Laplace  transform  is  extensively  used  in  this 

volume.  The  reader  who  is  unfamiliar  with  thismeth-  * input  xA,  pivot  is  at  A;  for  output  x0,  pivot  is 
od  is  referred  to  Reference  5.  at  B. 
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Figure  11-57,  Schematic  of  Idealized  Hydraulic 
* * ‘ **  _ . ; Amplifier  ~ 
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The  valve  displacement  xT  controls  tjhe  quantity  of 
fluid  flowing  through  the  inlet  tube.  This  also  governs 
the  velocity  of  the  piston  dlsplac  em  ent . When  the 
hydraulic  fluid  is  Incompressible,  this  relationship 
is  defined  by  the  equation 


(11*22)  . 


dt 


V 


or,  transformed,  CxY»  sx0  where  s is  the  Laplace 
operator  and  C is  the  piston  velocity  per  unit  valve 
displacement  (constant  for  constant  inlet  fluid  pres- 
sure)'; These  two  equations  are  illustrated  in  figure 
n-5?.  Combining  the  two  figures  yields  the  closed- 
loop  block  diagram  for  the  hydraulic  amplifier,  figure 
n-59 . Note  that  the  walking  beam  is  broken  up  into 
two  functional  parts : the  input  function  and  the  feed- 
back function.  ; " 


Figure  11-58.  Components  of  Hydraulic  Amplifier 


Figure  11-59.  C.loaed-Loop  Diagram  of  Hydraulic 
Amplifier 


The  output- input  transfer  function  is  given  by 


where  Kt«  (a*  b)/a  , fy  « b/(aC) . 


Mil 

Sections 

Equation  (11-23)  is  illustrated  in  figure  11-60,  This 
diagram  is  functionally  equivalent  to  figure  n»5g, 
note  that  the  physical  relationships  are  lost  in  figurf 
fl-60.  ' ‘ ' - 


• -•  ...  F igure  11-60.  Block  Representation  of  Hydraulic 

Amplifier 


The  transfer  function  (11-23)  represents  a single  time 
lag.  To  illustrate  this  point,  the  response  of  the  hy- 
draulic system  to  an  input,  xt,  will  be  determined,. 


A common  type  of.  input  that  is  used  to  evaluate  a sysr 
tern  is  the  unit  step  function  (h^vy  line  in  fig»ire  n-61). 
That  is, 

(11-2 5)  XiCt)  - o t..<  0- 

- 1 t > 0 

The  Laplace  transform  of  (IL25)  is.  xt  (*).  -.  t/a.  Co*lt 
sequently,  equation  (n-24)  becomes 


The  inverse  transform  of  (H-26)  is;  x0(t)  - KL(l-e_t/TV). 
This  expression  is  plotted  in  figure  n-61  for  two  values 
of  T,  where  \>  \ • 

Notice  that  K.u  (the  "gain")  determines  the  ratio  of  the. 
Output  to  the  mput  in  the  steady  state . It  is  clear  from 
figure  11-61  that  the  quantity  rv  determines  how  fast 
the  output  approaches  a steady  state  value.’  A practical 
figure  of  merit  is  obtained  by  letting  t-rv  , then 
x0«  0.633 Kl  . So,  ry  represents  the  time  required 
for  the  output  to  reach  approximately  63. 3%  of  its 
steady  state  value.  It  is  convenient  to  call  Tv  the 
"time  constant"  of  the  element. 


Evidently  a system  whose  transfer  function  is  of  the 
form  of  (11-24),  does  hot  respond  instantaneously  to 
changes  in  the,  input.  Since  the  time  delay  is  repre- 
sented by  a first  order  equation  the  system  is  said 
to  have  a "first  order  time  lag,  " 


Another  important  observation  is  that  the  quantities 
Tv  and  Kl  completely  describe  the  first  order  system: 
h describes  the  steady  state  performance,  and’’?  , the 
transient.  In  keeping  with  mathematical  conventions, 
(11-24)  is  said  to  have  a first  order  pole  at  -l/ry  . 

The  linear  approximation  to  a system  never  reaches 
a steady,  state  condition  but  only  approaches  it  asymp- 
totically, Consequently,  some  figure  of  merit  is  needed 
to  describe  the  Speed  with  which  the  system  approaches 
the  steady-state  value,  The  first  order  .time  constant 
T is  an  excellent  figure  of  merit  for  systems  that  can 
be  represented  by  simple  transfer  functions  such  as 
(Et-23) . For  more  Complex  systems  a different  cri- 
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Figure  11-61.  Response  Curve  of  Hydraulic  Amplifier 


terion  of  speed  of  response  Is  needed.  It  has  been 
found  that  a convenient  one  is  the  time  required  for 
the  output  to  reach  and  remain  within  5%  of  the  final 
value.  This  time  is  referred  to  by  several  names 
such  as  damping  time,  settling  time,  solution  time, 
and  response  time.  By  referring  to  the  equation  above 
it  Can  be  seen  that  x0(t)w95%  KL  when  t-  2%,.  The 
response  time  RT«  3-tv,  This  is  shown  in  figure  n-61 . 

The  difference  between  the  time  constant  (t)  and  the 
response  time  (RT)  is  that  r is  related  strictly  to 
first  order  poles  whereas  RT  can  be  related  to  systems 
of  any  degree  of  complexity.  This  distinction  will 
become  more  apparent  later. 

The  preceding  discussion  has  developed  the  transfer 
function  concept  for  systems  of  zero  order  ( G unity) 
ancLfirSt  order,  G-  l/(rs  + 1 ) . The  next  simple  trans- 
fer function  of  general  interest  in  this  sequence  is  the 
second  order  system.  The  characteristics  of  this 
system  will  be  developed  in  terms  of  the  accelero- 
meter shown  in  figure  n-62. 


Figure  11-62.  Accelerometer  Assembly 

This  system  consists  of  a mass  (m) , a damper  (B)  and 
a spring  (k).  y indicates  the  motion  of  the  mass  rel- 
ative to  the  frame  and  is  called  the  output.  x indicates 
the  motion  of  the  frame  relative  to  inertial  space  and 
is  called  the  input.  The  frame  (F)  is  constrained  to 
move  in  a vertical  direction  only.  Any  acceleration 
of  F will  cause  a displacement  of  the  mass  m relative 
to  F,  thus  giving  an  indication  on  the  y scale.  This 
is  represented  more  simply  in  figure  H-63  where  xt  in- 
dicates motion  of  mass  relative  to  inertial  space. 

In  order  to  derive  a transfer  function  relating  output 


y to  input  x,  the  forces  on  the  mass  are  Summed  and 
Newton's  law  applied.  The  forces  are 
Spring  Force  Fg»-ky 
Damping  Force  F„« -B(dy/dt) 

Thus: 

Fg+  Fj)«  m(d2x1)/(dtJ),  or  m^xOAdt^+Bfdy/dtJ+ky-O. 
Replacing  xx  by  y-x  and  rearranging  the  terms,  the 
equation  becomes 


(11-27) 


nd%+B&  + ky«  B 
dt2  dt  ' dt2 
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Figure  11-63 . Equivalent  Diagram  of  Accelerometer 

Equation  (n-27)  is  the  differential  equation  of  the 
spring-mass-damper  accelerometer  assembly.  By 
dividing  through  by  the  mass  m , the  equation  is  rewritten 


(II -27 a) 


+ -r  y 


The  coefficient  k/m  represents  the  square  of  the  an- 
gular undamped  natural  frequency  of  the  system, 
w 2 . * Likewise  B/m  can  be  replaced  by  the  product 
2£&>„  , where  i is  the  damping  ratio.  Then  (n-27a) 
becomes  7 

(11-28)  g + 2Ja*  ^ + Wo2  y - g V; 

where  ax  is  the  acceleration  of  the  frame. 

The  Laplace  transform  of  (11-28)  yields  ^ 

(sa+  2f<uas  y(o)  » ai(s) 

Forming  the  ratio  of  output  to  input,  (displacement  y to 


* See  any  elenentary  text  oh  dynaadcs  or  f efropechar 
nisffis,  e.g. , Lauer,  Lesnick,  and  Matson  (Ref.  3):  ' 
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acceleration  a*.)  given  the  transfer  function  of  the 
accelerometer  iou  an  acceleration  input 

(tl-ff):  denominator  in  denominator  in 

dineHsional  form  non-dimensional  fora 


frherer  the  gain-  lfcs  * tfa}  . Factoring  the  dimensional 
form,  (if- 29)  can  be  written  as: 


Consequently,  (g-29)  has  a pair  of  complex  conjugate 

pie®  at  * 


To  determine  the  nature  of  the  transient  for  this  sys- 
tem, a step  acceleration  function  is  applied  (by  mul- 
tiplying (n-29)  by  1/s  and  the  inverse  transform  ob- 
tained. Then 

y(t)  - e”t«„tSin  j^R^t i tan" 

This  response  is  plotted  in  figures  11-64  and  11-65 
for  several  values  of  4 . Each  of  the  curves  in  the 
figure  is  typical  of  a range  of  values  of  l . The  sys- 
tems described  by  such  curves  are  classified  as 
follows:  ■ - 

5>  >1  Overdamped  second  order  system. 

:C*  i Critically  damped  second  order  system  . 
6<  t<  1 Underdamped  second  order  system.. 

5-0  Zero  damped  (neutrally  stable)  second  order 
system. 

Second  order  systems  with  0 < 5 < lare  of  the  greatest 
importance  to  the  designer,  so  a special  series  of 
plots  is  contained  in  figure  {A-l).  * (Note  that  output 
is  plotted  versus  the  non-dimensional  time  parameter 
VTn,where  T„  is  the  undamped  natural  period:  TB«arA%). 

These  plots  reveal  that  the  systems  with  values  of 
5 between  0.6  and  0.7  have  the  lowest  response  time. 

* Since  many  of  the  illustrations  used  in  this  chap- 
ter are  useful  in  actual  engineering  problems,  they 
have  been  placed  in  the  appendix  for  more  convenient 
everyday  reference. 


As  a matter  of  fact,  it  can  be  shown  that  the  second 
Order  system  with  -fo*  & 64 M*‘  the  least  response  time 
for  a fixed  Consequently,  .in:  niimy  problem®  this- 
1s  a criterion- for  design. 


Figure  11-64.  Three  Types  of  Transient  Response  to 
Step  function  input  for  Three  Ranges  of  the  Dempirijg 
Ratio  5 


The  value  of  5 in  a second  order-  system  transfer 
function  must  often  be  determined  from  experimentally 
obtained  curves.  Figures  A-l,  A-2,  A-3,  and  A-4  sire 
useful  for  this  purpose.  * When  5 is  close  to  unity,  the 
overshoots  are  not  clearly  enough  distinguishable  to 
apply  these  charts.  Consequently,  a special;  plot  is 
used,  figure  A- 5, 

In  the  particular  case  where  5-1,  (11-29)  takes  the 
form 

y (8)  1 

ax(sy  (s+4->2 

where  Ka«ra  and  ^-lAv  The  inverse  transform  of  this 
system  when  a step  acceleration  function  input  (1/s)  is 
applied  is  y(t)  » ^[l-ci*  t/r)e’t/r]  . This  is  plotted 
' in  figure  H-65. 

* These  curves  are  self  explanatory.  However,  special 
note  must  be  made  that  these  curves  are  approxima- 
tions and  must  be  used  with  caution. 
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Wheni  > 1,  the  characteristic  equation  (denominator  of  the  various  forms  of  first  and  second  order  system 

the  transfer  function  in  equation  II- 29)  can  be  factored  transfer  functions  and  their  associated  time  responses, 

into  two  first  order  term  The  table  includes  several  forms  not  discussed  above. 

y(e)  „ 1 « ■ ' ft  _ It  is  to  be  noted,  for  example,  that  the  forms  l/(-rs  + 1) 

a, (s)  Ltl]/g+l  j (rxs+  l)(ras+  1)  and  1/(b*- 2£w„s+  «„a  ) correspond  to  systems  whose 

£ l'  ' * i • time  responses  increase  in  value  With  time.  The 

where  rx«  — =—====■,  ra  - — p==;  , and  Ka.  rx  r2 , divergent  systems  arise  from  the  fact  that  the  ex- 

"n  C - tj  LC*4  C a-  lj  ponential  factors  are  positive  • AU  of  the  mathematical 

The  time  response  of  this  system  to  a step  acceleration  manipulations  performed  above  apply  equally  well  to 

function  input  is  shown  in  figure  11-84.  It  has  the  form  these  diverging  systems  except  that  proper  accounting 

of  the  sum  of  two  first  order  transients.  of  signs  must  be  kept. 


It  is  evident  from  this  discussion  that  second  order 
transfer  functions  can  be  written  in  any  of  several 
forms  depending  on  the  value  of  ( , Defining  v - r x/r , 
(see  figure  A- 6):  ” 
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Another  point  of  interest  is  that  multiplying  the  numer- 
ator or  denominator  of  the  transfer  function  by  s has 
no  effect  on  the  convergence  or  divergence  of  the  sys- 
tem . Only  the  initial  and  f inai  valueB  of  the  time  re- 
sponses are  affected. 


The  preceding  lengthy  discussion  on  the  first  and  se- 
cond order  systems  was  aimed  toward  developing  a 
familiarity  with  their  many,  essentially  equivalent, 
forms  and  meanings.  The  most  important  fact  to  be 
understood  is  that  the  gains,  poles,  and  zeros  of  the 
transfer  functions  completely  define  the  behavior  of 
the  linear  system  represented.  The  charts  and  tables 
referred  to  in  the  appendix  are  intended  to  help  the 
control  system  designer  determine  and  interrelate 
these  parameters  readily,  Since  nearly  all  linear 
system  transfer  functions  can  be  reduced  to  products 
of  first  and  second  order  factors,  even  the  most  com- 
plex system  can  be  handled  by  means  of  the  charts. 
The  following  examples  will  bring  out  some  of  these 
points. 


The  preceding  discussion  concerned  itself  with  single 


Figure  11-66.  Accelerometer  Mounted  oh  Spring  Damper  Arrangement 


The  r elationshlps  between  all  these  parameters  are 
summarized  in  Table  A- 1.  Another  table,  A-2,  sum- 
marizes methods  of  determining  these  parameters  by 
measuring  certain  characteristics  of  the  transient 
responses. 


The  third  table  in  the  Appendix  (Table  A-3)  summarizes 
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degree  of  freedom  systems,  A two  degree  of  freedom 
case  will  now  be  discussed  in  order  to  illustrate  some 
additional  features  of  transfer  functions.  In  this  case, 
two  independent  transfer  functions  are  required  to  de- 
fine the  system  completely.  In  figure  11-66  the  ac- 
celerometer is  mounted  on  another  spring-damper 

arrangement.  Summing  up  the  forces  on  each  mass, 
the  following  equations  are  obtained: 


. .-  ;<C:,  : 


^-+  k'sya“  «a.^  - - 

' ] BjS1+  k?»*  «iip+  * kiyi  * "lip 

By  rearranging  the  terms  and  Laplace  transforming, 
the  equations  are  rewritten 

r^mjsH  BjS+  k^yjCsi  - mjS^^s)'-  -b2s2x(s) 
(11-36)  : < 

(B2s  + k2)ya(s)  t (aijS2*  BjS+  k^y^s)-  n.f8~sxfs) 

From  these  equations,  the  following  matric  equation 
is  formed, » • ■.  - ; 

• ;'-BjS*  ||  yj  I pBjSa  I 


from  ivhich 


(ajS^Bjat  k,)  ya 


'**  ■ 

cBjS^ 

• ■ 

) 

• . - - ....  y_ 

>1  , 

B-iS* 

- * 

f j -m2s2  -m2s* 

; y2(s)  m,s2  b,b2*  Bts»  k, 

' x(s)  , j \ mas2  + Bas+  k2  -mas2 

■ : Bas  * ka  BjS*  ♦ B1s  ♦ k 


and  I 


n2s2  + Bas+  k2 


y,(s)  Bas  + k2  ra1s2  | 

b2s2  + BjS  + k2  - mas2 
Bas  + ka  mjS2  + BjS  + Kj 

Expanding  the  determinants  gives  the  transfer  functions 
relating  outputs  y t and  ya  to  Input  x . 

(11-37) 

y2(s)  s2[-iiia(ais2  ♦ B2s  + k1)talmas21 

(ets2+  B1s+  kj)  (b2s*  ♦ BjS  ♦ ka)+B2s2(B2s+  k2) 

(11-38) 

yi(s)  _ s2Cb1b2s2»  (B|  + b2) B2s  + (Bj  + a2)kaJ 
*(s)  (mjS2  + B^  + kj)  (b2s2  + B2s  + k2)+a2s2(B2s  + k2) 


Collecting  terms 
(H-39) 


(11-40) 


where 


*(*)  As4  + Bss  ♦ Cs2  + Ds  + E 

Bi+Bj  -f  BiBa  , Bj  T 

• yi(s>  ~^Ta  ll^alka  *'*2**l\ 

x(s)  As4  Vbs*  ♦ Cs*  ♦ Db  ♦ E 
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For  this  particular  system,  let  .-H  -j-j.-:..- 

Bj  » 100  slugs  , Ba  - 0.5  slug J..„  .Sj„ 

k2-  5 lb/ft  ' , ka-  3 lb/ ft  ' j 

Bj » 1 lb/ft/sec  Ba*  2 lb/ ft/sec 

In  order  to  determine  the  transfer  function  of  the  output 
(ya)  of  the  accelerometer  versus  the  input  (x),  these 
numbers  are  substituted  into  (11-39),  yielding 


(ii-4i) 


ya(a)  , -.167  sa(.2s  ♦!)  : 

X(S)  - 3.33s4  + 13.43s3  + 20. 40s2  + .87s*  1 


-The  fourth  order  characteristic  equation  is  factorable 
into  quadratics  as  follows: 


(11-42) 


y2 (s)  _ 167sa(V28  t l)  ""'  : 

X(S)  * (.  166s2  + .668s  + 1) (20s2  * .20s  +1) 


y3(s)  -» 167s2(,.2s  ♦ 1) 

The  first  quadratic  factor  defines  a highly  damped 
short  period  mode  (t.  * 0.82, 2. 46) . The  second 
mode  is  a poorly  damped  long  period  oscillation 
-«a-  0.023,  a>„3  - 0.224). 

For  a step  acceleration  function  input  <x(s)  - l/s  ) , 
(£1-42)  becomes 

...  v fss  . -.  167s(.2s  * 1) 

(11-43)  2 (.166s2+  .668s  + l)(20s2+  ,20s  + 1) 

The  time  function  y2(t)  is  given  by  the  inverse  trans- 
form of  y2(s).  The  inverse  transform  of  (n-43)  is 
obtained  by  a method  of  partial  fraction  expansion. 
By  rewriting  (II-43)  in  the  dimensional  form,  it  may 
be  shown  that  . 

(11-44) 

r tn\  - -.01s(s  +5) 

' (s2  + 4.03s  +6.03)  (s2  + ,01s  + .05) 


(S+Cli^B  -J^iJl-tl4)  (S+(i&>n  4j"mJl-il2) 


^ ( s+i  2a,n2+j"n2>i  i-t  21) 


so  that 


y,(t)  - 


n-23 


;7 


Figure  11-67 . Transient  Response  of  2 Degree  of  Freedom  System 


Where  £.!%**%■  and  are  the  y2(t)  - -.0095  e'2-oltoos(1.41t+2.62)-.0082e'-°°5toos(.224tr.087) 

roots  of  the  first  and  second  quadratics  respectively. 

The  coefficients  are*  Equation  (n-45)  is  plotted  in  figure  11-67.  The  first 


. _ u .018(3*5)  

1 " <*+  ti"ni  + C !a ) < S3  + 2C a«n as ♦ o»n aa ) 

K . -.01a(s*  51 

2 <■♦  J«arfi-  ix'xs**  2(^8  ♦ > 

* ’ (a*  CjAV  KaJl-  t2a)(sJ  * 2ts%s*  -niJ) 

K _■  -.018(8*  5)  

4 * ‘(■♦{A,-  £?  )(82  *«!%♦  “n2  j 


!-.00475  eJ2-‘2 


S’  il 


-.00475  e‘J2-?2 


s-  “*«*,«  Hi!**-  £a2 


s“-Ja"nj-Jwnavfi-5: 


-.0041  e-J*0*’ 


-.0041  e1,0*7 


The  final  solution  is  given  by 

(11-45) 

y2(t)  - C^e"1  ^ ^oe(o)niJ  1-Sj  8“n*ttx«(^ 

* See  Gardner  and  Barnes  Page  154  (Ref.  5),  for  com- 

plete discussion  of  this  method. 


transient  mode  is  seen  to  die  out  very  quickly  because 
of  its  high  damping  ratio  and  natural  frequency,  while 
the  second  transient  decays  very  slowly  because  of  the 
low  damping  ratio.  Since  it  is  a simple  matter  to  obtain 
the  response  time  of  the  envelope  of  an  exponentially 
decaying  oscillation  from  the  single  parameter  £«„,  and 
a relatively  difficult  one  to  obtain  the  response  time  of 
the  actual  damped  M vo,  the  following  approximate  re- 
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lationships  are  often  used: 

Tafe4; it n >; ? o< c<i  RTS: 


£ % 1 


RT  * 


£>>!  *T*^ 

;•  •"? ' \ , i * 

Thus  the  response  time  lor  the  first  mode  may  be 
art>roximated  by  RTj»<3/(i1<<)ni^3/2.01- 1.49  seconds  . 
That  is,  the  first  transient  mode  decays  to  within 
approximately  5%  of  its  final  value  in  1.49  seconds. 
However,  the  poorly  damped  mode  requires  600  se- 
conds to  die  down  to  approximately  5%  of  its  final 
Steady  state  value  OTa%  3/(C,a>  )«3/0,005-’600  seconds  . 


Section  3 

In  linear  systems,  the  manner  in  Which  a system  sub- 
sides or  diverges  is  indicated  by  the  conventions  illus- 
trated by  figure  11-69.  The  diagram  shows  that; 

1.  The  statically  stable  system  tends  to  return  to 
equilibrium  after  being  displaced  (like  an  ordinary 
pendulum). 

2.  The  statically  unstable  system  tends  to  diverge 
away  from  equilibrium  (like  an  inverted  pendulum) . 

3 . The  dynamically  stable  system  returns  to  equili- 
brium jf  it  is  statically  stable. 

4.  The  dynamically  unstable  system  tends  to  return 
to  equilibrium  but  it  overshoots,  reverses  direction, 
and  overshoots  an  even  larger  amount  and  thus  con- 
tinues to  oscillate  at  an  ever  increasing  amplitude. 


-C1e+t»"tt*tcos(wB||i/l^T7,t+  ^ 

• cos^/CTf t * <h)  * Cae^*"*.4  cos^/i^t*  >p2)  • Y(t) 

Figure  11-68.  Set  paw  e of  2 Degree  of  Freedom  Syetem. 


Although  it  is  not  physically  possible  for  the  system 
Of  figure  H-66  to  be  described  by  such  a transform, 
it  is  of  interest  for  illustrative  purposes  to  examine 
an  equation  of  the  form  of  (n-46). 


ill-46)  y(s) 


K a(»+  a„) 
~T\ 


<»2+  2t1«nis+£JBla)(s2-  2Ca<»>rtjs+®n2  > 


n2 


The  second  quadratic  factor  has  a root  with  a positive 
real  part,  leading  to  a divergent  exponential  . 

The  time  domain  solution  is 


5.  The  statically  unstable,  dynamically  unstable 
system  has  a tendency  to  di  verge  away  from  equili- 
brium while  oscillating  with  ever  Increasing  am- 
plitude. 1 

All  of  these  characteristics  are  revealed  by  the  trans- 
fer function.  Referring  to  table  A-3,  it  will  be  observ- 
ed that  when  £ < 0 , the  system  has  a dynamically  un- 
stable mode  while  £.»  o Indicates  dynamic  stability  . 
A first  order  term  with  negative  r indicates  static 
instability  and  a positive  r,  static  stability. 


(11-47) 


y(t) « C1e"t*"»tfccos(wniJl-£1it+i/(1)+Cae+£»"»,*tcos(&)nj|i-£'2at+i/f3) 


The  two  modes  are  given  by  items  15  and  11,  respec- 
tively, of  Ti'*»  ,e  A-3.  A representative  plot  of  (H-47)  is 
shown  in  figure  n-88  with  £4 > 52 , wBl  > “n2  and  * C3 . 

The  diverging  oscillation  is  an  example  of  an  unstable 
mode.  The  word  stability  has  been  avoided  up  to  this 

point  because  it  means  different  things  to  different 
people.  In  this  volume:  If  a temporary  change  in  the 
input  to  a system  causes  a temporary  change  in  the  out- 
put. the  svstym  is  Mid  to  be  stable.  It  is  important  to 
understand  that  this  definition  says  nothing  about  the 
detailed  behavior  of  the  system.  Thus  it  may  approach 
steady  state  conditions  in  a jerky  or  unsteady  manner, 
but  as  long  as  it  reaches  a steady  state  it  is  stable. 


In  all  the  transfer  function  examples,  it  should  be 
noted  that  the  transfer  function  is  made  up  of  ratios 
of  products  of  first  and  second  order  terms.  In  fact, 
the  transfer  function  of  any  system  described  by  a 
higher  order  differential  equation  can  be  expressed 
as  a ratio  of  products  of  first  and  second  order  terms 
s ,,  ( ± rs+1) , and  [sJA>nJ  ±(2£/w#)s+li. 

An  examination  of  the  transfer  functions  derived  so  far 
reveals  that  they  are  consistently  of  the  form  Y(s)-Kf(si. 
That  is,  there  is  a constant  multiplied  by  a non-di- 
mensional function  of  s.  The  transfer  functions  Y(s) 
will  usually  occur  as  elements  in  a closed-loop  sys- 
tem. The  transfer  function  of  units  ih  the  forward 
path  of  a system  is  designated  by  the  notation  *KgG  , 
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where  Kf  is  a positive  constant,  and  a is  a non-di- 
mensional ratio  of  polynomials  N(s)/D(a)  such  that 
lii  Nd)  ■ Iiin  G(s)  » ♦!.  That  is,  G(s)  is  of  the  form 


1^8  + i)(ir3s+l) 


methods  to  be  used  make  extensive  use  Of  graphical 
constructions  involving  transfer  functions . The  charac- 
teristics of  the  graphical  representations  of  the  transfer 
function  are  discussed  in  this  section. 


Basically,  the  transfer  function  may  be  represented 
in  two  ways.  The  first  is  a plot  of  the  Singular  values 


Figttre  11-69.  Stability  Curves 


Similarly,  elements  in  the  feedback  path  are  designated 
by  the  form  tKhH , Thus  the  closed-loop  transfer  func- 
tion can  be  written 

■£-  . - K«S  . 1 KrfuQH  i y/8l 
R 1+K«Kh®  KhH  1+  K|KfeGH  * KtH  i ♦ Y(a) 

where  Y(s)  * KRKj,GH. 

It  is  a comparatively  simple  task  to  obtain  G and  H in 
factored  form  as  shown,  consequently  y(s)  is  available 
In  factored  form  and  is  easily  interpreted  in  terms  of 
performance  in  the  time  domain.  However,  when  the 
operation  1+  Y(s)  is  performed  the  factors  are  lost. 
This  is  illustrated  by  the  case  of  a simple  servo  in 
which  the  simple  form  y(S) « k/  [s(r,,s  + 1)  ] becomes 

Y(s)/t  1 + Y(s)]«  1/  l(rm  /K„)  sa  + (1/K„)  s + 1]  in  the  first 
expression,  K„  is  a simple  gain  factor,  while  in  the 
second  expression  it  affects  the  roots,  Consequently , 
if  it  were  necessary  to  work  exclusively  with  the  se- 
cond form,  the  denominator  would  have  to  be  factored 
every  time  the  gain  K,  were  adjusted.  In  control  sys- 
tem design,  equations  of  very  high  order  are  common 
and  this  process  would  be  Very  time  consuming.  Thus, 
all  the  methods  of  control  system  analysis  are  directed 
toward  determining  performance  by  working  with  Y(a) 
instead  of  Y(s)/[l  +Y(s)]. 

(e)  GRAPHICAL  FORMS  OF  THE  TRANSFER  FUNC- 
TION 

The  preceding  section  has  shown  that  the  system 
equation  or  transfer  function  defines  the  System  per- 
formance in  terms  of  its  zeros  and  poles.  The  problem 
of  analysis  then  resolves  itself  into  one  pf  determining 
the  zeros  and  poles  of  the  closed* loop  equation.  The 


of  s (the  poles  and  zeros)  as  discrete  paints  on  a plane. 
The  second  is  a plot  of  Y(s>  for  all  values  of  s . In 
either  instance,  similar  information  is  available  in  a 
simple  graphical  form. 

The  plot  of  discrete,  singular  points  is  considered 
first.  The  singular  points  of  a transfer  function  occur 
for  values  of  s equal  to  the  poles  and  zeros. " The 
plane  on  which  these  values  are  plotted  is  referred 
to  as  the  s-plane. 


Since  the  poles  and  zeros  can  be  complex,  pure  real, 
or  pure  imaginary  numbers,  the  s-plane  plot  for  an 
illustrative  case  might  appear  as  in  figure  H-70.  This 
figure  defines  all  the  characteristics  of  the  s-plane 
plots.  s'  • 


X indicate*  a zero 

• Indicates  a pole 

The  poles  and  zeros  of  jr(s) 
plotted  here  are 

(a)  Pole  at  origin 

(b)  Pole  at  4 

Ti 

.(e)-  Pole  at  -1*1  +J*%/l-  CJ> 
(U)  Pole  at  -{at 

(e)  Zero  at  -1 

T* 


Fitura  11-70 . Poles  and  Zeros  ol  Y(a)m 

* (t2s  *X)  .. 

‘-i on  the  a-Plane 
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As  shown  in  section  n-3d,  the  poles  and  zeros  deter- 
mine the  type  of  time  response  the  system  will  have 
to  an  input.  Consequently,  a table  can  be  constructed 
relating  the  s-plane  pjot  to  the  time  response.  Table 
II- 2 is  such  a compilation  for  a second  order  system. 

Table  n-2  indicates  that  the  type  of  response  desired 
can  be  controlled  by  specifying  the  location  of  the  poles 
of  the  closed- loop  transfer  function.  For  instance, 
suppose  that  for  a unit  step  function  input,  it  is  desired 
that  the  height  of  the  first  overshoot  of  the  output  be 
less  than  1. 15,  iJe.  h/H«  . 15  . From  figure  A- 2,  any 
value  of  the  damping  ratio  { greater  than  or  equal  to 
,5  ^11  satisfy  this  condition. 

From  figure  11-71,  A » cos” 1 £ -cos* 1 . 5-  60° . Therefore, 
excluding  all  poles  of  the  transfer  function  from  the 
region  to  the  right  of  the  60*  line  as  shown  in  figure 
H-71  ensures  that  £ » . 5 . 

If  the  problem  is  to  make  the  transient  subside  to  a 
negligibly  small  value  in  a certain  time  interval,  the 
quantity  £«■„  * 1/3  RT  must  be  controlled.  This  is  done 
by  excluding  all  poles  from  the  shaded  region  of  figure 
11-72. 

Another  important  feature  is  revealed  in  figure  13-70. 
In  particular,  a root  in  the  right  half  of  the  s-plane 


Poles  in  Abided  § 
Ares  Indicate  is 

{<0.5  ^ 


H 


figure  it -71 . Poles  Excluded  from  Shaded  Region  for 
£»  0 .5 

corresponds  to  a root  with  a positive  real  part.  Previ- 
ous discussions  showed  that  such  a root  led  to  a diver- 
gent response . This  is  also  indicated  in  Table  n-2 . 
Obviously,  then,  a requirement  for  a stable  closed.-, 
loop  system  is  that  it  have  no  poles  in  the  right  half 
plane. 

The  S-plane  is  also  very  useful  in  determining  equation 


Teble  1 1-2.  Effect  of  Damping  Ratio  (l)  on  Polaa  and  Transient  Kesponse  when  System 
Equation  has  ike  form  * Xjf  S)  K 

W [(sJ/^)  + (2{/o,B)]s+l 

xt(s)  • Input « 1 


|K,|  e +|K4|e-^«-^-^t  _ 

|K,  |Ie 


is  interesting  to  observe  that  the  vectors  Kj  and 
!«  fall  in  the  left  half  of  the  s-plane.  Because  of 
this,  it  might  be  assumed  that  the  amplitude  of  the 
last  term  of  the  tike  response  should  be  preceded  by 
a negative  sigh.  However,  this  would  be  incorrect  since 
the  sign  is  taken  care  of  in  the  term  Cos(a>»/i- 


Referring  to  figure  11-77  it  is  seen  that  the  term 


is  the  sum  of  two  unit  vectors.  Consequently,  only 
figure  R-75  need  have  been  constructed  to  obtain  the 
amplitude  terms  of  the  time  response. 

The  time  response  is: 

C(t)  - K+  Kae4+  e 'O^oas^ JK&  - **< ) 

Note  that  this  value  checks  with  the  Inverse  transform 
given  on  page  343  of  Gardner  and  Barnes  (Ref.  5).  .It 


This  example  had  no  zeros  in  the  transfer  function. 
To  illustrate  the  procedure  of  graphically  determining 
the  transient  response  amplitude  terms  for  a case  in 
which  the  transfer  function  has  zeros,  the  coefficients 
of  (n-44)  shall  be  determined.  The  graphical  solutions 
fork,,  K3,  K3and  K4of{n-44)  are  given  in  figures  n-78 
and  n- 79.  Only  Kx  and  K3are  obtained  since  K2is  the 
complex  conjugate  of  Ki,  and  K*  is  the  complex  con- 
jugate of  K3.  The  special  point  to  observe  in  this  ex- 
ample is  that  zeros  are  treated  in  the  same  manner 
as  poles  with  due  caution  being  taken  to  keep  the  alge- 
braic signs  correct. 


■-U>+jaJl-C2 

s3.-^-j.a/rrr2  i 

Sj  -Ij  - - ca  + - 

■ *J  fa, * f 2 ♦ ♦ iv*  fa  " t* 

I*  - s3  - -&*  - J £«„ -k/Ti5 

■2j  «,/Rj 

Figure  11-75,  Graphical  Solution  for  Kt 

Figure  11-76,  Graphical  Solution  for  Jt4 

1 1 


Figure  H*77i  Conjugate  Unit  Vectors 

Following  this  procedure,  the  time  solution  for  (H-44) 
is  obtained  fry  substituting  these  K' s into  the  proper 
equation.  Since 

y,(t)  - Kte*  «•  •»«  1‘ 41t  ♦ Kae*a-  ®»t'J  »•  «* 

+ K g-.005ttJ.aS4t  + e-.OOSt-J.224t 
3 4 

substituting  the  values  for  the  K's  from  the  graphs, 
y2(t)  becomes:: 

ya(t)  - " ■ • ■ 

(-1 004751 Ss;  ta  e*ar41t+JMi>  -.0047.56 
t ifi . 0O41e>J  • 047  e r-oost+j.  tut  . f 00416  J . Mt  e-.  oost-J.  awt } 

This  may  be  rewritten  as: 


ya(t)  - -.004756 *»*01t 

"! , (eJ<a.«»n.4it>  + 

-.0041e"'°°5t 

or 

■ s > 

ya(t)  - -.dO95eii>01t  oob(1.  41t  + 2.«2) 

0082e-°°#t  cos(.  224t-.087) 

which  agrees  with  (n-45). 


The  second  basic  way  of  representing  the  transfer 
function  is  to  plot  Y(s)  as  a continuous  function  of 
. s . Since  s is  a complex  variable,  such  a plot  for 
all  values. of  s would  require  four  dimensions.  How- 
ever, very  useful  representations  can  be  obtained  by 
allowing  s to  be  a pure  imaginary  ( ju  ),  thereby 
restricting  the  plot  to  two  dimensions. 

Y(jn>)  is  in  general  a complex  number.  Its  value  for 
any  fixed  u can  be  expressed  as  a magnitude  (called 
the  amplitude  ratio)  and  a phase  angle.  Two  con- 
venient methods  of  graphical  representation  will  be 
described  in  this  subsection.  In  the  first,  the  ampli- 
tude ratio  is  plotted  at  a given  phase  angle  on  a polar 
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figure  11*78.  Graphical  Solution  for  Kt  of  (11-44) 


g~\ 


Figure  11-79.  Graphical  Solution  tor  t%  and  <4  of  (11-44) 


plot  with  o>  as  a parameter.  In  the  second,  a con- 
venient function  of  the  amplitude  ratio  is  plotted  versus 
frequency  on  semi-log  paper  with  the  phase  angle  being 
plotted  in  a similar  way. 

For  the  purposes  of  this  subsection,  the  selection  of 
s - jo>  is  essentially  a matter  of  convenience.  However, 
there  is  a definite  correlation  between  Y(j&>)  and  part  of 
the  time  response  of  a system  excited  by  a sinusoidal 
input.  This  correlation  will  be  considered  in  detail. 


In  the  development  of  the  graphical  representations  a 
procedure  similar  to  that  used  previously  will  be  em- 
ployed. The  explanations  will  be  made  for  actual  ex- 
amples, starting  with  very  simple  cases. 

The  first  graphical  representation  discussed  will  be 
the  polar  parametric  plot  commonly  referred  to  as 
the  Nyquist  diagram. 

Consider  the  system  which  has  the  transfer  function: 
(11-50)  KfO(s)  - 5^5^- 

f 

If  jco  is  substituted  for  s,  where  -®<  ® , 


(ii-Sl)  - MrjL  i) 

Figure  11-80  Shows  that  both  jw  and  rjeo  ♦ 1 may  be 
represented  as  vectors. 


Figure  11-80.  Vector  Representations  of  ju>  and  r 

Writing  K,G(ja)  in  a form  to  take  advantage  of  this 
fact,  (n-52)  is  obtained. 

(II-S2)  K G(jo>) ^ --T- 

rte  1Tae  2 

where  rt- o , r - Jra«a+  l' , ^-90%  tsn*1  n> 
so  that 

(11-53)  K.G(j®)  - , e*J 

* 1 
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Equation  (EC- 53)  shows  that  KG(J&>)  can  be  represented 
as  a vector  with  a magnitude  K/(aijFfc)2+  i)and  a phase 
angle  -(&  + 4>2 ) . The  magnitude  is  commonly  called 
the  amplitude  ratio. 

Plots  of  (11-53)  for  K-  10  and  K-  2.5  with  r«  .5  are 
drawn  on  a polar  chart  in  figure  11-81. 


Notice  that  rectangular  coordinate  axes  have  been 
superimposed  upon  the  polar  plot  with  the  axis  of 
imaginaries  oriented  along  the  +90° , +270°  line  and 
the  axis  of  reals  oriented  along  the  -180 0°  line. 
The  vector  drawn  from  the  point  -1  + jo  on  this  coordi- 
nate axis  to  the  locus  is  the  vector  1 +KfG(ja>y.  Since 
the  closed-loop  response  is  given  by 


(11-54) 
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This  relationship  makes  it  possible  to  obtain  the  closed- 
loop  magnitude  and  phase  relationships  from  those  of  an 
open- loop  Nyquist  plot. 


Particular  attention  should  be  paid  to  the  effect  of  the 
constant  K in  figure  n-81.  The  phase  angles  are  in- 
dependent of  the  magnitude  of  K . Consequently,  the 
shape  of  the  curve  is  unchanged  by  changing  K . The 
only  effect  of  K on  the  polar  plot  is  to  change  its  scale. 


Another  important  feature  of  the  plot  is  that  it  is  sym- 
metrical about  the  real  axis.  The  reason  for  this  is 
that  l Y(s)  s»  jw  changes  sign  with  &>,  while  the  squaring 
process  required  to  establish  |Y(s)|a„Jlu  eliminates  the 
effect  of  a negative  ”&>.  *» 


Higher  order  transfer  functions  are  plotted  in  the  same 
way.  The  procedure  is  to  set  s ■ j&>  and  to  calculate  the 
magnitude  and  phase  angle  of  the  transfer  function  for 
each  value  of  &>  from  zero  to  infinity.  Table  il-3  is  a 
summary  of  locus  plots  for  some  common  transfer 
functions.  In  this  table  only  the  parts  of  the  loci  corre- 
sponding to  o < &><  +<b  are  plotted  for  simplicity. 


One  part  of  every  Nyquist  plot  that  is  of  special  interest 
is  the  "low frequency  end."  Table  II- 3 shows  that  as  the 
frequency,  o> , approaches  zero  certain  loci  take  on 
infinitely  large  values  and  approach  an  axis  as  an 
asymptote  (Table  n-3d  and  n-3f).  Loci  exhibiting  this 


Figure  11-81.  Nyquist  Diagram  of  Open-Loop  behavior  correspond  to  important  classes  of  control 

Transfer  Function  systems.  The  three  most  important  ones  will  be  dis- 

cussed in  some  detail  in  chapter  IV.  Figure  n-82 
For  illustrative  purposes  the  vector  for  &>  ■ 1. 2 and  shows  the  characteristic  loci  for  each  class  and  the 
&> « 2 are  shown.  corresponding  form  of  the  transfer  function. 


Figure  11-82.  Special  Locus  Shapes 
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In  the  preceding  discussion,  the  transfer  function 
|Y(s)'|  ,„.j«  has  1*  eh  treats  as  a convenient  abstract- 
ion, However,  the  part  of  the  locus  corresponding  to 
o 6an  he'  obtained  physically  by  applying  a 


*K 


■ifcb  u<*) 


sinusoidal  forci^&nctioh  to  the  system.  The  differ-  Expressioas  of  this  type  can  be  Inverse  transformed* 
ential  equation  then  becomes  of  the  form  as  follows* 


(iiris) 


\ + Sn-i^y-f  XAsiri.&>t,  (0<4>*  * ®j 

TrShsfbrmlhg,  • 

(ii-56)  "V&**  - 4A~~a 

sa  + or 


as  follows: 

(11-57)  x(t)  ■ 


° }»*., 
0 


■ --  1 - . - e«t 


♦Kje*!*  + KjS**** — + K1e*» 


See  Ref.  5 Page  159 


, Locug  on  the 
Complex  Y(s)  Plane 


Locus  on  the 
Cosplex  Y(s)  Plane 


»>  2{ 

—s  * T-  s + 1 


ot-  indicates  Direction  of  Increasing  Frequency 


table  II. 3.  Some  Common  Transfer  Function*  m\d  Their  Loctm  Shape* 
on  the  Linear  Plot 
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where  I inchoates  "imaginary  part  of." 

The  motion  x(t)  described  by  this  equation  consists  of 
a sinusoidal  oscillation  of  amplitude  XA/a0  and  fre- 
quency &>,  and  a transient  determined  by  the  sum  pf  the 
exponential  terms  Kje't*  , Kje**4 , etc.  The  sinusoidal 
oscillation  is  described  by 


Cifr$8)r  M\ia.  l 
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®«-i 


s°-4 
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Js»ja) 
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*b" 


I + sn-l 

«o 


+- -~+l 


sin  wt 
s-j<u 


where  K «x/a(jarid.o  < «<  + . The  term  in  the  brackets 
determines  the  amplitude  and  phase  angle  of  the  sinu- 
soidal responseand  is  recognized  as  the  transfer  funct- 
ion Y(s)  | s„jw  of  the  system.  This  result  applies  to 
linear  systems  of  any  order  of  complexity.  It  shows 
that  the  transfer  function  can  be  obtained  from  the 
physical  system  by’applying  a steady  sinusoidal  input 
and  separating  the  steady  output  oscillation  from  the 
transient  terms.  The  stability  of  a system  has  no 
effect  on  the  validity  of  these  results,  although,  prac- 
tically speaking  it  sometimes  is  difficult  to  separate  the 
sinusoid  from  the  -"transients”  in  unstable  systems 
Without  the  application  of  special  techniques. 


The  second  graphical  representation  of  Y(s)  to  be 
discussed  is  the  logarithmic  or  Bode  plot . The  cal- 
culations required  to  construct  such  a plot  point  by 
point  are  identical  to  those  discussed  above.  For  the 
simple  system  • . 

- * J 

*•  __  ..  i 

(H-S9)  K.G(S)  - 

the  form  (n-53)  is  derived,  and  the  amplitude  ratio 
K/ * f)  and  phase  angle  * $2)  are  plotted 
independently  versus  the  angular  frequency  « on  semi- 
logarithmic  paper.  The  &>  is  plotted  oe;  .garithmic 
scale,  and  20  log10  [K/ (eojriwi  + 'i)  J anc*  $2)  are 

plotted  on  the  linear  scale  as  in  figure  11-83. 

The  notation  20  log  M(  ) is  referred  to  as  the  log- 
modulus  or  Lm  and  performing  the  indicated  operation 
results  in  a number  in  decibel  (or  db)  units  (see  figure 
A-20).  One  advantage  of  this  procedure  is  that  ampli- 
tude ratios  can  be  plotted  very  simply.  In  the  example 
chosen  (see  11-51) 

(H. 60)  Lb[^A^|».  On  K -Lm|  jo,|  -On|rj  a.  +l| 

These  three  terms  are  plotted  in  figure  11-83  as  curves 
A , B , and  c and  are  summed  as  curve  D. 

The  dashed  sloping  line  marked(B)is  the  Lmjl/(j«)|  curve. 
Since  the  plot  is  done  on  logarithmic  coordinates,  it  is 
a straight  line  as  shown.  In  a plot  of  this  type  a change 
in  m by  a.  factor  of  10  is  called  a "decade;"  a change  by 


a factor  of  2 (doubling  its  value)  is  referred  to  as  an 
"octave;'.’  Consequently,  since  the  slope  of  the  line  Is 
-20  db  per  decade,  the  curve  is  said  to  "attenuate"  at 
a rate  of  20  db/dec.  or  8 db/octave.  That  is, 
In  1 1/( jw)  | « 20  ioyjto  l/ro—WlogioM  and  each  time  the 
frequency  is  increased  by  a factor  of  10,  the  magnitude 
of  Lm|l/(M|  is  decreased  by  20  db..  The  20  db/dec. 
attenuation  rate  is  true  of  all  s*  jo»  terms  in  the  de- 
nominator of  a transfer  function.  An  s - j«  term  in  the 
numerator  plots  with  a positive  slope  and  is  said  to  be 
amplified  at  the  rate  of  20  db/dec.  (or  6 db/oct. ).  The 
attenuation  and  amplification  rate  will  be  specified  in 
terms  of  decades  in  this  volume.  If  the  s - term  is 
raised  to  the  nth  power,  the  slope  is  20n  db/dec.,  i.e., 
Lm]j<u±n|  -20  log10  wtn*20rtlosio  “ 


The  (rjo)+i)-i  term  of  the  transfer  function  is  shown 
by  curve  (C)  in  figure  H-83.  This  curve  approaches, 
two  straight  line  asymptotes.  The  relationships  for 
establishing  the  asymptotes  to  the  true  curve  are  as 
follows:  when  jo>r<<l,  i 


(11-61) 


Lm 


j oxr*  1 


**  La  l - 0 db 


When  ja>.r  > > 1, 


Equation  (11-61)  establishes  a horizontal  line  at  zero 
db  and  (11-62)  establishes  a straight  line  sloping  at 
-20  db  per  decade.  The  asymptotes  intersect  at 
the  frequency  where  «-  1/r  ; («r -.1).  At  ™»  i, 
Lm|l/(j cor  + 1)|  « Lm  l//2%-3db.  Therefore,  the  true 
curve  lies  -3  db  from  the  asymptote  at  this  point. 
At  one  octave  below  the  "break  point,  "t&>-.5.  Therefore 
Lm|l/(jwr  + 1)|  = Lm  1/ ( J7PTT)  * Lm  1/(JL  25)  *-l  db. 
The  actual  log  modulus  value  is  then  1 db  below  the  as- 
ymptote. At  tco  = 2 , (one  octave  above  the  break  point), 
W 1/(22  + i)=Lra(  1/|G)%  -7db  , however,  at  rw«2,  the  as- 
ymptote is  at  -6  db.  Therefore,  the  log-modulus  curve 
lies  one  db  below  the  asymptote  at  this  point. 


(11-62) 


Lm 


J car*  1 


The  complete  log-modulus  curve,  (») , for  the  transfer 
function  (H-  59)  is  obtained  by  simply  adding  the  three 
curves  (A),  (B),  and  (C)  in  accordance  with  (n-60). 
The  same  result  is  also  obtained  by  adding  the  asymp- 
totes for  each  of  the  factors  of  the  transfer  function, 
line  b o 'a' , and  then  sketching  in  the  true  curve  b c a' . 
Notice  that  the  break  point  is  still  at  2,  (t&>  - l)  and 
that  the  3 db  and  1 db  departure  characteristics  still 
hold.  For  any  changes  in  the  value  of  K the  db  scale 
need  only  be  shifted  up  or  down  depending  on  the  nature 
of  the  change  of  ’■ . Evidently  this  procedure  is  general 
for  first  order  terms  and  may  be  summarized  as 
follows; 

1 . Establish  break  point  («*■  l/r)  on  the  zero  db 
line  and  draw  in  the  asymptotes. 

. 2.  At  the  break  point,  draw  a line  sloping  down- 
ward to  the  right  at  20  db  per  decade  for  a de- 
nominator term,  and  upward  to  the  right  for  a nu- 
merator term. 

3.  At  the  break  point,  spot  a point  3 db  below  the 
zero  db  line  for  a denominator  term  and  above 
the  line  for  a numerator  term. 

4.  At  one  octave  above  and  at  one  Octave  below 


11-34 
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y the  break  point,  spot  points  i db  distant  from  the 
asymptotes,  below  for  a denominator  term  and 
= above  for  a numerator  term. 

5.  Sketch  in  the  log- modulus  curve,  using  the  asy- 
\ mptotes  and  thef  three  points. 

The  phase  angle  curves  for  the  transfer  function  are 
also  shown  in  figure  11-83;  the  phase  angle  varies 
from  -90°  to  -130°  as  the  frequency  increases  (solid 
line).  This  phase  angle  curve  is  the  sum  Of  the  two 
curves  arising  from  the  (j<u)  ~l  and  (.  5jcj  + 1) - 1 factors. 
The  (j® j~ 1 term  plots  as  a constant  - 99°  phase  angle 

s.  ~ i 


(curve  B).  The  C.  5j<» ♦ 1)-*  angle  factor  approaches, 
an  asymptote  at  0°  and  another  at  -90°;  its  mi<h»int  . 
(45°)  being  determined  by  Mr- , Figure  A- 7 is  in- ; 
eluded  in  the  appendix  in  order  to  facilitate  sketching 
the  curves.  It  is  to  be  noted  that  a factoi  rs  + 1 in  the 
numerator  produces  a phase  curve  starting  at  a 0"  asy- 
mptote and  approaching  +90°  at  high  frequencies  and 
of  the  same  shape  as  the  denominator  factor. 

Many  of  these  same  principles  can  be  used  in  plotting 
second  order  terms  in  logarithmic  form.  However, 
since  the  second  order  factor  is  a function  of  two  in- 


' Figure  11-83.  Bode  Diagram  of  Open  Loop  Transfer  Function  Kfls)  * 10,  r«  .5 
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Figure  11-84.  Bode  Diagram  of  KtG(s) 


dependent  parameters  £ and  , plotting  is  slightly 
more  complicated.  Figure  n-84  points  out  some  of 
the  special  features  of  these  terms.  The  two  key 
characteristics  are  the  -40  db/dec  Slope  at  high  fre- 
quencies and  the  phase  shift  of  180°  . 

Several  charts  have  been  prepared  to  aid  in  the  con- 
struction of  Bode  plots  of  second  order  factors.  After 
the  break  point  and  the  -40  db/dec  asymptote  have  been 
established,  figures  A- 12  and  A-13  are  used  to  locate 
the  peak  when  one  exists  . Figures  A- 14  through  A- 17 
are  charts  which  give  amplitude  ratio  departure  from 
the  asymptotes  and  phase  angle.  For  most  purposes 


a satisfactory  sketch  of  the  amplitude  curve  can  be 
completed  using  only  figures  A-12  and  A-13.  How- 
ever, figures  A-14  and  A-15  can  be  used  to  aid  in  the 
construction  of  more  accurate  curves.  Values  of  the 
amplitude  departure  from  the  asymptotes  for  discrete 
frequency  ratios  i are  read  by  proceeding  up  and 
down  the  ordinate  representing  the  value  of  £ . The 
same  procedure  is  followed  when  using  figures  A- 16 
and  A- 17  to  construct  the  phase  angle  plot. 

Gain  (Kg)  adjustments  are  made  by  shifting  the  db 
scale  as  shown  in  figure  U-84.  Consequently,  the 
amplitude  curves  are  nearly  always  plotted  for 


H-38 


Chapter  II 
Section-4 


K*-  1 (Odb) , and  the  o db  line  corresponding  tq  the 
true  gain  parked  in  later.  If  the  gain  (Kg)  is  greater 
than  unity,  the  true  0 db  line  occurs  below  the  one 
used  for  plotting;  a Kg  less  than  unity  places  it  above. 

It  is  clear  that  any  number  of  factors  of  any  order 
may  be  added  on  Bode  plots  to  achieve  a complete 
transfer  function  plot.  Since  it  is  so  simple  to  plot 
first  and  second  order  terms,  the  transfer  functions 
are  always  factored  accordingly . This  avoids  tedious 
computations  of  amplitudes  and  phase  angles  of  com- 
plicated transfer  functions . ■ 

Table  A-4  is  a summary  of  forms  of  the  transfer 
functions  encountered  in  system  analysis.  In  the  last 
column  showing  the  Bode  plots  of  the  factors,  only 
the  asymptotes  to  the  log-modulus  curves  are  shown. 
For  items  (7,  8,  9,  and  10),  the  3 db  and  1 db  de- 
parture relationships  apply.  For  the  second  order 
terms  (items  11,  12,  13,  and  14),  the  exact  shape 
of  the  phase  angle  curve  and  the  log- modulus  (am- 
plitude ratio)  curves  depend  on  the  damping  ratio  £ . 

Notice  particularly  in  Table  A-4  that  the  asymptote 
curve  breaks  upward  for  all  numerator  terms  (items 
1,  2,  3,  7,  9,  11,  and  13),  and  all  denominator  terms 
show  a downward  break  of  the  asymptote.  Note  also 
that  this  fact  plus  the  phase  change  indicate  whether 
the  zeros  or  poles  are  in  the  right  or  left  half  of  the 
s-plane.  That  is,  a phase  curve  tending  to  go  in  the 
same  direction  as  the  amplitude  ratio  curve  (items 
7,  8,  11,  and  12)  shows  that  the  zeros  or  poles  are 
in  the  left  half  plane,  while  those  that  go  in  the  oppo- 
site direction  indicate  zeros  or  poles  in  the  positive 
half  of  the  s-plane. 


Bode  (Kef.  8)  refers  to  systems  that  contain  no  poles 
or  zeros  in  the  right  half  plane  as  minimum  phase 
systems.  If  any  poles  or  zeros  exist  in  the  right  half 
plane,  the  system  is  non-minimum  phase.  Following 
this  lead,  those  factors  that  represent  poles  or  zeros 
in  the  right  half  s-plane  are  generally  referred  to  as 
non-minimum  phase  terms;  all  others,  including  poles 
and  zeros  on  the  imaginary  suds,  are  minimum  phase 
terms. 


The  following  general  conclusions  can  be  made  con- 
cerning the  interpretation  of  Bode  diagrams; 

1.  Asymptote  slopes  must  always  be  either  zero  or 
some  Integral  multiple  of  ± 20  db/dec. 

2.  The  change  in  slope  of  the  asymptotic  plot  at  a 
break  point  indicates  the  order  of  the  pole  or  zero 
that  exists  at  the  break  point. 

3.  A positive  change  in  slope  corresponds  to  a zero. 

4.  A negative  change  in  slope  corresponds  to  a pole. 

5.  a.  The  location  of  the  break  point  of  the  asymptotes 
indicates  the  location  of  first  order  poles  and  zeros 
on  the  s-plane. 

b.  The  location  of  the  break  point  and  the  departure 
from  the  asymptotes  indicates  location  of  second 
order  poles  and  zeros  on  the  s-plane. 

6.  When  phase  and  amplitude  curves  change  in  the 
same  direction,  a minimum  phase  term  is  indicated. 

7.  When  phase  and  amplitude  curves  change  in  oppo- 
site directions  a non-minimum  phase  term  occurs. 

8.  When  the  slope  of  the  amplitude  as  &>  - o is  -20 
db/dec.  the  system  is  of  the  zero  position  error  type.* 

9 . When  the  slope  is  -40  db/ dec . as  &>  - 0 the  system 
is  of  the  zero  velocity  error  type.  * 

10.  When  the  slope  is  -60  db/dec.  asm  - othe  system 
is  of  the  zero  acceleration  error  type.* 


SECTION  4 - SERVOMECHANISMS 


The  control  system  field  is  extraordinarily  broad  and 
most  of  the  previously  discussed  methods  are  sufficient 
to  describe  any  linear  problems  in  this  field.  However, 
this  book  is  concerned  with  the  methods  of  handling  only 
a certain  class  of  control  systems. 

From  the  discussion  in  the  preceding  pages  it  is  evident 
that  there  are  two  broad  classes  of  control  systems; 
Open  loop  control  systems  and  feedback  control  sys- 
tems. There  are  aircraft  flight  control  systems  in 
both  of  the  classes.  Typical  examples  of  an  open 
loop  system  are  the  common  cable  or  push-pull  rod 
surface  controls;  on  the  other  hand,  a hydraulic  valve 
cylinder  combination  or  an  autopilot  are  closed  loop 
systems. 

Open  loop  systems  are  by  their  very  nature  calibrated 
systems,  and  their  performance  is  profoundly  affected 
by  the  condition  of  the  calibration.  Aircraft  flight  con- 
trol system  designers  are  intimately  aware  of  this  and 
expend  a great  deal  of  time  attempting  to  minimize 
environmental  effects  on  the  calibration  by  means  of 
such  devices  as  cable  tension  regulators.  In  any  case, 
the  design  principles  governing  those  devices  are  well 
known.  Although  one  of  the  end  results  of  these  volumes 
will  be  to  set  up  criteria  governing  the  performance  of 
these  systems,  the  design  process  itself  in  these  cases 
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Figure  11-85.  The  Field  of  Control  Systems 
* See  Chapter  IV. 
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Servomechanisms  have  the  following  defining  charac- 
teristics: 

1.  They  are  closed  loop  systems. 

2.  A large  amount  of  power  is  controlled  by  a 
relatively  low  power  element. 


3.  They  involve  mechanical  motion. 

This  is  a very  broad  definition  and  includes  many 
systems  net  often  brought  to  mind  by  common  parlance, 
Thus  such  things  as  autopilots,  tracking  control  sys- 
tems, pilot-airframe  combinations,  etc,,  are  referred 
to  as  servomechanisms  or  servo  systems, 

This  classification  of  control  systems  is  illustrated 
in  figure  11-93. 
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CHAPTER  III 
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SECTION  1 — INTRODUCTION 


System  analysis  Is  concerned  with  an  inquiry  into 
the  behavior  of  a given  system.  Previous  chapters 
have  established  that  the  Static  and  dynamic  perform- 
ance of  a linear  system,  including  its  responses  to 
known  Inputs,  is  completely  determined  by  its  transfer 
function.  The  problem  of  linear  analysis  then  becomes 
one  of  obtaining  information  about  system  transfer 
functions.  Since  servo  analysis  is  primarily  con- 
cerned with  feedback  control  systems,  the  linear  analy- 
sis problem  is  further  limited  to  obtaining  information 
regarding  closed  loop  transfer  functions  from  a knowl- 
edge of  the  open  loop  transfer  functions.  This  chapter 
will  consider  the  important  methods' and  techniques 
available  for  solving  this- limited  problem . 

The  notion  of  a feedback  control  system,  such  as  that 
represented  by  the  block  diagram  of  figure  HI-1,  has 
been  previously  introduced  and  the  algebra  of  such 
block  diagrams  has  been  considered.  With  all  of  this 
background  information  understood,  the  essential 
problem  of  linear  servo  analysis  can  be  described  . 


Figure  III-l . Illustrative  Servomechanism 

In  the  control  system  represented  by  figure  HI-1, 
the  closed  loop  transfer  function,  which  defines  the 
properties  of  the  system,  is  given  by: 


(III-l) 


C 1 f KfKfcGH  ] 1 r*  1 

R”KfcH  |l+  KgKhGHj  KhH  IuyJ 


where  Y«KfKhGH.  The  analysis  problem  is  essentially 
solved  when  the  properties  of  the  closed  loop  transfer 
functions  are  known  to  the  analyst . Transfer  functions 
are  completely  specified  by  their  poles,  zeros,  and  scale 
factors.  Therefore,  the  analysis  problem  to  be  con- 


sidered is  concerned  with  gathering  information  about 
the  values  of  the  poles  and  zeros  of  the  closed  loop 
transfer  function(l/Kj,H)  [Y/(l  + Y)]  from  a knowledge  of 
the  open  loop  transfer  function,  Y . Since  K|,H  is  known, 
the  portion  of  (HI-1)  requiring  additional  study  is  the 
bracketed  term,  Y/  ( l + Y) . 

While  the  poles  and  zeros  of  Y/( i + Y)  are  the 
prime  information  required,  the  major  effort  of  analysis 
need  be  directed  toward  finding  only  the  poles,  since 
the  zeros  of  Y/<  l + Y)  are  the  zeros  of  Y ’,  and  hence , 
are  known.  To  illustrate,  if  N(s)  is  the  numerator  of 
Y and  D(s)  the  denominator, 

tnl.3\  1 N(s)/D(s|  , N(s) 

• ' 1+Y  1 + N(s)/D(s)  N(s)  + D(s) 

The  analysis  problem  can  now  be  stated  mathematically 
as:  Given  Y,  determine  the  poles  of  Y/(i  + Y)  , or 
alternatively  the  zeros  of  1 + Y . 

Before  the  specific  content  of  the  chapter  is  outlined , 
it  should  be  mentioned  that  a direct  analytical  method 
of  determining  the  poles  and  zeros  is  to  factor  the 
closed  loop  transfer  function.  However,  for  all  but 
the  simplest  systems,  this  procedure  may  be  very 
tedious  and  time  consuming.  Therefore,  direct  factori- 
zation is  usually  impractical  and  will  not  be  discussed 
in  this  chapter . However,  methods  of  approximate 
factorization  are  included  in  an  appendix  to  this  volume , 
and  may  be  used  if  desired. 

The  major  portion  of  this  chapter  consists  of  three  in- 
terrelated sections.  These  sections  are  organized  so 
that  the  techniques  employed  give  closed  loop  zero  and 
pole  locations  with  greater  and  greater  accuracy  as  one 
method  succeeds  another. 

The  first  method  presented  enables  one  to  obtain  only 
very  general  information  concerning  the  regions  in 
which  the  poles  and  zeros  lie.  In  addition  to  this  in- 
formation, a certain  amount  of  qualitative  data  can 
sometimes  be  obtained  by  analogy  between  the  behavior 
of  actual  systems  and  very  simple  systems  by  the  use 
of  transfer  function  characteristics  discussed  in  the 
fifth  section  of  this  chapter.  A rule  known  as  the 
Generalized  Cauchy-Nyquist  criterion  is  developed  and 
used  as  the  basis  of  this  method.  Nyquist  diagram 
and  s -plane  representations  of  the  transfer  function 
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Chapter  in 
Section  2 

are  utilized  in  the  application  of  this  criterion. 

The  second  method  permits  a much  more  exact  deter- 
mination of  closed  loop  pole  and  zero  values.  While 
the  previous  method  requires  the  use  of  both  Nyquist 
diagram  and  s-plane  plots,  this  section  utilizes  the 
logarithmic  transfer  function  representation  and  another 
graphical  aid  called  the  Nichols  chart. 

The  third  method  is  the  most  exact  presented.  The 
values  of  closed  loop  poles  and  zeros  are  determined  to 
accuracies  limited  only  by  the  graphical  process  in- 
volved, Only  the  s-plane  representation  of  the  transfer 
function  is  required,  from  which  the  loci  of  closed  loop 


poles  are  obtained. 

The  fifth  section  deals  with  certain  transfer  character- 
istics giving  valuable  response  data  in  special  cases . 

It  should  be  noted  again  that  the  presentation  used  in 
this  chapter  emphasizes  the  essential  unify  of  presently 
existing  methods  of  servo  analysis,  and  such  methods 
are  considered  directly  in  terms  of  transfer  function 
graphical  representations,  this  basic  unify  is  stressed 
throughout  the  chapter,  and  concepts  such  as  frequency 
respons  phase  margin  and  gain  margin,  which  are 
frequently  used  in  the  literature,  are  mentioned  only 
incidentally  as  items  of  interest  in  special  cases . 


SECTION  2 - THE  GENERALIZED  NYQUIST  METHOD 


The  first*  and  most  approximate;  method  to  be  dis- 
cussed utilizes  polar  transfer  function  plots  together 
With  the  closed-loop  s-plane  plot  of  transfer  function 
poles  and  zeros . By  using  the  results  of  a mapping 
theorem  it  is  possible  to  consider  a region  of  the  closed- 
loop  s-plane  and  determine  the  number  of  poles  of  the 
closed-loop  transfer  function  within  that  region. 

Before  this  method  can  be  developed  some  fundamental 
concepts  must  be  understood.  The  first  concept  is  that 
of  the  "closed-loop  s-plane. " The  second  involves  a 
basic  mapping  theorem.  These  ideas  will  be  discussed 
initially,:  followed  by  a development  and  application 
of  the  method  discussed  above  to  the  problem  of  de- 
terminlng  stability. 

(a)  closed  loop  s-plane. 

As  pointed  out  in  chapter  II  the  poles  and  zeros 
of  any  transfer  function  may  be  plotted  on  an  s-plane . 
Such  a plot  may  then  be  considered  a graphical  repre- 
sentation of  the  transfer  function.  If  the  poles  and 
zeros  of  a closed-loop  transfer  function  are  plotted  on 
an  s-plane,  the  plane  has  been  particularized  to  the 
extent  that  it  may  now  be  referred  to  as  a closed-loop 
s-plane.  Furthermore  the  plot  may  be  called  a graphi- 
cal representation  of  the  closed-loop  transfer  function . 

Since  the  problem  at  hand  is  to  determine  the  closed- 
loop  transfer  function,  and  thus  its  poles  and  zeros , 
obviously  the  poles  and  zeros  cannot  be  plotted  ex- 
plicitly on  the  closed-loop  s-plane . However,  it  is 
known  that  the  poles  and  zeros  da  exist. 

It  is  the  aim  of  the  balance  of  this  section  to  develop 
a technique  by  which  the  poles  and  zeros  of  the  closed- 
loop  transfer  function  may  be  located  approximately  on 
the  closed-loop  s-plane . 

(b)  THE  MAPPING  THEOREM. 

As  pointed  out  previously,  in  order  to  determine 
the  behavior  of  a closed-loop  System,  it  is  necessary 
to  locate  in  the  s-plane  the  poles  and  zeros  of  the  ex-' 
pression  Y/(l+  if) . 

One  method,  to  be  described  here,  of  locating  these 
zeros  and  poles  requires  the  use  of  two  graphical  con- 
structions. .These  constructions  will  be  illustrated 
by  example. 


Consider  the  simple  third  order  system  of  (IQ-4),: 

¥ may  be  plotted  for  values  of  s described  by  the 
contour  shown  in  figure  III-2 . (The  choice  of  the  s 
contour  may  be  considered  arbitrary  in  this  example , 


but  the  reasons  for  choosing  particular  contours  in 
the  s-plane  will  be  explained  later.)  Proceeding  from 
A to  B,  s«  +ja>  and  Y(s)  appears  as  the  heavy  solid- 
part  of  figure  HI- 3. 


figure  111 -3.  Y(s) -Plane  Mappini 


HI  - 2 
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Similarly  In  the  region  C to  D of  figure  m~2  s«-j»  and 
|(a)  appears  as  the  heavy  dotted  trace  of  figure  m-3* , 
The  segment  B toe  on' the  s-plane  contour  is  a semi- 
circle of  small  radius  (r-*  o)  designed  to  exclude  the 
pole  at  the  origin  (I * o).  To  determine  how  this  plots 
in  the  Y(s) -plane  substitute  s-  reJ*  in  (m-4)  then 

: Y(rej*y  ‘ re^<are^-+  l)(bre^*  1)  ' 

Hence: 

? (ITT. 5 \ lira  Y(  re3*)  - ® tT** 

' ' r-o 


? From  (III-  5)  it  may  be  seen  that,  as  r swings  from 
B. #■+*/?)  to  C (4>“  -n/2),  ¥ swings  from -w/2  to 
♦w/2  in  a positive  sense . This  is  shown  by  the  light 
; dotted  arc  in  figure  III- 3 , The  remainder  of  the  s- 
plane  contour  (arc  DBA  ),  figure  111-2*  represents 
lira  ReJ*  and  maps  into  the  origin  on  the  Y(s) -plane 


(in-3). 


• „k,;*  ’ 


lim  Y(ReJ*)  - o 
Rt* 


The  mapping  theorem**  states  that;  If  the-  Contour  in 
the  s-plane,  figure  m-2.  positively  encircles  Z zeros 
and  P poles  of  1 4 Yrsi.  the  map  of  Y(s1  encircles  the 
point  s-  -l  n»  y.-  p times,  where  N is  the  number  of 
encirclements  and  may  be  either  positive  or  negative,. 
A positive  encirclement  is  defined  as  one  in  which  the 
area  enclosed  by  the  contour  is  always  on  the  left  as 
the  contour  is  traversed. 


since  l.+  Yf  s)  - tl+ SM-  -^^Jp-'the  poles  (P)of  l+  Y(s) 

are  simply  the  poles  of  Y(s)  and  are  Known.  There- 
fore, the  zeros. are  determined  from  the  equation  : 

, - ■ 1 . ~ — ' ’ 

(III -7)  Z-P+N 

On  figures  m-2  and  IH-3  the  arrows  indicate  the  positive 
sense.  The  positive  sense  of  encirclements  can  be 
remembered  as  the  direction  in  which  an  observer 
would  travel  if  he  walked  along  the  contour  so  that  the 
interior  was  always  to  his  left. 

To  apply  these  principles  to  the  system  of  (m-4),  first 
note  that  the  contour  of  figure  m-r?  includes  the  entire 
right-half. s-plane.  Consequently,  the  examination  of 
Y(  s)  will  determine  the  number  of  poles  (P)  in  the 
region.  To  determine  how  many  encirclements  of  the 
-1  point  Y(s)  makes,  draw  a vector  from  the  point 
-i  to  the.Y(s)  contour  (figure  in-4).  As  the  arrow 
head  moves  along  the  contour,  the  vector  pivots  about 
its  tail.  Each  time  the  vector  sweeps  out  an  angle  of 
2 n in  the  positive  (counter  clockwise)  direction,  a 
positive  encirclement  is  completed.  In  figure  in-4 
no  encirclements  occur  (N » 6)  . Consequently, 
Z--  P+  N=  0 + 0 « 0. 

Therefore,  there  are  no  roots  ofl+Y(s)in  the  right-half 


* Note  that  the  portion  of  the  curve  from  C to  D is  the 
mirror  image  of  that  from  B to  A. 

**  For  detailed  proof  of  this  theorem  see  the  appendix 
to  this  Volume,  Section  (A- IV) ^ 


s-plane.  Figure  IH-8b  shows  this  same  system  plotted 
for  a high  enough  value  of  the  gain  K so  that  there  are 
two  roots  of  1 + Y(s)  in  the  right-half  of  the  s-plane  . 
This  Is  indicated  by  the  encirclements  of  s - -1  . 

Although  this  theorem  was  discussed  in  terms  of  a 
specific  problem,  it  is  quite  general.  In  the  example 
chosen,  only  the  right-half  s-plane  was  mapped.  But 
any  region  can  be  examined  for  the  existence  of  zeros 
simply  by  properly  designing  the  mapping  contour 
(figure  HI-  5). 


Only  two  assumptions  are  necessary  in  order  to  apply 
the  mapping  theorem: 

1.  Y(s)  is  a rational  function  of  s . 

2.  None  of  the  poles  or  zeros  lies  on  the  contour 
in.  the  s-plane. 

(It  was  because  of  assumption  (2)  that  the  contour  in 
figure  HI-2  detoured  around  the  pole  at  the  origin. ) 

The  following  section  discusses  in  detail  the  use  of  the 
mapping  theorem  to  determine  the  stability  of  closed- 
loop  systems.  - 

(c)  THE  CONVENTIONAL  NYQUIST  CRITERION 

It  was  pointed  out  in  Chapter  II  that  if  any  zeros  of 
1 + Y(s)  have  positive  real  parts,  the  system  described 
by  the  open-loop  transfer  function  Y(s)  is  unstable  . 
Hence,  to  verify  stability  alone’,  the  entire  right-half 
of  the  s-plane  must  be  explored  for  zeros  of  1 + Y(s)  in 
the  manner  described  in  Section  (b).  (Now  it  is  evident 
why  the  contour  of  figure  IH-2  was  chosen  in  Section 
!H-2b.) 

Since  there  can  be  no  zeros  of  1 +Y(s)  in  this  region 
if  the  sydtein  is  to  be  stable,  z must  be  zero  in  N » Z -P 
and  hence  the  criterion  for  stability  is  that  N - -P  . 
The  simple  system  described  by  the  contour  of  figure 
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Figure  III -5 . Generai  Contour  Mapping 


III-4  is  stable.  The  same  system  with  higher  gain, 
figure  ni~8b,is  unstable. 

It  is  well  to  review  at  this  point  the  characteristics 
of  the  contour  used  to  enclose  the  right-half  plane.  The 
values  of  s defining  this  contour,  figure  HI-2,  are  given 
as  follows: 
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For  the  open-loop  transfer  function  Y(s),  the  presence 
of  zeros  of  T+  Y(s)  in  the  right-half  plane  is  readily 
determined  by  plotting  Y(s)  with  the  above  values  sub- 
stituted for  s,  and  then  simply  counting  the  encircle- 
ments of  -1  and  then  applying  (HI-7). 

The  actual  plotting  may  be  somewhat  simplified  by  the 
following  considerations:  For  physically  realizable 
systems,  the  part  of  the  s-plane  contour  DEA  is  un- 
important in  determining  the  plot  of  Y(s) . This  is 
true  since  y(s)  . Nisi  , A,s"f«tA0 
D(s)  atts»+ •••+«„ 


where  n,  the  order  of  the  denominator,  must  be  greater 
than  m , the  order  of  the  numerator.  The  value  of  Y(s) 
corresponding  to  the  contour  from  DEA  is: 


(m-9) 


lim[Y(s)Js.ReJ^ 

R-® 
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•+«0 


Consequently,  the  entire  arc  DEA  maps  into  the  origin 
of  the  Y(s)  plane. 

The  portion  of  the  Y(s>  contour  corresponding  to  the  s~ 
plane  contour  from  A to  B is  just  Y(j®) , the  simplest 
form  of  transfer  function  plot  developed  in  Chapter  n . 
From  c to  D,  Y(s)  is  given  by  Y(- j<a) , which  is  the 
mirror  image  about  the  real  axis  of  Y(+j®), 


The  only  part  of  the  contour  remaining  is  that  from 
B toe.  In  many  engineering  problems,  Y has  a pole 
of  order  n at  the  origin.  But  one  of  the  conditions  upon 
which  the  mapping  theorem  can  be  applied  is  that  the 
s-plane  contour  does  not  pass  through  any  poles.  Con- 
sequently, the  contour  is  detoured  by  letting  s - reJ* 
r very  small)  near  the  origin.  . > ^ .i; 


Then,  since  Y(s)  is  of  the  form 


(ill -id) 


Y(s) 


s“D(s) 

substituting  s - reJ*  to  avoid  the  pole  of  order  n 
( ill-11 ) 

1^0  aj 

Now  as  the  s-plane  contour  in  the  region  B to  c is 
traversed  in  a positive  direction,  4>  goes  from  + 77/2 
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to  - w/2  . Consequently,  the  contour  of  Y(s)  starts 
■ft  -m/2  and  proceeds  to  tn?r/2  , in  a positive  sense 
Slid  at  a radius  equal  to  ljta  _Aj_  H„  . Evidently, 

r-*o  a«rn 

the  portion  of  Y(s)  corresponding  to  the  one  from 
B to  c of  the  s-plahe  contour  is  an  arc  of  infinite  radius , 

There  are  two  ccanman  situations  in  which  this  procedure 
must  be  slightly  modified.  First,  if.  A0/«0  is  negative, 
the  Wf)  contour  sweeps  from  +iw/2  to  -nn/2  in  a 
positive  sense  as  s traverses  the  s-piane  contour  from 
B to  c,  figure  m-2.  Secondly,  it  sometimes  occurs 
that  the  denominator  of  vis)  includes  factors  of  the 
form  s2  + co2  . To  avoid  these  poles  and  those  at  the 
origin  the  s.-plane  contour  must  take  the  shape  at  figure 
HI-6  and  the  map  of  Y(s)  be  treated  accordingly. 

If  Y(s)  has  no  poles  at  the  origin,  the  device  of  letting 
s - re-1*  near  s » o is  not  required,  and  the  entire  contour 
of  Y(.s)  is  made  up  of  Y(+» ahd.Y(rj<u),  figure  HI-7. 

; . i 

The  above  points  are  illustrated  in  figures  III- 8a  to 
fflr8g. 

(d)  SPECIFIED  MINIMUM  DAMPING  AND  DAMPING 
• RATIO. 

It  is  clear  that  the  mapping  theorem  discussed  in  section 
(b)  at  this  chapter  could  be  used  in  checking  any  desired 
region  of  the  s-plane  for  closed  loop  poles.  However , 


figure  II I -7 . Simple  Contour 


Figure  III-8  (Sheet  1 of  3 Sheete) . Example*  of  Mapping  for  Stable  arid  Png  table  Syaiem 
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in  all  cases,  the  regions,  checked  define  the  values  of 
s to  be  substituted  in  Y(s) and  hence  practical  use 
of  analysis  time  usually  requires  that  the  boundaries 
of  the  regions  in  the  s-plane  to  be.  examined  be  defined 
by  comparatively  simple  functions  of  S;  The  simplest 
case,  that  of  the  conventional  Nyquist  criterion. covered 
in  section  III- 2c,  is  of  much  value  in  checking  stability 
Two  other  cases,  those  of  minimum  damping  and  mini- 
mum damping  ratio  are  also  of  interest  and  occasional! 
importance  . These  cases  will  be  considered  in  this 
section. 

First,  consider  the  minimum  damping  case.  In  this 
situation  it  is  desired  to  investigate  the  closed  loop 
transfer  function  for  poles  having  damping  less  than 
■ some  specified  value.  The  s-plane  contour  in  this) 
case  is  shown  in  figure  HI-9.  The  values  of  s defining 
the  contour  are:  ' 


(111-12) 


Prom  A to  B s«  ~cr0  * j<u 


From  B to  A s«ReJ* 


Figure  III -9 . Minimum  Damping  Contour 


where  l/^0  - min.  damping  and  -tt/2  when  -*® 
time  constant  +*/2  when  ' a,- 

For  the  same  reasons  mentioned  previously,  the  portion 
of  the  contour  BCA  does  not  contribute  to  the  locus  of 


s --Plane 


If  (-  1+jO)  lies  between 

A and  B 

/ 

P=  3,  N=  -1,  Z»  2 

If  (-1+jO)  lies  r , 

between  A and  C 1 

P - 3,  N - 0 1 

Z-  3 

(a) 

If  (-1+jO)  lies 
between  A and  B 
P-2 
N-  0 
Z-  2 


F i gure  111 -10  (Sheet  1 of  2 Sheets)  . Examples  of  Minimum  Damping 
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Y('s)  for  physically  realizable  systems.  The  value  of 
Y(s)  corresponding  to  the  remainder  of  the  contour 
in  the  s-plane  is  given  by:  ; : 

(111-13)  ■ Y(s)  - Y(-o-0  + jw) 

* i 

Typical  examples  for  this' situation  are  shown  in 


Note  that  for  damping  greater  than  the'  minimum  Chosen, 
J there  must  be  no  zeros  of  1 +Y(s)  in  the  domain  enclosed 
..  ~4  by  the  contour  in  the  s-plane)  ire*  , jn  the  Y(s)  plane 
the  number  of  encirclements  of  the  >1  point  must  be 
’ such  that  z «N  + P - 0.  , 

i It  is  interesting  to  note  in  the  examples  given  that  under 
; no  circumstances  can  the  minimum  damping  time  con- 
stant be  less  than  a , (see  figure  III-J0e),  and  that  to 
; obtain  even  this  damping  time  the  gain  must  be  adjusted 
: so  that  the  -1  point  lies  between  points  B and  c in 
1 figure  ill-lOe. 

■ --  | 

j For  the  specified  minimum  damping  ratio  case  the 
s-plane  contour  is  shown  in  figure  III-ll. 

Note  that  possible  poles  of  1 + Y(s)  at  s*  o (an  else- 
where on  the  contour)  must  be  avoided  in  this  case  as 
in  the  conventional  Nyquist  case.  The  values  of  s de- 
! fined  by  the  contour  are  given  by 

" ’ 

(111-14)  Prom  A to  B S“  -£o)+  - a».a>  o+ 

Prom  B'  to  Q s * reJ*  r-*  0 

4>*  tt-  when  <•  = 0* 

<p=—7T+tfi  When  co®  0"* 

Prom  C to  D s=  S«+  jai/l-ta  0">a>>-  ® 

Prom  D to  A s=ReJ*  R-*co 

. and  4>*  -it+  i ]/,  when  co«  -w 

it-  when  to®  +® 

A typical  application  of  the  minimum  damping  ratio 
case  is  shown  in  figure  HI-12  : ’ 


figure  (HI-10).' 


SECTION  3— THE  OPEN  LOOP-CLOSED  LOOP  LOGARITHMIC  METHOD 


(a),  GENERAL 

This  section  discusses  a method  of  estimating  closed 
loop  poles  and  zeros  from  logarithmic  open  loop  trans- 
fer function  plots. 

If  the  transfer  functions  concerned  are  ratios  of  rational 
polynomials,  they  may  be  written  in  factored  form, 
all  factors  in  either  numerator  or  denominator  being 
first  order  or  quadratic.  Each  of  the  magnitudes 
(absolute  values)  of  these  factors  may  be  represented 
by  a pair  of  asymptotes  on  a logarithmic  plot,  except 
near  the  intersection  of  these  asymptotes  (the  "break- 
point"). Then,  since  the  use  of  lo^ithmic  coordinates 
permits  addition  of  the  logarithms  to  replace  multipli- 
cation (and  division)  of  the  factors,  by  adding  the 
asymptotic  factor-plots  graphically,  an  "asymptotic" 
graph  of  the  entire  transfer  function  results.  AH  the 
straight  line  approximations  obtained  in  this  way  will 
be  referred  to  in  this  volume  as  asymptotes.  It  is 
realized  that  this  is  an  extension  of  the  strict  mathe- 
matical meaning  of  the  word  asymptote,  but  this  prac- 
tice is  well  justified  by  usage  in  the  controls  field. 

It  will  be  recalled  that  the  intersection  of  two  asymptotes 
with  a slope  difference  of  20  db/dec  indicates  the  pre- 
sence of  a first  order  pole  or  zero,  .with  the  direction 


of  the  phase  curve  in  that  region  indicating  whether  the 
* pole  or  zero  is  of  minimum  or  nan-minimum  phase(i.  e., 
in  the  left  or  right  half  of  the  s plane  representation)., 
i For  quadratic  factors  (slope  differences  at  intersection, 
of  40  db/dec),  the  asymptote  intersection  occurs  at  the 
undamped  natural  frequency,  and  the  departure  of  the 
actual  plot  from  the  asymptote  intersection  is  equal  to 
twice  the  damping  ratio  iri  decibels.  These  charac- 
teristics of  logarithmic  transfer  function  plots  are 
basic  to  this  section.  Broadly  speaking,  the  method 
involves  the  following  steps: 

1.  The  open-loop  transfer  function,  Y(s),  is. 
plotted  logarithmically  with  s set  equal  to  j o> . 
2 .,  For  a given  open- loop  gain,  K , (or  open- loop 
zero  db  line),  the  closed  loop  transfer  function 
plot  is  constructed.  This  construction  is  materially 
aided  by  the  use  of  approximations  and  a special 
chart. 

3.  The  analytical  factored  form  of  the  closed  loop, 
transfer  function  is  obtained  by  establishing  the 
asymptotic  representation  of  the  plotted  curve, 
and  by  utilizing  the  characteristics  of  the  logarithmic 
plot.  This  process  is  aided  by  the  use  of  previously 
known  data  (the  zeros  of  the  closed  .loop  transfer 
function). 

The  first  item  Of  the  above  list  has  been  extensively 
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discussed  in  the  transfer  function  section  of  chapter  H, 
and  needs  no  further  explanation . The  second  item  can 
be  achieved  by  use  of  approximations  "and  the  use  of  a 
special  chart  where  required.  A subsection  will  be  de- 
voted to  the  derivation  of  this  chart  and  approximations 
with  examples  of  their  use.  The  third  item  (finding  the 
analytic  form  of  a given  closed  loop  plot)  is  essentially 
a curve  fitting  task.  The  curve  fitting  process  is  made 
practical  by  the  fact  that  the  asymptotes  to  be  fitted  to 
the  closed  loop  plot  have  slopes  which  are  integral 
multiples  of  ± 20  db/dec . Another  aid  is  the  fact  that  the 
zeros  of  the  closed  loop  are  also  the  zeros  of  the  open- 
loop  transfer  function,  and  hence  are  known.  The  pro- 
cess of  finding  an  analytic  factored  form  of  a given 
transfer  function  plot  is  discussed,  with  examples,  in 
a further  subsection, 

(b)  RELATIONSHIPS  BETWEEN  OPEN  AND  CLOSED- 
LOOP  TRANSFER  FUNCTIONS - CHARTS 

The  portion  of  the  closed  loop  transfer  function,  Z(s), 
of  interest  to  the  discussion  of  this  chapter  is  given  by 


(III- 18),  plotted  on  a linear  rectangular  plot,  y vs,  x, 
is  that  of  a series  of  circles,  with  centers  at 

' , ....  -'T  * \ •'  '* 


and  with  radii 


These  "M  circles"  are  shown  in  figure  HI-13. 

Note  that  to  any  fixed  value  of  H,  there  corres- 
ponds an  infinite  number  of  combinations  of  x(<u) 
and  y(&>).  If  the  log  of  the  magnitude  of  i(»), 
l.e,,  log  IxHa)  +y2(*»>]h,  in  db,  is  plotted  against 
tan*1[y(<a)/x(<ii)]  for  a series  of  values  of  M , these 
"M  circles"  or  lines  of  constant  closed  loop  transfer 
function  amplitude  ratio,  plot  into  "M  contours"  such 
as  those  indicated  in  figure  HI-14. 

Since  the  amplitude  ratio  of  Y(j«V  is  ordinarily  ex- 
pressed in  db,  it  is  most  convenient  to  express  the 
amplitude  ratio  of  z(i^)  in  this  form.  Consequently  on 
all  the  ensuing  plots,  M is  given  in  db  as  in  figure  HI-15. 


«•>  ‘ T&nk  - 

A method  will  now  be  developed  to  relate  Y(s)/  [1+Y(s)j 
to  Y(s)  by  simple  graphical  means.  For  convenience 
Y(j<i))/il  + Y(ja))]  will  be  related  to  Y(j<d) . Since  this 
is  merely  afunctional  representation,  may  later 
be  replaced  by  s. 


Lines  of  constant  closed  loop  phase  angle,  </•’ , are  de- 
rived in  a similar  fashion. 


A Y(Ml, 

[l+Y(ja>)J 


(111-19) 

By  trigonometry,  then; 


4.  - tan-1  -tan"1  Jif- 

X(a>)  1+X(«) 


Y(joj)  is  usually  readily  available  in  the  logarithmic 
graphical  form.  The  logarithmic  graphical  represen- 
tation of  YfM/;ri  + Y(j«)j  is  obtained  from  Y(jw)  by 
using  a special  chart  wliich  will  now  be  derived . 


If  the  magnitude  (amplitude  ratio)  and  the  phase  angle 
of  the  closed- loop  transfer  function  are  denoted  by 
II  and  ifi,  respectively,  relationships  between  Y(j&>)  and 
constant  values  of  M and  <A  can  be  derived.  If,  in 
addition,  contours  of  constant  values  of  M and  4>  are 
superimposed  upon  a linear,  rectangular  plot  of 
Y(  j cj)  , amplitude  ratio  of  Y ( j «)  plotted  versus  the 
phase  angle  of  Y(j«),  the  phase  angle  and  amplitude 
ratio  of  Y(jw)/[1  + Y(j<a)]  can  be  read  directly  off  the 
plot  for  a given  value  of  frequency  w.  In  the  following 
paragraphs  these  contours  and  their  associated  chart 
will  be  developed. 


which  simplifies  to 
(111-21)  tan  4>  - 

xz+x+y- 


again  the  equation  of  a circle.  The  radius  is 

r = A—  ■ Itan2^  +1 
2 tan  4/  4 r 


(III-22) 


The  open- loop  transfer  function,  Y(j <u),  may  be  re- 
presented'as  a complex  number  ~ 


( 111-16) 
Then 

(111-17) 


Y(jai)  * x(oS)  + jy (CO) 


. Y(ja>)  _ 

1+Y(j<i>)  ■ 

l+X(a))+jy(<u) 

A [x(<u)3  ^[y(&))]  a 
[[i+x(<u)]  My(w)]  aJ 

Ma{  [l+x(<u)  ] a+  fy(ia) ] a}  ■ [x(a))]  a+[y(<D)] 2 
ry(a>)  ] a(M2-l)  + [x(w)  ] a(M2-l)  + Ex(«)  ] 2Ma+M2*  0 


By  completing  the  square  of  the  x terms: 
(111-18)  Cy(<ii)]:2+  [x<n)>  + 


and  the  center  is  located  at 


( 111-23 ) 


x0  - -1/2;  y0 


i 

2 tan  4> 


These  circles,  when  plotted  on  the  same  logarithmic 
coordinates  as  the  m contdurs,  are  the  4>  contours  of 
figure  IH- 14. 

The  plot  of  figure  HI- 14,  commonly  called  a Nichols 
chart,  enables  the  analyst  to  find  easily  the  closed-loop 
values  of  the  transfer  function  from  the  open- loop , 
either  by  actual  plotting  on  the  chart,  or  simply  by 
reference.  An  example  of  this  method  is  shown  in 
figure  III-15,  going  successively  from  the  open-loop 
plot  shown  in  figure  HI-1 5a,  to  the  Nichols  chart  plot 
of  figure  In- 15b,  and  then  to  the  closed  loop  plot  of 
figure  ni-15c. 
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Figure  III-14 . Nichols  Chart 


In  practice,  the  actual  plotting  shown  in  figure  HI-15b 
may  be  avoided  by  utilizing  the  chart  as  a graphical 
table.  . 


(0  db),  the  entire  expression  for  z(s)  must  be  used, 
i.e.,  where  |Y(s)  | ~1 

(III- 26)  Z(s)  » Y(s)/[l  + Y(s)] 


Accurate  versions  of  Nichols  charts  are  provided  in 
figures  A-18  and  A-19  of  the  appendix. 

(c)  RELATIONSHIP  BETWEEN  OPEN  AND  CLOSED- 
LOOP  TRANSFER  FUNCTIONS— BY  APPROXIMATION 

Because  of  certain  approximate  relationships,  much  of 
the  work  required  to  obtain  Y(j&>)/[1+Y(j<u)]  from 
Y(Jm)  by  the  method  shown  in  the  previous  subsection 
(IH-3b)  may  be  reduced.  These  approximate  relation- 
ships are  especially  valuable  in  preliminary  studies  and 
for  any  case  where  rapid,  though  not  extremely  accurate 
results  are  required. 

It  is  evident. from  (HI- 15)  that  if  |Y(s£>>1  then 

(111-24)  |Z(S)|*1 

or  zero  decibels.  Also  if  |Y(s)(<<  1 

(III-25)  |Z(s) | w ! Y<S) | 

An  examination  of  a Nichols  chart  shows  that  if 
|Y(M|>  25 db,  the  relationship  of  (HI- 24)  is  correct 
within  an  error  of  0.5db.  If  |Y(j«J  |^10db,  the  error 
involved  is  of  the  order  of  2 db. 

However  if  |Y(s)i  is  of  the  order  of  magnitude  of  1 


In  those  regions  of  Y(s)  where  (III- 24)  or  (III-25) 
apply*  the  plot  of  Z(s)  is  given  directly  by  a knowl- 
edge of  Y(s) . In  those  regions  where  (IH-26)  applies, 
the  method  outlined  in  section  HI-3b  must  be  used. 

For  illustrative  purposes  several  examples  of  ob- 
taining closed-loop  plots  from  open-loop  plots  are 
given  below. 

EXAMPLE  1.  Assume  an  open- loop  transfer  function 
3.16/(j<a+  1)  which  is  drawn  lightly  in  figure  HI-16. 
Where  |Y(j«)|“  j 3. 16/(jo*l)  |>10db  it  will  be  assumed 
that  the  closed- loop  transfer  function  |Z(j&>)  | » Odb. 
Where  |Y(j»)  | -10  db  it  will  be  assumed  that 

|.Z(J«)|  « | Y(jo>)  |.  Thus,  the  dark  lines  are  drawn 
in  to  represent  |Z(j&>)  | in  these  regions.  Where 
10  db  > | Y(j»)  | > -10  db  the  Nichols  chart  has  been  used, 
and  the  results  are  indicated  by  dashed  lines.  It  is 
evident  that  the  dashed  line  does  not  fair  into  the  solid 
line  at  the  lower,  end  of  the  frequency  range.  This 
is  a result  of  the  approximation  that  was  made  above 
and  could  have  been  predicted.  This  difficulty  may  be 
overcome  at  the  outset  by  a simple  calculation  of  the 
steady  state  gain.  Since 


Y(s)*X$§- 


Z(s) 


KN(s) 
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fined  by  the  breakpoints  of  an  asymptotic  plot  if  all  the 
poles  and  zeros  are  first  order.  If  a pole  or  zero  is  of 
second  order,  the  departure  of  the  actual  curve  from  the 
breakpoint  is  also  required.  The  sign  of  the  pole  or 
zero,  I.e.,  whether  the  term  is  minimum  or  non- 
minimum  phase,  is  completely  determined  by  the 
direction  or  slope  of  the  phase  curve  in  the  region  of 
the  pole  or  zero.  Therefore,  to  determine  the  analytic 
form  of  the  closed- loop  function  from  its  plot,  it  is 
only  necessary  to  establish  the  asymptotic  plot,  and 
to  observe  the  phase  angle  change  in  the  immediate 
vicinity  Of  break  points.  Values  of  poles  and  zeros 
are  then  determined  directly  fromi  the  break  point 
frequencies  (and  break  point  departures  in  the  case 
of  quadratic  terms),  and  signs  are  determined  by  the 
local  phase  angle  change,  The  functional  form  of 
T:(j«)/fl  + Y(J^)  J is  then  known  analytically,  and 
Y(s)/[1  + Y(s)j  is  obtained  simply  by  substituting 
s for  j<u . 

In  determining  the  asymptotic  plot,  the  following  facts 
are  of  Value: 

1 .  Any  asymptote  is  a straight  line  with  a slope 
. Which  is  an  integral  multiple  of  ±20  db/dec . There- 
fore, for  any  transfer  function  expressible  as  the 
ratio  of  rational,  constant  coefficient  polynomials, 
the  change  in  slope  of  the  asymptotic  plot  at  any 
break  point  must  be  an  integral  multiple  of  ±20 
db/dec.  The  value  of  the  integral  multiplier  is, 
Of  course,  the  order  of  the  pole  or  zero. 


2.  In  regions  where  equations  (m-24)  and  (HI-25) 
are  valid),  a portion  of  the  approximate  analytic 
factored  form  of  the  closed-loop  is  known  by  a 
simple  inspection  of  the  open-loop  logarithmic 
transfer  function  plot. 

3 . The  zeros  of  the  closed-loop  transfer  function 
or  its  analytic  form  are  known  initially,  since  they 
are  also  the  zeros  of  the  open-loop  transfer  function. 

To  illustrate  the  methods  of  obtaining  the  closed- ioop 
transfer  function  in  analytic,  factored  form  several 
examples  are  given  below. 


EXAMPLE  1.  A closed  loop  transfer  function  is  shown 
in  figure  III-19.  If  the  asymptotes  to  the  amplitude 
curve  are  drawn,  it  is  found  that,  when  extended,  they 
meet  at  a frequency  1/^.  Also,  at  the  frequency 
1/tj  the  phase  is  - 45°.  It  is  evident  that  the  closed- 
loop  transfer  function  has  the  form  Z(  s)  * K/  (rj  s + 1). 
From  the  amplitude  curve  it  is  seen  that  the  gain  in 
db  is  K*.  The  linear  gain  K may  be  obtained  from 
figure  A- 20  which  relates  linear  amplitude  ratio  to 
decibels.  The  complete  closed-loop  transfer  function 


is  then: 


Z(S)-  K/(rlS  +1) 


EXAMPLE  2.  This  example  is  considerably  more 
complex  than  the  first.  It  is  introduced  to  emphasize 
various  details.  The  closed-loop  transfer  function  is 
shown  in  figure  HI-  20.  The  asymptotes  to  the  amplitude 


HT-17 


* 


'■%. 


cum  are  first  drawn,.  /The  figure  will  now  be  examined 
by  starting  from  the  left  (or  low  frequency  side)  and 
continuing  to  the  right  (or  high  frequency  side). 

a.  It  is  evident  that  at  zero  frequency  the  phase  is 
-180'’.  This  'indicates  that  a negative  sign  (-) 
should  be  placed  in  front  of  the  closed-loop  gain  K . 

b.  The  amplitude  decreases  at  -20  db/ dec  after  the 
break  at  l/rt  , This  indicates  a first  order  term 
in  the  denominator  (or  pole) . However,  the  phase 
tag  is  decreasing  in  the  vicinity  of  1 fr% . This, to- 
gether with  the  fact  that  the  first  order  term  is  in  • 
the  denominator,  indicates  that  the  term  is  non- 
minimum  phase  of  the  form  1/  (-ras  + 1). 

c . The  amplitude  breaks  from  -20  db/dec  to  0 db/dec 


Figure  III-19 . Obtaining  Poles  and  Zeros  of 
■ ; . Transfer  Function 

- ‘ ' •*  'k  ' 1 ' 

creaiie  to  0°  after  this -it  indicates  a minimum  phase 
term  of  the  form  ( rb  s + 1)  . . ; 

, d.  , The  amplitude  breaks  to  -20  db/dec  after  i/t c 
and  the  phase  decreases  at  the  same  time,  which 
indicates  a first  order  pole  of  the  form  1/C^s  + 1)  . 

e.  The  amplitude  breaks  from  -20  db/dec  to  *-60 
db/dec  at  &>„ . This,  together  with  the  peaking  at 
uD,  indteates  a second  order  term  in  the  denominator . 
The  sharp  increase  in  phase  lag  atua  indicates 
further  that  the  term  is  minimum  phase . The 
natural  frequency  is  known  from  the  break  point, 
and  the  damping  may  be  determined  from  the  amount 
the  peak  departs  from  the  asymptotes . (This  was 
discussed  in  an  earlier  section) . The  term  then  has 

. the  form  l/C(s/«B)  *+  2i(s/»B)  + l] 

f.  The  amplitude  breaks  from  -60  db/dec  to  -40 
db/dec  at  rd  . This  indicates  a first  order  term  in 

; the  numerator.  Since  the  phase  lag  increases  in  the 
vicinity  of  l/rd  this  indicates  a non-minimum  phase 
term  of  the  form  C-r  ds  + 1)  .'  All  the  terms  are 
now  collected  and  the  closed  loop  transfer  function 
Is  of  the  form 

r/flx  _ -K(rbs;+l)(-rds+D 

Z(S)  « ■ r'sl  V 1 

C-r*  s+iKrc  s+ 1)  — ^ s + 1 

with  the  parameters  r,  5 , obtained  from  the 
break  points. 

In  the  normal  analysis  case,  the  numerator  terms 
rk  and  rd  are  known  at  the  outset,  and  aid  in  eStablish- 


•;>  Chapter  m ' . 
V ; Section  J : 


tug- the  asymptotic  plot. 

EXAMPLE  3.  This  final  example  is  an  exceptional 
one  but  is  offered  to  demonstrate  that,  when  the  analytic 
form  of  the  closed-loop  transfer  function  is  obtained 
from  the  graphical  representation,  care  must  be  taken 


Figure  111-20 . Obtaining  Poles  and  Zeros  of 
Transfer  Function 


to  consider  each  and  all  of  the  following  items*.  ‘ 

1 . The  analytic  expression  for  the  open-loop  transfer 
function, 

2 . The  graphical  representation  of  the  amplitude 
ratio  of  the  closed-loop  transfer  function. 

3 . The  graphical  representation  of  the  phase  of 
the  closed- loop  transfertfunction. 

Consider  the  closed-loop  transfer  function  shown  in 
figure  HI-21. 


If  the  amplitude  ratio  curve  alone  were  considered, 
the  incorrect  conclusion  might  be  reached  that  the 
transfer  function  is  merely  of  the  form  Z(s)  » K » 1 . 
However,  the  open-loop  transfer  function  has  the  form 
K ( - r s s + 1)  / (rb  s + 1)  . It  is  known  that  the  closed- 
loop  transfer  function  must  have  the  same  zeros  as 
the  open-loop  (i.e.,a  term  in  the  numerator  equal  to 
(-r*  s + 1)  . The  next  problem  is  to  determine  the 
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Figure  HI-21,  Obtaining  Foies  and  Zeros  of 
Transfer  Function 
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risdnEF 


Figure  111-22 . Graphic*!  Representation  of  (III-27)  and  (111-28) 


form  of  the  denominator.  Since 

or  Iog|Z(s)  j-  log|K|  + log|N(s)  | - log|D(a)  l 

(III -27) log[  |D(b)  | ] • x.  log|Z(s)  | -log|K|  -logjN(8)| 
also 

(111-28)  - Z D(s)  • Zz(s)  - Z K - ZN(s) 


When  (HI-27)  and  (in-28)  are  performed  graphically 
as  shown  in  figure  III- 22,  the  amplitude  and  phase 
of  1/D(s)  are  determined.  It  is  evident  that 

1/D ( s ) = M Tj  s + 1 ) and  thus  Z(s)  -(-r.s  * lytr,,  s+ 1) . 

With  a little  experience  the  graphical  step  shown  in 
figure  III- 22  may  be  eliminated  and  the  complete 

analytical  form  of  Z(s)  may  be  written^ 
of,  its  graphical  representation.  ; - 7 s ^ 


SECTION  4—  ROOT  LOCUS  METHOD 


(a)  INTRODUCTION 

Although  each  of  the  preceding  sections  has  the  purpose 
of  locating  the  zeros  and  poles  of  the  closed-loop  trans- 
fer function,  the  work  was  performed  not  on  the  s-plane 
(in  which  the  poles  and  zeros  are  located)  but  on  the 
Y(s)  -plane.  Of  course,  this  was  done  as  a matter  of 
convenience  in  obtaining  quick  approximations  to  the 
solution  of  the  problem.  The  cost  of  this  procedure 
is  that  the  values  of  the  poles  and  zeros  must  be  more 
or  less  extracted  from  the  graphical  representations 
used. 

The  root  locus  method  deals  with  the  s-piane  exclusively 
and  yields  a plot  of  the  locus  of  all  possible  roots  of 
D(s)  + kn(s)  -0  (where  D(s)  + KN(s)  is  the  denominator 
of  the  closed- loop  transfer  function)*  as  a function  of 
gain.  Thus,  a mere  glance  suffices  to  discover  a 


nearly  complete  picture  of  the  dynamics  of  the  system, 
(b)  BASIC  PRINCIPLES 

The  fundamental  problem  in  establishing  a locus  of 
roots  of  D(s)  +KN(s)  -Ois  the  same  as  existed  in  the 
preceding  methods,  that  is,  how  can. these  roots  be 
found  by  working  with  Y(a)  only.  To  determine  the 
root  locus  method  answer  to  this  question,  first  note 
that  . W."" 

(111-29)  1 * Y(s)  - 1 + “ 


D(s) 

Hence,  if  D(a)  is  finite,  roots  of  D(s)  ♦ K N(s)«  0 are 


IH-20 


Eeros  of  1 ♦ Y(s).  WhenD(s)  • «.  a special  case  occurs. 
In  physical  problems  the  order  of  Dfs)  is  always  gr  eater 
than  that  of  N(s),  so  that  for  finite  K 


Llm  D(s)  + K N (a)  . DM  . x 
D(s)  “ D(s) 


which  is  .not  equivalent  to  (HI- 29).  However,  if  K is 
infinitely  large 

LilB  D(s)  * KN(s)  _ ®_ 

•«-»»  D(s)  00 

and  the  limiting  process  might  possibly  reveal  roots . * 
Consequently,  except  under  this  condition,  the  solution 
D (s)  - « is  trivial;  in  all  other  cases  the  equation 
D<  s)  + KN(s)  - 0 will  reveal  all  of  the  zeros  of  1 ♦ Y(  s>  of 
interest  (i.e.,  zeros  corresponding  to  finite  values  of 
K ).  This  is  the  first  principle  upon  which  the  root 
locus  method  is  based. 


The  second  Important  fact  upon  which  the  method  de- 
pends is  that  the  denominator  of  the  closed- loop  trans- 
fer function  of  a single  loop  feedback  system  is  of  the 
form  1 ♦ Y(s) . Because  of  this,  instead  of  solving  the 
equation  1 + Y(s)  -<0  , it  is  possible  to  work  with  the 
equivalent  expression  Y(s) » -1.  Now,  Y(s)  can  be 
written  as  a complex  number  R(s)ei*t  ‘l  for  any  value 
of  s.  Also,  - 1 is  a complex  number,  -1  - leJ(Jk  +1)  w. 
'Consequently,  if  Y(s)  - -1  then  it  must  be  true  that: 

(311-30)  ReJ*>  eK3k+l}w 

where  k-O,  ±1,  ±2.  so  that  ft«.l  and  <£- (2k*  1)«. 
That  is,  the  magnitude  of  the  complex  number,  Y(s), 
must  he  unity,  and  its  phase  angle  an  odd  multiple  of 
ti  if  s itself  can  be  a root  of  1 ♦ Y(s)  - 0 . 

Y(s)  is  usually  of  the  form: 

(131-31) 


N(s)  and  D(s)  are  usually  written  in  the  form: 


sb(t1s±1Ktjs±1). Jj£  S+^[^*  s+l] ... 

For  purposes  of  working  with  root  loci,  it  is  con- 
venient to  rewrite  this  as: 


(III-  32) 


x Laa  * 25i^nis+  [s2  ± 2£  j*>n2s+  «B2] . . . 


. , t£3-_ 
* * 


xffSio-j+jwj)  (a±tr [<s±cra+ ja»j)  (s±cr3- j»a)J . . . 

-where  “ Lt&t  and  % - 1 - iT.  Wien  N(s)  and 

D(s)  are  written  in  this  form,  Y(s)  can  be  expressed 
"as: 


(HI-33)  Y(s) 


D’(a) 


* Ibis  situation  is  discussed  in  greater  detail  later 
on. 
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where  N'  (s)  and  O'  (a)  are  the  factors  containing  a and 
the  quantity  « is  ‘the  ratio  , . /«2  ,*5  - • Now  eac^ 

of  the  factors  of  N'  (s)  and  D'(s)  if  i complex  number 
(for  any  value  of  s)  and  hence  can  be  plotted  as  a vec- 
tor, as  in  the  left  hand  column  of  figure  in-23 . 


Since 

(III-34) 

±KkH'(s) 
D'  ( s) 


\±Kkts  r„  . ,.rN  _x*J|  e«4n.*4ni»-  » •+*«=> 

4<*n 


rD.rD, 


laii 


where  the  rN  are  the  magnitudes  and  the  '<ht,  the 
phase  angles,  ‘of  the  vectors  representing  the  factors 
Of  K (s) ; and  the  rDj  and  the  ^Dj , the  corresponding 
quantities  for  D'  (s). 

The  quantity  in  the  brackets  in  (IH-34)  can  be  written  as; 


± K xr.  r„  ...r 


Vi 


* K k II  r 
1 = 0 


. , . Xn 


“n-i 


3=o 


It  is  also  convenient  to  denote  'the  total  phase  angle 
of  N'(s)/IY{s)by 
(III -35) 

* * , 

if)  4 ifi  +■  • •■+<£>  — <fa  ■ •*•«“  $>  'K  5)  <j>  ~ S 

VH0  -V*m  M>0  D1  'Dn  1”°  ■*!  30 


Then,  by  expressing  each  of  the  factors  of  N'  :(s)  and 
IT  (s)  as  vectors,  the  conditions  that  s be  a root  of 
1 ♦ Y (a)  - 0 can  be  written  as.: 


(I  II -36) 


JC*  h r„ 

i«o "l 


-0 

n r„ 

j-o  ra 


£ A - X 4>  - (2k+l)v  k=0,  *1,  *2, 

l=o  Mj  J.=o  Dj 


(when  the  ♦ sign  appears  before  K ) 


or 


W B 

X 4>a  - 2*  * 2k  v k=0*l,  ±2,  ±. ... 

i=o  "i  j=o 

(when  the-  sign  spears  before  JC ) 

However,  for  reasons  that  will  become  apparent  later, 
it  is  more  convenient  to  shift  the  vectors  as  in  the 
right  hand  column  of  figure  HI-23  . Consequently, 
roots  of  1 +Y(s)  can  be  determined  by  choosing  a trial 
point  on  the  s-plane  and  drawing  vectors  to  this  point 
from  each  of  the  poles  and  zeros  of  1(a)  .*  If  the 
products  of  the  lengths  of  the  vectors  •**  and  of  K* 
divided  by  the  product  of  the  lengths  of  the  vectors 
rD  = 1 , (see  equation  m-34)  and  the  sum  of  the  angles 
.(2k  * i)ir,  then  the  trial  pdnt  represents  a root  of  the 
equation  D(s)  +KN(s)  = 0 ( + sign  before  K }-  Angles 
measured  from  a reference  line  through  s are  positive 

* Note  that  by  shifting  the  vectors  as  shown  in  the 
right  hand  column  of  Pig.  (Ill- 23),  the  point  l/rx 
and  <r±iu  become  the  poles  or  zeros  of  Y(s),  This 
is  one  advantage  of  the  shift. 


HI-21 


for  all  points  along  the  locus 
(IiI-38) 


m 

H rNj 

,&  rD, 
j»0  "j 


must  be  satisfied.  The  process  is  considerably  speeded 
by  the  use  of  a graphical  aid  (the  "Root  Locus  Plotter") 
to  be  described  later. 


(c)  CONSTRUCTING  THE  LOCUS 

As  with  any  graphical  construction,  root  locus  plotting 
is  speeded  up  by  establishing: 

1.  Starting  points. 

2.  End  points. 

3.  Special  intermediate  points. 

4.  Asymptotes. 

In  constructing  a locus  of  roots  these  points  arid  the 
asymptotes  can  be  established  by  inspection. 


The  starting  points  of  the  root  locus  plot  are  defined  as 
thosepoints  that  represent  roots  of  0(s)»  KN(s)  - 0 when 
K approaches  zero.  Since  the  order  of  DCs)  is  always 
greater  than  that  of  N(s)  ,. 


(111-39)  Lim  D(s)  + KN(s)  ■ D(s) 

K-o 

for  any  value  of  s at  all.  Then  the  equation  D(s)+XN(s)«H 
becomes,  in  this  case,  D (s)  « o . Hence  the  locus  of 
possible  roots  of  D (s)  + KN(s)  - 0 starts  (at  gain  K - 
0 )*  at  the  zeros  of  D(s),  i.e.,  the  poles  of  Y(s).  As 
K is  increased  from  zero,  the  locus  must  xriove  away 
from  the  pbles'of  Y (s)  in  some  direction  riot  yet  de- 
termined (see  figure  in-25) . 


t 

j« 

8 “ Plane 

\t/  \t/  \ 

/ 

/\\  1 >j\  / 

\ *— ■ ~ 

i " n i 
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Note:*  indicates  pole 

X indicates  zero 

figure  111-25 . Starting  Points  of  Locus 

The  endpoints  are  defined  as  those  points  that  represent 
roots  of  D(s)  + kn(s)  - 0 when  K approaches  infinity  . 
However,  it  was  shown  at  the  beginning  of  section  (b) 
that  there  was  a possibility  oi;  having  roots  which  them- 


When  the  gain  (l^ ) of  a closed-loop  system  is  zero  an 
input  cannot  cause  an  output  — At — — •. 

Consequently,  the  concept  of  *■ — -»■—  * • 

'roots  at  zero  gain’  may  be  confusing.  What  actually 
happens  is  that  as  the  gain  gets  very  small,  the 
roots  approach  certain  finite  values  while  the  am- 
plitudes of  the  transient  terms  approach  zero.  Thus, 
the  type  of  response  is  defined  by  the  finite  roots 
of  the  denominator  of  Y(s),  but  the  response  itself 
becomes  imperceptibly  small  in  magnitude. 
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selves  are  very  large  (s-®)  when  K is  large.  (k-«)  . 
Consequently,  there  are  two  conditions  which.must  be 
investigated  to  locate  the  end  points: 

1.  Lim  [D(s)  + KN(s)],  (s  finite) 

JC**  ® 

2.  Lim  [D(s)  ♦ KN(s)] , (K  large) 

l-CO 

in  the  first  condition 

(III-40)  Lim  D(s)  + KN(s)  - Lim  KN(s),  (s  finite) 


and,  in  this  event,  D(s)  + KN(s)  - o reduces  to  KN(s)  -o  . 
Consequently,  at  high  gain  (K)  the  locus  must  enter  each 
of  the  zeros  of  N(s),  figure  m-26,  which  are  also  the 
zeros  of  Y(s). 

s - Plane  j 
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i r3l 

figure  111-26.  Starting  and  End  Points  of  Locus 


But  since  the  order  of  N(s)  is  always  less  than  that  of 
D(s)  , and  since  the  order  of  D(s)  +KN(s)  is  equal  to 
the  order  of  D(s)  , there  are(n- m)*roots  still  to  be 
accounted  for  at  high  gain.  Since  condition  (1)  did  not 
reveal  them,  these  remaining  roots  must  correspond 
to  condition  (2).  That  is,  the  roots  occur  at  s-«  . 
This  is  illustrated  in  figure  in-27.  An  observer  lo- 
cated far  away  from  the  origin  of  the  s-plane  and  from 
all  the  zeros  and  poles  sees  the  zeros  and  poles  of 
Y (s)  all  bunched  up  on  the  s-plane  near  the  origin. 

In  fact,  from  far  enough  out  in  the  plane,  the  vector 
angles  of  all  the  factors  become  very  nearly  equal. 
Then  the  angle  of  a vector  from  a zero  to  the  trial 
point  far  out  on  the  plane  appears  to  cancel  the  angle 
of  a vector  from  one  of  the  poles  to  the  trial  point. 
The  result  is  that  each  zero  appears  to  cancel  a pole 
so  that  the  plot  of  Y(s)  looks  Uke  simply  a multiple 
order  pole  at  the  origin.  The  order  of  the  pole  will 
be  the  difference  between  the  number  of  poles  and 
zeros  of  Y(s) . That  is 


(111.41)  Lim  Y(s)  « Lim  * -gsg 

Consequently  for  large  values  of  s there  appear  to 
be  no  zeros  of  Y(s),  and  D(s)  - sn"*'.  So  that 

(111-42)  Lim  D(s')  + KN(s)  - sn'* 

■ -«  ® 

* n and  m are  the  orders  of  D(s)  and  N(s)  respec- 
tively. See  equation  (III-36). 
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Figure  III -27 . Limiting  Values  of  Angles  as|s|-,cc 


Now,  since  I <L. 

’ 1*0™ i 


0 and^D/^D,"  • •••  mhL 


Since  there  is  a+  sign  before  K,  angles  to  asymptotes  are 


.'£•  'hi'  h,m~%  4>da— (n-m)^  - (2k+ 1)^  or  2kw 

1*0  "1  J*0  ■ j J*0  * "A 


*DAf  - *&§&>■  -270” 


r.  - * 2 


then 


k«  0,  ±1,  *2,  ±3,  ±. . . 


(III-43)  </>Da 


(2k  + 1)7T 

n-m 


or 


2k?r 

dmE 


k-  0,  ±li±2,  *3,±. .. 


Evidently  vectors  drawn  pointing  away  from  the  origin 
at  angles  <£DA  will  point  to  large  roots  of  D(s)+  KN  (s)  - 0 
for  large  values  of  K . 


At  this  point  it  is  well  to  recall  that  it  has  been  deter- 
mined that  at  zero  gain  the  roots  of  D(s)+  KN(s)  - 0 are 
simply  the  roots  of  D(s)  - 0 and  that  as  gain  (K)  in- 
creases, the  locus  must  proceed  away  from  these  roots . 
It  has  also  been  determined  that  under  some  conditions 
the  roots  of  D(  s)+  kn(s)  » 0 for  large  values  of  K are  the 
roots  of  kn(s)  » 0 and  for  other  cases  they  appear  far 
out  in  the  s-plane  at  angles  <£DA.  Since  the  locus  has 
several  starting  points,  and  several  terminating  points, 
it  would  appear  that  the  locus  is  not  a single  continuous 
curve,  but  rather  consists  of  several  branches.  Certain 
branches  will  start  at  the  poles  of  Y(s)  (roots  of 
D (s)  - o ) and  proceed  to  zeros  of  Y(s)  (roots  of 
KN(s)  * 0)  and  other  branches  will  start  at  other  poles 
and  proceed  toward  the  roots  at  infinity  in  the  direction 
of  the  angles  <£DA.  Thus  it  would  appear  that  (HI- 43) 
establishes  asymptotes  for  n -m  branches  of  the  locus. 
It  will  be  shown  in  the  following  pages  that  this  is  true 
(see  figure  ni-28). 


Starting  points,  end  points,  and  asymptotes  have  been 
established.  Some  intermediate  points  can  be  es- 
tablished by  closer  examination  of  certain  parts  of 
the  s plane.  Consider  first  the  real  axis.  To  determine 
whether  or  not  there  are  any  possible  roots  there,  take 
a trial  point  (s)  on  the  real  axis,,  figure  111-29 . 

All  the  vectors  from  the  zeros  and  poles  to  point  st 
make  angles  nearly  zero.  Consequently  0 and 
there  cannot  possibly  be  any  roots  along  the  positive 
real  axis.  Next  try  a point  near  the  real  axis  be- 
tween r l/r3  and  the,  origin  (figure  III- 30) . In  this 
case  the  vector  from  the  pole  at  the  origin  has  an 


Figure  III-28.  Starting  Points,  End  Points 
and  Asymptotes 

angle  of  approximately  180°  and  the  rest  of  the  poles 
and  zeros  contribute  nothing.  Consequently,  there 
can  be  roots  anywhere  between  the  pole  - l/r3  and 
the  pole  at  the  origin.  It  should  be  noted  that  the 


- & «.  ■ *** -&t**&>^y**»** 


question  of  whether  or  not  the  polos  themselves  lie 
on  the  locus  cannot  be  answered  since  the  angle  of 
a vector  from  the  pole  to  a test  point  lying  on  the  pole 
is  undetermined. 


Figure  111-30.  Teat  for  Foot  a between  -I/'r3  + ]0 
and  Origin 


A repetition  of  this  process  will  show  that  there  are 
also  possible  roots  between  the  pole  at  - l/r2  and  the 
zero  at  - l/rx . Consequently,  a part  of  the  locus  is 
established  along  the  real  axis  (see  figure  III-31). 

At  this  point  it  is  known  that  the  part  of  the  real  axis 
between  the  pole  at  - l/r2  and  the  zero  at  - l/r1  must 
contain  part  of  the  locus.  It  is  also  known  that  the 
locus  proceeds  away  from  this  pole  and  toward  the 
zero.  It  remains  to  be  shown  that  the  only  path  the 
locus  can  take  between  these  two  points  is  along  the 
real  axis.  This  is  proved  by  noting  that  if  the  locus 
proceeds  away  from  the  pole  and  departs  from  the 
real  axis,  say,  above  it,  another  part  of  the  locus 
must  appear  below  the  axis,  symmetrical  with  the 
part  above  it.  This  is  so  because  each  complex  root 
on  the  locus  must  have  a conjugate.  Then,  at  very 
low  values  of  X two  roots  would  appear  approximately 
at  the  pole  - l/r2 . But  when  (m-39)  is  applied  to  this 
example  it  can  be  seen  that  only  one  root  (i.  e. , s a-1  /r2 
can  appear  at  this  point.  Therefore,  the  locus  must 
proceed  away  from  the  pole  along  the  real  axis.  A 
similar  argument  applying  equation  (III-40)  shows 
that  the  locus  must  approach  the  zero  - l/rl  along 
the  real  axis  also.  This  is  shown  in  figure  m-31. 
(Of  course,  when  this  same  argument  is  applied  to 
a system  involving  higher  order  zeros  and  poles  on 
the  real  axis,  it  will  be  found  that  it  is  possible  for 
the  locus  to  appear  in  the  complex  part  of  the  plane 
in  the  immediate  vicinity  of  the  zeros  and  poles . ) 

To  complete  the  locus,  it  is  necessary  to  find  how  the 
roots  approach  infinity  along  the  asymptotes.  To  do 
this  another  characteristic  of  the  expression  D(s)»  KN(s) 
must  be  understood. 


Figure  111-31.  Locua  Along  the  j teal  Axia 


N (s)  and  D(s)  are  of  the  form  ? ‘ 

N(s)  . A.s“  + . , tAjS* 

• _ . £ i.  j- 

D(S)  ■ BSS* > , , +BJ;aj 

Consequently,  \ 

fc  - 

(in-44) 

DCs)  + KN(s)  - Bns“  + Bn.1sn*1+. . . +(B„  + KAb)s" 

+ (B..J  + KAb.1)S*-1+.  . . «•(%  + KA1)si 

It  is  known  from  algebra*  that  each  root  of  an  equation 
is  a continuous  function  of  the  coefficients  of  the  equa- 
tion. In  (m-44)  the  coefficients  A*  and  Bj  are  constant, 
but  K is  varied  continuously  in  constructing  the  locus  of 
roots.  Consequently,  the  coefficients  (%  + KA.)  are 
continuous  functions  of  X and  therefore,  the  roots  of 
(HI- 44)  must  be  continuous.  Therefore,  each  branch 
of  the  locus  of  roots  must  be  continuous.  This  means 
that  the  locus  must  break  away  from  the  real  axis  and 
approach  the  asymptotes  at  infinity.  The  part  of  the 
locus  away  from  the  real  axis  represents  complex 
conjugate  roofs.  The  only  places  where  such  roots 
Could  have  started  are  the  poles  at  - \/rx  and  at  the 
origin. 

Consequently,  at  some  particular  gain  (K) , the  locus 
breaks  away  from  the  real  axis  in  opposite  directions 
as  shown  in  figure  m-32. 


Fi  gure  111-32 . Breakaway  Point 

The  remainder  of  the  locus  must  be  established  by 
a trial  and  error  procedure  as  described  above.  It 
is  repeated  in  figure  IH-33  in  order  to  show  how  the 
vector  originating  at  the  zero  is  handled. 

Repetition  of  this  procedure  yields  the  locus  shown  in 
figure  IH-34. 

* See  BOcher,  ‘Introduction  to  Higher  Algebra'  (Ref- 
erence 8.) 
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In.  order  to  locate  the  roots  corresponding  to  a known 
value  of  gain  (K) , points  on  each  of  the  branches  of  the 
locus  are  chosen  and  the  lengths  of  the  vectors  meas- 
ured. If  these  lengths  satisfy  (m-36),  the  points  repre- 
sent roots  for  this  value  of  K . However,  in  the  more 
common  problem  K is  unknown  and  is  to  be  determined 
in  order  to  place  the  roots  at  certain  desired  locations 
as  discussed  in  section  H-3e.  In  this  problem,  the  de- 
sired root  on  the  locus  is  chosen  and  the  gain  (X)  com- 
puted as  the  unknown  in  equation  (in- 3 6). 


When  Y(s)  contains  complex  roots,  the  procedure  is 
Identical  to  that  previously  described.  However,  since 

m-26 


the  graphical  construction  has  a slightly  different  ap-  * 
pearance  the  following  discussion  is  included  to  avoid 
possible  confusion.  The  example  also  includes  a pole 
on  the  positive  real  axis.  V ’ 


.♦ 

Ja)  Distance  Shown 

£wn  ■ • ■ Finite  for  illus- 


Figure  III -36.  Location  of  Locus  on  Real  Axis 


In  figure  III- 3 6 a point  near  the  positive  real  axis 
beyond  + 1/r,  is  chosen  to  check  for  roots  there.  The 
angles  of  the  vectors  from  the  poles  and  zeros  on  the 
real  axis  are  all  zero.  The  angles  to  vectors  origi- 
nating at  the  complex  poles  are  non-zero  but  they  are 
equal  and  opposite  so  the  net  angle  is  zero;  therefore 
there  are  no  roots  beyond  the  l/r2 . Repeating  this 
procedure  along  the  real  axis  locates  roots  between 
the  origin  and  the  pole  at  l/r2  and  -between  - l/r  x and 


Tl&ixe  IIX-37.  Construction  Involving  Complex  Poles 


the  asymptotes  and  how  the  vectors  are  drawn  from 
the  complex  poles,  (The  points  at  which  the  locus 
enters  and  leaves  the  real  axis  are  still  undetermined 
but  are  shown  to  indicate  what  the  locus  must  do.) 


m 
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In  order  to  determine  in  which  direction  the  locus 
moves  away  from  the  complex  poles,  a trial  point  is 
taken  very  close  to  one  of  them*  The  point  is  taken 
so  close  to  the  pole  that  the  vectors  drawn  from  ail 
the  other  poles  and  seros  to  the  trial  point  look  as 
though  they  terminated  right  on  the  complex  pole  being 
Investigated,  This  is  shown  in  figure  m-38.  Al- 
though this  trial  point  is  taken  very  near  the  complex 
pole  Its  exact  location  above,  below,  left  or  right  of 


Si |ure  ti  1-38.  Batablishit W Direction  of  Departure 
’ from  Complex  Pole 


Figtre  111-39 . Initial  Parta  of  Locua 


the  pole  is  left  undetermined.  Consequently,  when 
the  angles  are  added,  the  angle  to  the  vector  from 
the  compiex'pble  being  investigated  to  the  trial  point 
is  left  out  (in  this  example  <p3 );  and  m order  that  the 
trial  point  lie  on  the  locus,  the  sum  of  the  angles  in 
this  example  must  be  + <£»  * ^3)“  iSOK^oddjor 

<Pt  - ^r(<^2  + + <£,  + 180K(pdd)  X In  the  figure  it  sis  seen 

that  43  • -120° . This  means  that  the  vector  from  the 
complex  pole  t.o  the  trial  point  lies  down  and  to  the 
left  as  shown  by  the  inset  in  figure  HI-38.  With  this 
added  information,  figure  HI- 39  can  be  constructed. 

Figure  m-40  indicates  some  possible  forms  of  the 
locus.  Several  intermediate  points  must  be  deter- 
mined in  order  to  show  which  is  the  correct  locus . 

(d)  THE  ROOT  LOCUS  PLOTTER 

Constructing  A locus  of  roots  using  the  techniques 
described  would  be  a tedious  job  and  the  method  would 
not  be  very  valuable  to  the  designer.  However,  it  is 
possible  to  devise  a simple  tool  that  greatly  Simplifies 
and  expedites  the  work.  The  use  of  this  tool  will  now 
be  discussed. 

One  form  of  the  plotter  is  shown  in  figures  IH-41  and 
HI-  42. 

The  technique  of  using  the  plotter  is  indicated  in  figures 
IHt43  through  HI-52.  The  pintle  is  first  placed  on  the 
trial  point.  In  this  position,  the  card  and  disc  are  held 
together  by  the  action  of  the  spring.  The  disc  and  pintle 
are  then  depressed  by  pressing  on  the  top  of  the  pintle. 
This  releases  the  card  from  the  disc . The  card  is  now 
free  to  rotate  without  carrying  the  disc  with  it,  the 
latter  being  held  in  its  initial  position  by  the  pressure 
on  it. 

For  the  purpose  of  showing  clearly  what  is  happening, 
the  plotter  will  now  be  reduced  to  schematic  form, 
figure  HI-44. 


The  system  shown  in  figure  IH-24  will  be  used  for 
Illustration.  To  determine  if  a point  s,  lies  on  the 
locus  of  roots  for  this  system,  place  the  pintle  of 
the  plotter  sx  as  shown  in  figure  IH-45. 

The  disc  is  depressed  and  the  reference  line  on  the 
card  moved  until  it  coincides  with  the  line  from  s,  to 
- X/t,  as  shown  in  figure  lfi-46. 


I 
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Figure  111-40 , toot  Locust  Forma 


HI-27 


Figure  III-43.  Cross  Section  of  Soot  Locus  Plotter 
Showing  Disc  Locked ■ to  Card. 


Figure  111-44.  Schematic,  of  Soot  Locus  Plotter 


Figure  111-45.  Use  of  Boot  Locus  Plotter 


Figure  111-46.  Use  of  Root  Locus  Plotter 


The  pointer  is  now  released  and  the  entire  plotter  is 
swung  back  until  the  reference  line  again  coincides 
with  the  reference  direction,  i.e,,  the  horizontal 
direction  through  slv  This  operation  will  have  rotated 
the  disc  through  an  angle  , with  respect  to  the  card. 
The  plotter  now  appears  as  shown  in  figure  HI-47  , 


Ref.  Direction. 
Ref,  Linel? 
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Fi glare  111-47 , Use  of  Root  Locus  Plotter 


This  process  is  now  repeated  using  -1/tj,  as  shown 
in  figures  in-48  and  ill-49. 


Figure  111-48 • Use  of  Root  Locus  plotter 


The  plotter  is  again  reoriented  upon  the  reference 
line  as  shown  in  figure  HI- 49  and  now  has  added 
into  It  as  shown  by  the  relative  position  of  disc  to  card. 


8' 
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Figure  III-49.  Use  of  Soot  Locus  Plotter 

The  process  is  repeated  tor  the  root  at  the  origin  as 
shown  in  figures  in- 50  and  HI-  51 . 
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Since  for  this  particular  Si,-js>180# , a second  trial 
point,'  s2 , lying  on  the  same  horizontal  line  is  selected 
and  the  entire  process  repeated  for  it.  A possible 
result  is  shown  in  figure  III- 52. 


For  s2 , tf.<  180° . Siiice  the  two  points,  s,  and  s? , lie 
on  the  same  horizontal  line,  the  locus  must  pass  be- 
tween them.  - — ■ — 


When  zeros  occur  in  the  transfer  function  it  is  neces- 
sary to  subtract  their  angles  from  those  of  the  poles. 
This  is  done  by  reversing  the  order  of  operations  in 
using  the  plotter,  as  is  illustrated  in  the  following 
example,  using  the  transfer  function  of  (m-43). 

s+  J- 

(III-43)  Y(s)  - Kac  %±— 

s(s+ 

The  poles  and  zeros  of  (111-43)  are  plotted  in  figure 
ni-53. 


When  the  plotter  is  returned  to  its  initial  position, 
as  shown  in  figure  III-51,  it  is  seen  that  the  sum  of 
the  angles  thus  measured  is  not  equal  to  180° . This 
is  indicated  by  the  fact  that  the  pointer  has  not  exactly 
reversed  its  direction. 


f ^ 

r2  r. 

Figure  III-53.  Poles  and  Zeros  of  Equation  ( 111-43 ) 

Select  a point  sl,  and  add  into  the  plotter  the  angle 
to  the  pole -l/r2 , $2,  as  shown  in  figure  HI- 54. 

The  plotter  is  returned  to  Its  original  position  as  shown 
in  figure  Itt-55, 

The  next  critical  point  to  be  considered  is  -1/ri  . 
Since  it  is  a zero,  its  angle  must  be  subtracted  from 
the  sum  of  the  angles  of  the  poles.  This  is  done  as 
follows:  Without  depressing  the  pointer,  the  card  is 
oriented  with  the  reference  line  lying  along  the  vector 
joining  st  and  -lht  as  shown  in  figure  III-58. 

The  pointer  is  then  depressed  and  the  reference  line 
swung  through  the  clockwise  angle  to  the  reference 
direction  as  shown  in  figure  m-57. 
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Figure  III- 54 . Use  b/  Plotter  for  Open,Loop  Transfer 
' Function  with  Zeros  and  Poles 


Figure  111-55.  Use  of  plotter  for  Open-Loop  Transfer 
Function  with  Zeros  and  Poles 


Figure  ill-56 . Use  of  plotter  for  Open-Loop  Transfer 
Function  with  Zeros  end  Poles 


Figure  111-57.  Use  of  plotter  for  Open-Loop  Transfer 
Function  with  Zeros  and  Poles 


The  angle  ^2  that  was  in  the  plotter  prior  to  this  last 
step  has  been  reduced  by  <£x. 

In  this  way,  by  rotating  the  plotter  before  or  after 
releasing  the  disc,  it  is  possible  to  take  care  of  both 
zeros  and  poles. 

A logarithmic  spiral  marked  on  the  plotter  can  be 
used  to  multiply  the  lengths  of  the  vectors  according 
to  equation  (IH-36).  The  equation  of  a logarithmic 
spiral  is  of  the  form 

(III-46)  r-  a*/s° 

(see  figure  Hi- 58)  or 

(111-47)  log10r=  (log10a) 

Jn  these  relations,  the  quantities  a and  80  are  para- 
meters which  can  be  used  to  set  the" linear  and  angular 
scales, 

Consider,  as  an  example,  the  vectors  r*  and  r2,  such 
that  the  corresponding  angles  on  the  logarithmic  spiral 


are  9l  and  e2  . Then  if  r » rxr2  (see  figure  m-59), 


( III -45)  log^  r - log10 rj,  •+  log10  r2  - — ->g-~  ♦ ff2) 

P O 


Figure  Hl-58.  Logarithmic  Spiral 
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U,  is  ,c6ave^en,t  to  take  a,  - 19,  3fld0o  - w/2.  Wbsn  this! 
is  done,  the  radius  yector  of  the  curve  is  increased 
by  .a  factpy  J.Q,  ff  the  angle  & is  increased  by  90° . 

Figure  itf-JlO  shows  the  general  appearance  of  the 
0#  9f  icgarithpaic  spiral  tying  in  the  second, 
“f  rf  Jm  fff&'tk  guadrapts.  fit  is  to  be  poted  here 
f**  pjp  0 iSfh.egjwred  fr.om  the  upward  vertical 

temm  m mwmm 


Figure  IIJ-6Q,  Multiplication  Factors 

Figure  in- 60  shows  that  if  the  vector  being  measured 
is  in  the  second  quadrant,  its  numerical  value  lies 
between  1 and  10;  in  the  third,  between  10  and  100;  in 
the  fourth,  between  100  and  1000,  etc.  Thus,  if  the 
radius  vector  representing  a product  of  the  lengths 
falls  in  the  second  quadrant,  that  is,  if  its  end  lies 
on  the.  portion  of  the  curve  actually  inscribed  on  the 
plotter,  the  product  is  read  off  directly. 

It  is  a property  of  this  logarithmic  spiral  that  if  a 
rgdius  vector,  r2 , leads  another  radius  vector,  r1 , 
hy  90°,  then  r2  - lQrx ; fyr  a lead  angle  of  18Q%«JQG?}; 
and,  ih  general,  if  i*2  leads  r.  byn  *90°,  r2 « lO^rj. 
This  rqgkeS  it  possible  to  find  the  magnitude  of  any 
vector  by  using  only  the  part  of  the  spiral  lying  in 
the  second  quadrant;  if  r2  falls  in  the  third  quadrant, 
read  off  the  value  of  the  radius  vector  in  the  second 
quadrant  which  lags  f2  by  90°  and  multiply  this  value 
by  10;  if  r2  fails  to  the  fourth  quadrant,  read  the  value 
of  r in  the  second  quadrant  which  lags  behind  r2  by 


Figure  III-61.  Determination  of  K for  a Point  on  the 
Boot  locus  of  Y(s)  “ (Kk)/[s(s  +4*)  (s  +4j)J 
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2 x 90°  (this  is  simply  the  radius  vector  lying  along 
the  extension  of  r2  backwards,  into  the  second  quadrant) 
and  multiply  its  value  by  100,  and  so  on.  r is  always 
evaluated  in  the  second  quadrant,  and  the  result  multi- 
plied by  a power  of  ten  whose  exponent  is  the  smallest 
number  of  Clockwise  right  angles  needed  to  bring  the 
actual  radius  yector  into  the  second  quadrant. 

For  example,  assume  that  the  gain  is  desired  at  the 
point  sl  on  the  locus  of  figure  HI- 61.  The  plotter  is 
to  be  aligned  initially  as  shewn  in  figure  HI- 31  with 
the  log  reference  line  along  the  line  joining  s.  and 
-1/r,. 


The  dis,c  f.s  depressed  and' the  card  rotated  until  the 
log  curve  falls  upon  the  point  -l/nx  as  shown  in  figure 
ra-62.  i. 


Figure  HI-63.  Determination  of  K for  a point  on  the 
Root  Locus  of  Y(S)  « (IOc)/[s(s+ijr1)(S+42)] 

Since  the  head  of  the  arrow  lies  in  the  second  quadrant, 
lsj  + l/rt  | is  measured  directly  on  the  logarithmic 
spiral. 

To  multiply  1 st  + l/r2|  by  |sx  + l/ril  the  entire  plotter 
is  then  aligned,  with  the  "log  reference  line"  lying 
along  the  vector  from  st  to  the  root  -l/r2  as  shown 
in  figure  m-63. 


HI-31 
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Again  the  disc  is  depressed  and  tine  card  Is  swung 


Figure  III- 64.  Determination  of  K for  a Point 
on  the  Root  Locus 


For  the  roots  chosen  for  this  example,  the  arrow 
on  the  disc  now  lies  in  the  third  quadrant;  so  the  pro- 
duct rir2  is  read  from  the  plotter  as  shown  and  the 
answer  multiplied  by  10. 

If  there  are  zeros  in  a Y (s)  being  investigated,  it  is 
still  possible  to  determine  the  gain  in  one  continuous 
process;  the  zeros  and  poles  may  be  taken  into  account 
in  any  convenient  order.  It  is  only  necessary  to  sub- 
tract the  angle  on  the  spirule  corresponding  to  a zero  . 
This  may  be  done  in  the  same  way  as  the  angles  due 
to  zeros  were  subtracted  in  determining  the  root  locus 
itself. 

(e)  APPLICATIONS 

The  root  locus  method  yields  a plot  of  the  poles  of 
the  closed-loop  transfer  function  [Y(s)J/[l  + Y(s)]  as 
K varies  from  o to  <*= . Consequently,  if  the  locus 
moves  into  the  right  half  plane,  the  possibility  of  in- 
stability exists.  In  design  problems,  the  locus  is 
psually  plotted  for  a proposed  system  and  the  gain 
is  adjusted  so  that  a certain  damping  ratio  (£)  or 


Figure  111-65 . Root  Locus  of  Simple  Systems 


damping  factor  (£«%)  is  obtained.  If  desired  stability 
cannot  be  achieved  for  any  gain,  equalization  becomes 
necessary  (ire.,  adding  poles  and  zeros  to  alter  the 
loci). 

Whenever  a zero  is  added  to  Y(s)-,  it  has  the  effect  of 
drawing  the  locus  toward  it.  Conversely,  whenever  a 
zero  is  removed,  the  locus  moyes  away  from  the  va- 
cated point.  For  example,  the  system  of  figure  HI- 34 
can  never  become  unstable  because  of  the  zero  at 
-i/rl . If  the  zero  is  removed,  the  locus  appear®  as 
in  figure  III- 65.  At  high  values  of  gain  this  system 
becomes  unstable  because  of  the  roots  s1»£a>n+<ift'll  - £z 
and  Sj  - - a*,!  1 - 5 2 in  the  right  half  plane , This 

cannot  happen  as  long  as  the  zero  is  present  in  the 
left  half  plane . This  is  iilustratett  by  figure  in<68n 
in  which  the  zero  is  located  at  two  different  positions. 


Figure  111-66.  Effect  of  Zero  on  negative  Real  Axis 

When  a complex  conjugate  pair  of  zeros  is  added  to 
the  system  of  figure  HI-65,  the  locus  appears  as  in 
figure  m-67,  while  the  aero  on  the  positiye  real  axis 
draws  the  locus  to  itself  producing  a system  that  is 
unstable  for  any  value  of  gain  (see  figure  III- 68). 


Figure  111-67 . Effect  of  a Pair  of 
Complex  Conjugate  Zeros 

Poles  repel  the  locus;  this  is  shown  by  a resketch  of 
figure  HI-65  in  which  the  pole  at  -l/r2  is  moved  along 
the  real  axis  from  the  origin  to  -oc(see  figure  HI- 69). 

Figure  III-70  illustrates  a common  occurrence  in  the 
analysis  of  complex  systems.  As  the  zero  is  moved 
along  the  real  axis  a situation  is  reached  in  which  the 
branches  of  the  locus  have  a pair  of  complex  conjugate 
roots  in  common,  ft  is  not  possible  to  determine  this 
point  directly  by  the  methods  just  discussed,  but  it 
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However,  if  for  some  reason  it  is  important  to  know 
the  value  of  the  equal  roots  (common  point  in  figure 
m-70(c)),  the  method  described  in  reference  S (page 
150)  can  be  worked  out  on  the  root  locus  plot.  However , 
this  is  very  rarely  of  interest. 

Section  n-3(e)  discusses  a graphical  method  of  obtaining 
the  coefficients  of  an  equation. of  motion  in  the  time  do- 
main from  a plot  of  the  poles  and  zeros  of  the  equation 
in  the  s plane.  Now,  in  the  closed-loop  transfer  funct- 
ion, Z(S)  - [Y(  s)  ] / [1  ♦ Y ( s)  ]*•  [KN{  s)  ] / [D(  s)  + KN ( s)  ] , the 
zeros  are  the  roots  of  KN(s)  - 0 and  are  known,  and 
the  poles  are  the  roots  of  D(s)+kn(s)  « 0 which  can  be 
obtained  on  the  s-plane  by  the  root  locus  method. 
Consequently,  the  graphical  procedure  of  section  II- 3 
(e),  can  be  carried  out  right  on  the  root  locus  plot  to 
obtain  the  coefficients  of  the  closed- loop  equation  of 
motion  In  the  time  domain. 

A final  note  of  caution  should  be  sounded  here  concern- 
ing the  form  of  Y(s)  to  be  used  in  the  root  locus  method. 


figure  111-69 . Effect  of  pole  Location  on 
Shape  of  Locus 

It  is  important  that  in  the-  expression  for  Y (s) 


X(s) 


(s*  ^)  (s±  1)  (s2*  2^ns*  o>*2) 


all  of  the  s that  stand  alone  (the  s of  s * l/r1 , the 
s2  * 2t2^,s  + ^ ) be  preceded  by  a + sign  and  that 
K be  a po*sitive  number.  Unless  this  is  done  con- 
sistently, the  analyst  will  frequently  use  the  criterion 
14  “ ,(2k  + l)ir  when  be  should  be  using  14  - 2kw  , and 
worthless  results  will  be  obtained. 


figure  111-70 . Effect  of  Zero  Location  on  Shape  of  Locus 


SECTION  5- 


SPECIAL  OASES  - GAIN  MARGIN,  PHASE  MARGIN,  MAXIMUM 
MAGNIFICATION  RATIO 


While  the  previous  portions  of  this  chapter  have  covered  mechanisms  work,  completeness  requires  the  con- 

the  most  Important  analytical  tools  used  in  servo-  sideration  of  certain  other  concepts  that  are  often 
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useful.  These  concepts  are  all  concerned  with  ob- 
taining approximate  data  regarding  the  closed  loop 
transfer  function,  and  hence  the  transient  response. 
The  approach  used  in  this  section  shall  be  to  define 
pertinent  quantities  initially  and  then  to  discuss  what 
information  may  be  obtained  from  a knowledge  of  these 
quantities. 


An  open  loop  transfer  function  polar  plot  is  shown  in 
figure  m-71. 


Figure  111-71 . Up,  and  Gain  and  Phase  Margins 

The  first  of  the  quantities  to  be  considered  is  the  maxi- 
mum value  of  the  closed  loop  transfer  function,  which 
is  defined  by  the  M circle  just  tangent  to  the  open  loop 
locus.  This  value  of  li  Is  called  the  peak  magnification 
ratio  of  the  closed  loop  system,  and  is  denoted  by 
ftp  . The  second  quantity  is  the  phase  margin;  it  is 
the  angle  between  the  negative  real  axis  and  the  Y(  ja) 
vector  for  the  frequency  at  which  |Y(  ja)  | is  unity.  The 
third  quantity  is  the  gain  margin,  and  is  the  value  of 
|i-  Y(j«)|  for  the  frequency  at  which  Y(ja)  has  a phase 
angle  of  -180°.  (The  same  quantities  could  of  course 
have  been  defined  in  the  same  way  utilizing  an  open- 
loop  logarithmic  plot.  The  polar-plot  was  used  only 
for  convenience) . It  should  be  noted  that  each  of  the 
quantities  approximately  defines  the  closeness  of  the 
open-loop  plot  to  the  minus  one  point . Since  the  close- 


ness of  the  open-loop  transfer  function  to  this  point  is 
a measure  of  relative  stability  of  the  modes  existing 
in  this  region,  the  Mp  value,  phase  margin,  and  gain 
margin  have  been  used  extensively  as  measures  of 
stability  (hence  the  term  "margin") . In  systems  of 
certain  specific  types,  criteria  in  terms  of  these 
quantities  have  served  as  measurements  of  both  stability 
and  transient  response.  However,  their  use  in  such  a 
fashion  for  any  system  in  general  without  extensive 
investigation  is  likely  to  yield  misleading  results . 

In  this  subsection,  a slightly  different  point  of  view 
will  be  taken. 


Figure  111-72 . Approximation  by  Second  Order  System 

The  phase  margin,  gain  margin,  and  Mp  value  serve 
as  bounds  to  the  open-loop  transfer  function  in  the 
region  of  frequencies  giving  the  largest  values  of  the 
closed-loop  transfer  function,  (i.e.,  where  |y 
It  is  to  be  expected,  therefore,  that  they  can  be  cor- 
related with  the  poles  and  zeros  of  the  closed- loop 
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Figure  III-75 . Northrop  Model  Hoot  Locus  plotter 


If  the  servo  system  is  such  that  only  one  break  from 
a -20  db/dec  slope  to  a -40  db/dec  slope  occurs  in  the 
region  where  | Y (jet)  | % 1 , the  closed  loop  transfer 
function  in  that  region  is  normally  approximated  by  a 
quadratic  factor  (see  figure  in- 72). 


transient  responses  of  second  order  systems,  figures 
A-l  and  A- 2,  it  is  noted  that  the  overshoot  tends  to 
become  excessive  for  values  of  £<0.4.  For  good 
transient  response,  therefore,  the  value  of  Mp  for  such 
a system  should  be  from  1 . 2 to  1 . 6 . (1 . 7 db  to  4 db) . 


In  this  case,  the  closed  loop  transfer  function  looks 
like  that  of  a second  order  system.  In  a second  order 
system,  the  maximum  magnification  ratio  is  given  by: 


(111-49) 


Mr 


1 


and  occurs  at  a frequency 


Since  many  servos  are  reasonably  close  to  that  of  figure 
HI- 72  in  the  regions  where  |Y(M  hi , it  is  a widespread 
practice  to  use  the  second  order  system  peak  (Mp)  as 
a specification  of  transient  response.  The  phase  margin 
can  be  discussed  in  a similar  fashion,  with  repre- 
sentative values  of  30  to  40°  being  considered  reason- 
able- For  gain  margin,  values  of  0.6  to  0.9  (-4. 5 db 
to  -1  db)  are  often  quoted  as  being  adequate. 


(HI-50)  a - Jl-  2£2 

where  £ * damping  ratio  and  &n  - undamped  natural 
frequency.  (HI- 27)  is  plotted  (in  db)  in  figure  A-13, 
and  (m-28)  is  plotted  in  figure  A-12.  Examining  the 


There  are  many  exceptions  to  the  accurate  use  of 
Mp  , gain  margin,  or  phase  margin  criteria  in  predict- 
ing transient  response  of  systems.  For  example,  a 
closed  loop  transfer  function  of  the  type  shown  in 
figure  III- 73  has  the  form  (if  minimum  phase). 
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The  Mp  value  in  this  case  can  be  used  only  to  estimate 
the  response  time  of  the  quadratic  mode,  whereas  the 
actual  response  time  will  be  determined  almost  en- 
tirely by  the  value  of  r6  if  Mp  is  a reasonable  value. 

<’"-»>  zlo 11  » 

It  is  logical  to  conclude  however,  that  Mp,  gain  margin, 
and  phase  margin  criteria  give  reasonable  answers 
about  the  transient  response  In  the  Immediate  region 
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of  the  modes  they  partially  define.  If  (01-24)  and 
(HI-25)  cure  also  used,  a fair  idea  of  transient  response 
can  then  be  obtained  in  many  practical  cases  with  Com- 
paratively little  effort.  However,  since  the  effort 
required  to  make  a much  more  complete  analysis  by 
the  open  loop-closed  loop,  or  even  the  root  locus 
method,  is  but  little  more,  It  is  recommended  that 
these  more  exact  methods  be  used  for  the  first  solutions 
of  any  new  system.  From  this  first  Solution,  Mp , gain 
margin  and  phase  margin  criteria  can  be  defined  and 
used  to  minimize  the  effort  required  for  the  following 
analyses. 
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CHAPTER  IV 
SYNTHESIS 

SECTION  1 - INTRODUCTION 


(a)  GENERAL 

As  a general  term,  synthesis  may  be  defined  as  the 
process  of  combining  elements  into  a unified  whole. 
A servo  system  may  be  considered  as  the  combination 
of  two  basic  portions  — a controlled  element  and  a 
controller.  The  controlled  element  is  characterized 
by  output  quantities  to  be  controlled  and  input  quantities 
to  which  control  is  applied.  The  controller  has  three 
functions,  namely,  sensing,  actuation,  and  equalization. 
The  first  of  these  is  performed  by  sensors,  or  elements 
capable  of  detecting  the  output  quantities  to  be  con- 
trolled. The  second  function  requires  actuators,  or 
elements  capable  of  applying  control.  The  third 
function,  equalization,  includes  all  of  the  means  re- 
quired to  connect  or  modify  the  performance  of  any 
of  the  system  elements  and  of  the  overall  system  to 
achieve  satisfactory  system  operation.  In  summary, 
the  basic  functional  portions  of  a servo  system  are: 

1.  The  controlled  elements 

2.  The  controller  elements 

a.  Sensing  elements  (sensors) 

b.  Actuating  elements  (actuators) 

c.  Equalization 

The  most  general  servomechanism  system  synthesis 
problem  is  then  one  of  designing  properly  both  con- 
trolled and  controller  elements  so  that  their  union 
results  in  a satisfactory  total  system.  In  many  cases 
the  controlled  element  is  more  or  less  predetermined 
by  factors  beyond  the  scope  of  the  system  designer. 
In  other  situations,  it  is  assumed  to  be  known  in  order 
to  facilitate  the  design  process.  The  controlled  element 
then  is  to  be  regarded  as  unalterable,  and  will  often 
be  referred  to  as  the  "unalterable  element. " Sensing 
and  actuating  elements  are  "quasi-alterable"  in  prac- 
tice, since  they  are  capable  of  change  only  by  select- 
ion of  a different  item  of  the  same  general  class.  Equa- 
lization elements  are  completely  alterable  within  the 
realm  of  physical  realizability  and  practicality.  With 
this  basis,  system  synthesis  mav  be  defined  as  the 
process  of  determining  the  properties  of  a mechanism 
required  to  control  an  unalterable  physical  element 
in  some  desired  fashion. 

(b)  SYSTEM  DESIGN  PROCEDURE 

This  subsection  outlines  general  procedures  and  methods 
used  to  synthesize  a controller.  It  will  indicate  the 
various  interrelated  tasks  which  must  be  accomplished 
before  a satisfactory  controller  is  developed.  This 
outline  of  procedure  is  not  to  be  construed  as  the  only 
possible  way  to  achieve  the  desired  result.  Rather  it 


is  a method  that  has  been  found  to  be  most  efficient  over 
an  extended  period  of  time,  and  is  in  a continual  process 
of  development.  The  basic  premise  is  that  proper  and 
efficient  design  must  be  firmly  founded  upon  physical 
understanding  of  system  and  component  characteristics. 
A direct  corollary  is  that  physical  understanding  is 
greatly  enhanced  by  extensive  use  of  mathematical 
models  of  the  system  components. 

The  aim  of  servo  system  design  is  to  integrate  com- 
ponents into  a functional  system.  In  achieving  this  end, 
the  designer  must 

1.  Establish  system  requirements. 

2.  Synthesize  a system  meeting  the  requirements , 
i.e. , select  and  integrate  components  into  the  func- 
tional system . In  this  process,  the  designer  must 

a.  "Live  with"  the  unalterable  elements. 

b.  Select  or  design  the  best  quasi-alterable  ele- 
ments (sensors  and  actuators)  available. 

c . Design  equalization  to  tie  the  unalterable  and 
quasi-alterable.  elements  into  a well  integrated 
functional  system  meeting  tile  system  requirements . 

With  this  background,  it  is  now  possible  to  discuss  the 
various  steps  of  controller  design,  remembering  that 
they  are  chronological  in  a general  sense  only;  there 
must  be  considerable  feedback  and  interrelation  ex- 
isting between  steps. 

1.  SPECIFICATION  OF: 

a.  Purpose  of  system. 

b.  General  system  requirements. 

Discussion:  The  requirements  and  purposes  of  a 
system  are  partially  derivable  from  operational  con- 
ditions imposed  upon  the  equipment.-  Certain  other 
requirements  are  somewhat  adjustable,  and  are  usually 
set  forth  as  design  objectives.  Still  others  are  evolved 
during  the  design  process. 

2.  DETERMINATION  OF  UNALTERABLE  ELEMENT 
(CONTROLLED  ELEMENT)  CHARACTERISTICS . 
Discussion:  The  defining  characteristics  and  opera- 
tional features  of  the  unalterable  element  should  be 
thoroughly  understood  and  completely  defined.  The 
physical  quantities  to  be  controlled  must  be  identified, 
and  the  means  through  which  control  can  be  imposed 
must  be  established. 

3 . DETERMINATION  OF  BASIC  FUNCTIONAL  BLOCK 
DIAGRAM. 

Discussion:  An  intimate  knowledge  of  the  system  re- 
quirements and  the  unalterable  element  characteristics, 
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coupled  with  a detailed  understanding  of  possible  means 
of  achieving  the  ends  required,  are  the  main  bases  for 
selecting  and  evolving  the  proper  functional  diagram . 
It  is  at  this  point  that  experience  and  understanding  of 
physical  systems  pays  off  most  heavily.  In  this  phase 
>a  type  of  control  is  established.  The  ability  to  measure 
? the  controlled  variables,  and  to  control  the  unutterable 
' elements  accordingly  must  be  carefully  considered. 

Preliminary  equalization  is  established  by  the  manner 
; in  which  connections  between  elements  are  made. 

4.  SELECTION  OF  ACTUATING  AND  SENSING  ELE- 
MENTS 

Discussion:  In  the  functional  block  diagram  phase  the 
type  of  control  has  been  determined,  at  least  as  to  the 
general  types  of  sensors  to  be  used.  The  unalterable 
elements  and  system  requirements  largely  determine 
the  characteristics  required  of  the  actuating  elements; 

- this  narrows  the  field  of  possible  actuators  down  to  a 
small  group  of  units  available,  (or  capable  of  develop- 
ment in  an  allowable  time  span).  Therefore,  a very 
few  Versions  of  sensors  and  actuators  need  be  con- 
sidered further.  It  is  the  selection  of  these  choice  few 
that  is  desired  in  this  phase.  Final  selection  is  made 
after  a considerable  portion  of  the  next  phase  is  com- 
pleted for  all  likely  combinations. 

5.  DETAILED  SYSTEM  STUDY 

a.  Studies  using  "normal"  unalterable  element 
/ 1 characteristics. 

b.  Studies  using  critical  abnormal  unalterable 
, element  characteristics. 

. Discussion:  These  studies  are  performed  by  the  use 
of  one  or  all  of  the  analysis  techniques  of  chapters  III 
arid  VIII  as  tools  for  use  in  experimenting  with  the 
mathematical  model.  The  modifying  characteristics 
of  the  remaining  equalization  are  found  by  judicious 
use  of  trial  and  error  experimentation  with  these 
models.  Hence,  the  study  phase  usually  consists  of 
many  detailed  computations  using  the  root- locus , 
open  loop— closed  loop  logarithmic,  and  analog  com- 
puter methods  or  other  means  which  may  be  available . 
In  the  latter  portions  of  the  study,  as  much  information 
about  the  physical  system  is  used  as  is  possible,  in- 
cluding all  important  non-linearities.  All  assumptions 
are  carefully  listed  in  great  detail  for  later  verifi- 
cation by  actual  tests. 

6.  SYSTEM  DETAIL  DESIGN 

Discussion:  This  phase  consists  of  taking  the  mathe- 
matical models  of  the  equalization,  sensing,  and  actuat- 
ing element  arid  designing,  developing,  and  construct- 
ing the  physical  manifestations  of  these  models. 


The  most  complete  specification  of  a linear  system 
would  be  in  the  form  of  the  desired  system  transfer 
functions.  However,  such  specification  is  Usually 
impractical,  and  would  not  even  be  useful  in  some 
cases.  Therefore,  most  systems  are  specified  in 
terms  of  quantities  putting  bounds  upon  some  of  the 
parameters  occurring  in  the  possible  transfer  functions, 
i.e. , quantities  which  partially  define  the  desired 
transfer  function.  Such  specifications  allow  the  system 


7.  TESTS 

Discussion:  This  phase  usually  Starts  with  individual 
component  tests  (which  sometimes  commence  in  phase 
4 or  5),  and  ends  with  tests  on  the  complete  system. 
The  major  aim  is  to  ascertain  that  the  actual  physical 
equipment  will  perform  in  accordance  with  the  system 
requirements  and  purposes. 

8.  PRODUCTION  DESIGN,  QUALIFICATION  AND 
FUNCTIONAL  TESTS,  ETC. 

Discussion:  This  phase  is  concerned  with  all  of  the 
items  necessary  to  make  a workable  prototype  system 
into  a suitable  production  design.  Organizationally, 
the  people  charged  with  this  responsibility  are  usually 
quite  removed  from  the  original  system  designers. 
However,  the  entire  effort  is  directed  toward  pro- 
duction, and  this  phase  is  as  important  in  the  overall 
System  synthesis  as  any  other. 

The  above  procedure  for  designing  a controller  also 
covers  the  complete  field  of  servo  system  synthesis. 
However,  this  chapter  is  concerned  only  with  aspects 
basic  to  items  1,  3,  and  5.  ' 


Restricting  the  discussion  to  basic  items  then  limits 
the  Subject  of  synthesis,  as  understood  here,  to  that 
of  designing  suitable  equalization  for  a system  composed 
of  more  or  less  unalterable  sensing,  actuating  and 
controlled  elements. 

(c)  EQUALIZER  SYNTHESIS 

The  analysis  problem  of  chapter  IH  was  particularized 
from  a very  general  one  to  the  problem  of  finding  the 
closed- loop  transfer  function  from  a knowledge  of  the 
open-loop  transfer  function.  In  this  chapter,  certain 
desired  properties  of  the  closed-loop  system  are  known, 
as  well'  as  the  characteristics  of  all  of  the  elements  of 
the  open-loop,  with  the  exception  of  the  equalization. 
The  problem  then  becomes  one  of  determining  methods 
of  utilizing  elements  with  essentially  fixed  charac- 
teristics in  order  to  achieve  a type  of  behavior  that  is 
in  no  way  inherent  in  the  element  itself,  by  inter- 
connecting it  with  other  elements.  The  third  section 
of  this  chapter  will  point  out  some  ways  in  which  this 
can  be  accomplished. 

However,  an  objective  must  be  clearly  stated  before 
this  can  be  attempted.  This  objective  is  expressed 
in  terms  of  the  desired  characteristics  of  the  completed 
system.  Therefore,  the  second  section  of  the  chapter 
deals  with  the  methods  of  specifying  servo  system 
performance. 


SERVO  SYSTEM  PERFORMANCE 

designer  leeway  in  handling  the  less  important  features 
of  the  system  transfer  function  and  emphasize  the  im- 
portant features.  This  section  will  discuss  in  detail 
the  Various  quantities  normally  used  in  specifying 
linear  system  performance.  All  of  these  quantities 
will  be  correlated  with  the  properties  of  the  trans- 
fer function  which  they  describe. 

Quantities  of  direct  interest  in  specifying  servo  per- 


SECTION  2 - SPECIFICATION  OF 


IVr-2 


Chapter  IV 
3wttoo  2 ■ 


formance  are: 

’ - 1,  Degree  of  stability, 

2 . Response  time  to  representative  inputs . 

3 . Accuracy  of  control , 

A servo  system  is  almost  always  required  to  bejgtab]£. 
This  immediately  specifies  that  the  closed-loop  trans- 
fer function  poles  be  in  the  left  half  of  the  s-plane 
only.  In  addition,,  a reasonable  degree  of  stability  is 
usually  required,  making  it  necessary  that  the  dominant 
closed-loop  second  order  poles  have  reasonable  damp- 
ing ratios.  Since  application  of  the  open  loop  - closed 
loop  logarithmic  method  and  the  root  locus  methods 
both  lead  to  closed  loop  pole  and  zero  values  explicitly, 
the  stability  and  degree  of  stability  is  always  known 
throughout  any  analysis  problem . By  the  use  of  these 
methods,  any  desired  damping  ratio  of  a dominant 
.closed  loop  mode  can  be  easily  selected  directly  if 
’ desirable.  Therefore,  the  degree  of  stability  require- 
ment Could  be  Set  up  in  terms  of  the  dominant  closed 
loop  mode  damping  ratio  if  such  a dominant  mode  ex- 
ists alone.  If  more  than  one  dominant  oscillatory  mode 
exists  in  the  system,  a minimum  damping  ratio  require- 
-ment  is  often  satisfactory. 

The  response  time  requirement  basically  fixes  the 
damping  times  of  the  dominant  modes,  and  hence, 
either  the  time  constants  of  dominant  closed-loop 
modes  or  the  damping  ratio-undamped  natural  fre- 
quency products,  or  both.  This  Information  is  also 
directly  available  from  the  use  of  the  analytical  methods 
previously  discussed. 

The  steady  state  error  of  a closed-loop  system  is  a 
matter  of  great  interest  in  many  applications,  and  has 
often  been  used  as  a defining  characteristic  of  servo 
systems.  Consider,  for  example,  the  servo  system 
of -figure  IV-1. 
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Figure  IV-1.  Illustrative  Servoaecbanisa 

The  error-input  transfer  function  is  given  by: 

(TV-1)  1 * sBD(s) 

i r J RfS)  1+  Y(s)  , . KN(s)  s"D(s)  + KN(s) 

1 PDfis) 

The  steady-state  error  is  given  by  use  of  the  final 
Value  theorem  of  the  Laplace  transformation  as': 

(IV-2)  Lis  aft)  - Lin  bF-SISLI  . Lin  ..»*tlpC) 

t--  »-o  ' jl+I(s)J  a-o  saD(s)«CN(s)  ( ' 

..  *•  ' 0"]_.  * 

The  limit  as  s -*0  of  D(s)  and  H(s)  is,  cf  course,  tqnfli 
to  1,  since  N(s)  and  0(b)  lend  in  1. 

(IV-3)  Lilli  i(.V)  ■ Lip,  s“*lR(s)  - ...  1 

t-i*  a-O  1 — ; * . . •' 

■ - s — K.  ,<  cy*  , 

If  R(s)  is  a unit  step  displacement,  i.e.  R(s)  > i/s , 
and  n >i , the  steady  state  (error  is  ssro.  Sscce,  a 
servo  systssa  hsvtaf  as  spaa- loop  transfer  ftaecflos 
of  the  form  of  IT5M):  •'  « «■  ° 

!/  1 G«  ~ « 
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is  called  a zero  position  error  system.*  If  R(s)  re- 
presents an  input  velocity  step,  i.e,  R(s)  * l/s?,  and 
n > 2 , the  steady  state  error  will  be  zero  for  this 
type  of  input  also.  Therefore,  systems  with  open- 
loop  transfer  functions  of  the  form  of  (IV-5): 

< M-  Mf  , 

are  called  zfero  velocity  error  systems.  Similarly , 
if  n > 3,  the  system  is  a zero  acceleration  error  sys- 
tem, suid  so  forth,  ad  infinitum. 

If  a *6,  the  system  of  figure  IV-1  has  a steady- state 
error  to  a unit  step  displacement  input  of 

(IV-*) 

Li*  e(t)  - Lin  sE  (s) » Lin  . s D(b)  , 1 . 1 

**“  ■ »>e  a-o  D(s)+R  N(s)  s "HIT 

- «,  <■  ' &*•'  :v. I' 

This  system  error  can  be  expressed  as:  ’ 


' irv  :v. 


(IV -7) 


Lin  e(t) 


(Since  R(  t)  in  this  ease  ls  a step  function  R(t)  is 
simply  the  magnitude  of  the  step  function).  c0  is  called 
the  position  error  coefficient.  Similarly,  if  a.unlt  step 
velocity  is  applied  to  a zero  position  error  system,  the 
steady  state  position  error  is: 

(W-8)  Lin  e(t)K  1 dR(t)  „ dR(t) 

k it”  c>  -gt- 

Where LimdR(t)^itis  simply  the  constant  velocity  of  the 
input;  and  Cy  is  called  the  velocity  error  coefficient. 

The  concept  of  an  error  coefficient  may  be  generalized; 
to  provide  a very  useful  way  of  considering  tee  nature 
of  the  response  of  a system  to  almost  any  arbitrary 
input. 

Consider  the  error-input  transfer  function  for  a general 
servo  system,  as  M(s). 


(IV-9) 


E(S)  . 

Rci7  M(8) 


Assume  that  M(s)  can  be  expanded  in  a power  series 
in  s which  is  valid  for  some  values  of  s.  Then 

(IV-10)  E (s)  - M(s)R(s)  - A0R(s)  + AtsR(s)  + AasJR(s)  + ** • 

The  region  of  convergence  of  this  power  series  is 
near  s -o.  Since  s-0  is  equivalent  in  the  time  domain 
to  t-ec  , an  expression  for  E(t)  as  t - * may  be 
obtained  from  (IV-10).  It  can  be  shown,  by  utilizing 

the  properties  of  asymptotic  behavior  of  functions, 
that  (IV-10)  may  be  inverse  transformed  term  by  term, 

* It  should  be  noted  that  the  ter*  'zero  position  er- 
ror’ as  given  here  inplies  that  the  output  has  zero 
steady- state  error  only  if  the  ‘position’  input  is  a 
constant  in  the  steady-state.  If  the  input  is  of  a 
different  nature,  the  so-called  zero  position  error 
ayatee  eill  actually  have  a steady- state  ‘position’ 
error.  .. 
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(tv-11) 


e(t)"l  - ***<*>♦  Arjp  + Aj 


d2R(t) 

dta 


+ • ■ 


wher#  A0  - C0,  At  «CV;  A3 » c,/2  and  p0„  CT.and  C» 
are  the  general  position,  velocity,  and  acceleration 
error  coefficients,  respectively. 

To  Illustrate  the  general  error  coefficient  concept, 
consider  the  simple  servo  system  of  figure  IV- 2. 


Applying  the  inversion  utilized  to  obtain  equation  (IV-11), 
the  steady-state  error  expression  becomes: 

(Vf-17)  e(t)l  - C0R(t)  + 2iR(ti  + . , . . 

j t-®  dt  2 dt2 

If  R(t)  is  given  by,  say, 

(IV -18)  R(t)-vt 

the  steady-state  error  is  approximated  by: 

(IV.19)  JL  vt*  -JLp  Ir.^-rjJv 


K(7j,  s + 1) 

.1 

(raS  + 1)  (rbs  +1) 
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Titure  IV -2.  Simple  Servomechanism 


The  error-input  transfer  function  is  given  by: 

(IV -12.)  E(S)  « 1 , (TqS  + 1)  (TbS  + 1) ... 

R(s)  i , K Nfsl  (r.s  + 1)  (Tj,s  ♦ 1)  + K(rt3  ♦ 1) 
A UfsH 

. [1*  (rtU!|  )st  r,rbsa] 

(i  + K>[if  — — k « + rrl  *»  j 

. 5 

Since  the  bracketed  term  in  the  denominator  is  of  the 
form  [l  + z(s)],  and  since,  by  the  binomial  theorem: 

( 1V-13)  r+j(s)  ' 1 " z(s)  + 3aCs> ♦ ••• 

the  expression  for  the  error  may  be  developed  into  a 
power  series: 


The  error  in  the  above  case  becomes  infinite  as  time 
approaches  infinity. 

It  is  of  interest  to  note  that  all  of  the  error  coefficients 
are  decreased  with  an  increase  in  gain.  An  increase 
in  the  open- loop  transfer  function  denominator  time 
constants  causes  an  increase  in  the  velocity  error 
coefficient,  while  an  increase  of  numerator  time  con- 
stants causes  a decrease  of  the  same  error  coefficient. 

In  some  instances  a requirement  that  the  servo  be  a 
zero  position,  velocity,  or  acceleration  error  device 
is  imposed,  In  these  cases,  the  form  of  the  open-loop 
transfer  function  near  s « o is,  of  course,  fixed.  Accu- 
racy requirements  are  often  more  general  than  this, 
however,  in  which  cases  it  is  usual  practice  to  specify 
the  first  few  error  coefficients.  The  specification  of 
error  coefficients  immediately  puts  several  bounds 
upon  the  closed-loop  transfer  function  in  addition  to 
those  established  by  the  stability  and  response  time 
requirement. 


(IV-14) 

*<•>  • TV’S  s’| 

Multiplying  and  collecting  terms;  E(s)  becomes 
(IY-1S) 

B<»>  ■ 84| u 17*1:*  ♦’-•♦’■Is*  rnef.T> 


or 


(TV -16)  E (s)  - C0R(s)  + CysR(s)  + SaR(s)+  • 


and 
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Another  specification  occasionally  imposed  upon  a 
system  is  concerned  with  its  response  to  disturbances 
and  "unwanted  inputs."  If  the  unwanted  input  is  random, 
there  are  methods  of  determining  the  root-mean-square 
error  due  to  the  disturbance.  These  methods  are  con- 
sidered in  detail  in  Chapter  V.  For  the  present,  it  is 
sufficient  to  note  that  the  specification  of  an  allowable 
nos  error  due  to  unwanted  inputs  also  places  bounds 
upon  the  closed- loop  transfer  function, 


In  view  of  the  above  discussion,  it  is  clear  that  specifi- 
cations in  terms  of  actual  operating  conditions  may  be 
’ set  up  forVa  given  system,  and  that  these  requirements 
define  certain  properties  of  the  complete  system  trans- 
fer function.  If  the  system  unalterable  elements  are 
then  Identified,  it  becomes  possible  to  consider  the 
methods  of  connecting  some  other  elements  such  that 
the  characteristics  of  the  combined  system  meet  the 
specified  system  objectives.  The  next  section  discusses 
' the  basic  forms  of  modification  which  are  used  in 
actual  system  synthesis. 

'■>  * V- 


SECTIONS-  EQUALIZATION 


'1 

Section  IV- 1 has  defined  equalisation  as  the  process 
of  modifying  performance  of  elements  by  external 
means.  Section  IV-t  has  discussed  some  of  the  re- 
quirements which  would  be  imposed  bf  specifications 

k ■ 


on  the  performance  of  a servomechanism.  This  sec- 
tion will  discuss  the  methods  of  equalization  avail- 
able for  modifying  the  performance  of  elements  or 
systems.  „ 


IV-4 
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It  ftnist  be  recognized  that  there  are  an  infinite  number 
of  ways  in  which  an  element  or  system  can  be  modified. 
No  attempt  will  be  made  here  to  categorize  all  possible 
methods  of  modification.  Instead,  the  discussion  will 
emphasize  some  of  the  basic  underlying  operations 
that  are  physically  possible,  and  the  fundamental 
physical  forms  which  can  be  obtained  by  use  of  these 
operations . Synthesis:  then  consists  of  properly  combin- 
ing these  forms  so  that  the  combination  meets  certain 
specific  requirements.  ' This  is  usually  a cut  and  try 
process  in  which,  characteristics  are  assumed  for 
certain  a . ■’able  elements,  the  combination  analyzed, 
changes  made,  another  analysis  performed,  etc., 
until  satisfactory  performance  (and  hence  modification) 
has  been  achieved.  The  trial  and  error  process  in- 
volved is  essentially  a series  of  experiments  performed 
pn  paper,  using  mathematical  models.  An  exception 
to  this  experimoital  process  is  discussed  in  Chapter  V, 
where  "optimum"  synthesis  procedures  are  developed 
which  lead  directly  to  a system  meeting  a specific 
criterion. 


The  most  basic  operational  functions  that  are  available 
for  making  modifications  may  be  reduced  to; 

1.  Addition  (or  subtraction) 

2 . Multiplication  (or  division) 

These  operations  are  denoted  graphically  in  figure  IV- 3. 


Subtraction  Addition  Multiplication 

Figure  IV-3.  Basic  Operations 

->*^Kmnr1SJBa®TipSPS!fI^^,*tS3^elMsic  structure  forms 
may  be  derived  as  shown  in  figure  IV- 4. 


are,  however,  several  simple  combinations  of  the 
basic  structures  which  may  be  considered  as  funda- 
mental, in  that  they  may  be  obtained  by  combining  the 
basic  forms  using  each  only  once.  If  multiplication 
and  subtraction  are  used  only  once,  the  single  loop 
feedback  combination  of  figure  IV-5  is  formed.  (Using 
the  addition  structure  instead  of  the  subtraction  leads 
to  essentially  the  same  results,  j If  multiplication, 
addition,  and  subtraction  are  used  only  once  in  a 
structure,  the  open  loop  - closed  loop  structures  of 
figure  IV- 6 are  obtained. 


Figure  IV -5.  Single  Loop  Feedback 
Combination 


All  of  the  structures,  both  basic  and  simple  com- 
binations, can  be  utilized  to  modify  the  characteristics 
of  an  element  or  system.  These  modifications  may 
be  logically  looked  at  as  transformations.  Some  simple 
modifications  to  an  element  derivable  from  the  basic 
structure  and  first  simple  combination  are  given  below. 
Y is  the  basic  element,  with  Yx  and  Yz  being  modifying 
(or  equalizing)  elements. 

i.  From  Basic  Structural  Forms: 


2.  From  Single  Feedback  Loop  Structure: 


Figure  I V-4.  Basic  Structures 

Note  that  any  of  the  blocks  YA,  YB  or  Yc  may  be  re- 
placed by  a line  (or  wire),  which  reduces  the  block  to 
the  trivial  case  of  multiplying  by  one. 

As  mentioned  above,  the  basic  structure  forms  shown 
In  figure  IV-2  may  be  used  in  an  indefinitely  great 
number  of  ways  to  modify  a system  or  element.  There 


c.  Y - Y 
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d.  Y - Y 


The  open  loop  - closed  loop  structures  lead  to  many 
more  transform  pairs. 

In  synthesis  work,  an  element  Y is  to  be  modified  to 
achieve  some  particular  specified  form.  Experience 
and  knowledge  of  basic  forms  usually  lead  to  the  proper 
connections,  with  trial  and  error  mathematical  model 
experiments  leading  to  the  cL«  ^ri. eristics  of  the 
modifying  elements. 


Figure  IV-6.,  Open  Loop  —Closed  Loop  Structures 
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CHAPTER  V 

OPTIMUM  SYNTHESIS  METHODS 


Provision  is  made,  at  this  point,  for  the  addition 
of  a supplementary  chapter  on  "Optimum  Synthesis 
Methods." 

While  the  contents  of  this  volume  are  essentially  com- 
plete without  the  addition  of  this  Chapter  V,  it  is  felt  It  is  planned  to  issue  this  additional  chapter  in  the 

that  the  material  it  is  to  contain  is  of  great  enough  immediate  future.  .j 
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importance  to  warrant  its  inclusion  in  the  interest  of 
making  this  volume  as  valuable  as  possible  to  the 
control  systems  designer. 
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CHAPTER  VI 
NON-LINEARITIES 


SECTION  1 - INTRODUCTION 
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In  most  of  the  preceding  work,  the  assumption  has 
been  made  that  physical  systems  can  be  described  by 
linear  differential  equations  of  the  type 


(VI -1) 


d*x 

dtB+  aidt“- 1 + 


'a“’1dt+  a”x' 


dx 

itt+  anx-  Q(t) 


where  the  at  are  constants.  This  assumption  has  per- 
mitted the  development  of  analytical  and  graphical 
methods  described  in  chapters  m end  IV  for  the  analy- 
sis and  synthesis  of  dynamical  systems.  The  validity 
of  this  basic  assumption  was  discussed  briefly  in 
chapter  XL 

It  is  recognized  in  this  chapter  that  (VI- 1)  only  ap- 
proximates trae  physical  systems.  The  coefficients 
are  not  ideally  constant,  but  vary  as  some  functions 
of  the  dependent  variable  x . That  is,  (VI-1)  will  take 
the  form 


(VI -2) 


, . . d“x  d°~1x 

fo^dtB+ dt”"1 


•+fB(x)x*  Q(t) 


Where  the  f<(x)  may  be  any  functions  of  x and  its  de- 
rivatives. 

When  the  coefficients  of  differential  equations  are 
some  continuous  functions  of  the  dependent  variable 
x , the  equations  are  non-linear  differential  equations , 
and  the  systems  described  by  such  equations  are  said 
to  possess  continuous  non-linearities.  When  the  co- 
efficients of  differential  equations  are  some  functions 
of  the  variable  x,  but  have  finite  discontinuities,  the 
equations  are  non-linear,  and  the  systems  are  said  to 
have  non-linearities  of  the  discontinuous  type.  The 


Vi gore  VI-1 . <Non-Unearl  ties , 


two  types  of  non-linearities  are  shown  in  Figure  (VI-1) . 

Unfortunately,  no  general  method  of  analysis  or  syn- 
thesis, such  as  discussed  in  chapters  HI  and  IV,  has 
been  developed  for  real  physical  systems  having  non- 
linearities.  A few  writers  have  developed  direct 
methods  of  treating  some  non-linearities,  but  these 
methods  are  generally  limited  to  specific  cases  and 
cannot  be  easily  extended  to  solve  the  more  general 
problems.  However,  since  an  assumed  linear  system 
lends  Itself  so  readily  to  analysis  and  synthesis,  an 
indirect  method  for  the  consideration  of  non-linearities 
is  available . This  indirect  method  Consists  of  finding 
an  answer  to  the  question:  "An  analysis  or  synthesis 
having  been  made  of  a system  based  upon  linear  con- 
stant coefficient  equations,  what  would  be  the  effect 
of  certain  non-linearities  on  the  results?"  If  this 
question  can  be  answered  satisfactorily,  the  indirect 
method  provides  essentially  the  same  information  as 
would  a direct  solution  of  the  non-linear  equation . 

a 

The  best  method  for  determining  the  effects  of  non- 
linearities  on  a particular  system  depends  upon  the 
nature  of  the  non-linearities.  For  this  reason,  the 
non-linearities  are,  as  mentioned  before,  divided  into 
two  basic  types:  continuous  and  discontinuous.  Also 
since  there  is  a great  difference  between  the  effect 
of  large  and  small  discontinuous  non-linearities  on 
a system,  the  discontinuous  types  are  to  be  further 
subdivided  into  major  and  minor  classes. 

Continuous  non-linearities  are  usually  eliminated 
from  the  differential  equations  of  motion  by  assuming 
restricted  ranges  for  the  variables.  By  so  doing, 
convenient  linear  relationships  are  obtained  between 
such  quantities  as  forces,  torques,  and  moments.  It 
is  then  desirable  to  determine  if  the  non-linear  terms 
in  the  original  equations  could  lead  to  instability  of 
the  system.  The  first  section  of  this  chapter  discusses 
a method,  utilizing  a theorem  due  to  Llapounoff,  by 
which  it  is  possible  to  check  such  continuous  non-linear 
equations  for  stability. 

Discontinuous  type  non-linearities  are  unavoidable 
in  real  physical  systems.  They  are  primarily  due  to 
the  existence  of  friction  forces,  limiting,  and  free  play 
or  hysteresis  effects.  In  addition  to  these  unavoidable 
discontinuities,  some  types  are  added  to  a physical 
system  to  create  special  effects  (spring  preloading); 
or  exist  by  the  very  nature  of  the  system  (relay  con- 
trollers). These  discontinuities  are  illustrated  at  the 
beginning  of  the  second  section  of  this  chapter. 

VI-1 


• Chapter  VI 
Section  II 


The  discontinuous  type  of  non-linearity,  as  such, 
precludes  the  application  of  Liapounoff  s theorem, 
since  a basic  requirement  of  the  theorem  is  that  ihte 
functions  fi(x)  in  (VI-2)  possess  continuous  derivatives . 
As  mentioned  previously,  the  effects  of  discontinuous 
elements  depend  greatly  upon  their  relative  magnitudes  . 
For  sufficiently  small  discontinuities,  the  physical 
system  approaches  the  assumed  linear  system  with 
the  discontinuous  non-linearities  having  only  a small 
effect  on  the  system  output.  This  small  effect  cannot 
be  ignored,  however,  for  its  presence  may  be  sufficient 
to  cause  sustained  oscillations. 

If  a sinusoidal  function  is  used  as  the  input  to  an 
element  representing  a small  discontinuous  non-line- 
arity, the  output  is  almost  sinusoidal.  This  similarity 
to  a sinusoid  suggests  it  can  be  adequately  represented 
by  the  fundamental  of  a Fourier  expansion,  If  the  dis- 
continuous non-linearity  is  included  in  a Closed  loop 
and  if  the  transmission. of  higher  order  harmonics 
about  the  loop  is  small  relative  to  the  transmission 
of  the  fundamental,  the  harmonics  may  be  ignored , 
and  the  non-linearity  represented  by  an  equivalent 
transfer  function  with  an  amplitude-phase  character- 
istic. In  effect,  then,  the  discontinuous  system  is 
approximated  by  a linear  system  as  was  done  with  the 
continuous  non-linearities.  With  such  an  aid,  a Bode 
diagram  made  for.  an  assumed  linear  system  may  be 


revised,  and  the  effect  of  the  discontinuity  determined . 

The  methods  UBed  for  determining  the  equivalent 
transfer  functions  of  the  minor  discontinuities  are 
discussed  in  the  second  section  of  this  chapter.  The 
possibility  of  steady-state  oscillations  due  to  these 
non-linearities  in  systems  is  also  considered. 


The  third  section  of  this  chapter  considers  the 
major  discontinuous  non-linearities.  These  large 
discontinuities  possess  neither  continuous  derivatives 
nor  negligible  harmonics  in  the  sinusoidal  responses; 
hence,  the  methods  discussed  to  this  point  cannot  be 
used.  Although  the  analog  computer  (chapter  ViH)  may 
be  used  for  the  consideration  of  such  non-linearities 
(as  well  as  the  other  types),  an  analytical  or  graphical 
approach  is  desirable  for  a better  understanding  of  the 
system  and  a check  of  computer  results. 


The.  indirect  method  discussed  in  this  section  in- 
volves graphical  analysis  of  simple  second  order  sys- 
tems which  contain  one  or  more  major  non-linearities . 
It  is  recognized  that  most  physical  systems  are  more 
complex;  but,  if  the  general  effects  of  major  non- 
linearities  can  be  found  for  simple  systems,  an  insight 
Is  gained  as  to  possible  effects  of  these  major  dis- 
continuities on  a complex  system. 


SECTION  2 - CONTINUOUS  NON-LINEARITIES 


In  designing  a system  based  upon  the  linear  approxi- 
mation of  the  system  differential  equations,  it  is 
recognized  that  the  motions  of  the  true  system  following 
some  small  disturbance  will  not  be  exactly  as  predicted . 
The  validity  of  this  linear  approximation  is  of  particular 
interest  when  used  to  predict  the  stability  of  the  system . 
If  the  solution  of  the  continuous  non-linear  equations 
indicates  a condition  of  instability  not  revealed  by  the 
"linearized"  form,  linear  approximations  and  the 
methods  described  in  chapters  III  and  IV  can  not  be 
realistically  applied. 

The  possibility  of  obtaining  incorrect  answers  to  the 
question  of  stability  from  the  equations  of  the  linear 
approximation  was  investigated  by  M.  A.  Liapounoff  .* 
The  results  of  his  investigation  may  be  summarized 
in  the  following  theorem:  "If  the  real  parts  of  the  roots 
of  the  characteristic  equation  corresponding  to  the 
differential  equations  of  the  first  approximation  are 
different  from  zero,  the  equations  of  the  first  approxi- 
mation always  give  a correct  answer  to  the  question 
of  stability  of  a non-linear  system,  "**  The  theorem 
assumes  only  that  the  non-linear  terms  of  the  differ- 
ential equation  may  be  expanded  in  a Taylor’s  series 
about  the  equilibrium  point  in  question. 

According  to  this  theorem,  if  all  the  roots  of  the  linear 
approximation  of  the  differential  equation  are  negative, 

* Liapounoff,  M.A.;  Probl&ae  general  de  la  stability 
du  mouvement;  Annals  of  Mathematical  Studies,  Vol.  17; 
Princeton  Press. 

**  Minorsky,  N. , Introduction  to  Non-Linear  Mechanics; 
J.W.  Edwards,  1947,  Ann  Arbor. 


the  non-linear  system  is  stable  about  the  point  In 
question,  and  any  small  temporary  disturbance  in 
the  input  will  result  in  a temporary  disturbance  in 
the  output.  If,  however,  any  of  the  roots  of  the  linear 
approximation  of  the  differential  equation  are  positive, 
the  non-linear  system  is  unstable  about  the  equilibrium 
point  and  any  small  temporary  disturbance  at  the  input 
will  result  in  an  output  which  will  diverge  from  this 
unstable  point. 

If  any  of  the  roots  of  the  linear  approximation  of  the 
differential  equation  about  the  equilibrium  point  are 
zero,  the  theorem  may  not  be  used,  and  higher  order 
terms  of  the  Taylor  series  must  be  considered.  Zero 
roots  may  result  in  a "conditionally  stable"  situation 
which  would  depend  upon  the  direction  of  the  dis- 
turbance. In  servo  work,  conditionally  stable  situations 
are  usually  as  undesirable  as  absolutely  unstable  situ- 
ations and  hence,  the  fact  that  the  theorem  does  not 
apply  is  of  little  consequence. 

It  may  be  pointed  out  that  although  the  linear  approxi- 
mations of  the  differential  equations  indicate  stable 
systems  for  all  amplitudes  of  disturbances,  the  theorem 
applies  only  for  small  disturbances. 

Figure  VI-2  illustrates  simple  stable  and  unstable 
equilibrium  positions.  If  a ball  is  located  at  (a) , a 
small  disturbance  in  either  direction  will  result  in 
the  return  of  the  ball  to  (a) ; and  the  system  represented, 
is  stable  about  the  equilibrium  point  (a) . If,  however, 
the  ball  is  located  at  either  (b)  or  (c)  and  disturbed  , 
it  will  leave  these  equilibrium  points,  and  the  system 
represented  is  unstable  about  these  points. 
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Figure  VI-2 . Stable  and  Unstable  Equilibrium 

To  illustrate  the  application  of  the  theorem,  two  similar 
second  order  non-linear  differential  equations  will  be 
considered:  r . 

2 

fyi-3)-  ■ dt*  + M<1’x2)dt+  Kx”  Q 

iVI-4) 

When  the  acceleration  and  velocity  are  zero  in  these 
equations,  the  value  of  x defines  the  point  of  equi- 
librium, xb  . That  is,  Kx«  9 or  x « q/IC  « x0 , 

If  a change  of  variable  is  made,  such  as  x-  Xo  t 5,  where 
S is  the  deviation  about  the  equilibrium  point  x0,  (VI-3) 
becomes 

dJS  dS 

(VI. 5)  * -^a  + fit  1-  (xj  * 2x0S  + S2)]—  + Kx0+  K t - Q 

In  accordance  with  the  theorem,  the  first  (linear) 
approximation  of  the  term  mU-(x02  + 2 x0S  + $a)]  is 
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substituted  into  equation  (VI- 5)  so  that 

(VI.6)  - 0 r.-. 

Equation  (VI-  6)  indicates  that  the  system  is  stable 
about  all  equilibrium  points,  less  than  unity.  As  x0 
approaches  unity,  the  coefficient  of  dS/dt  becomes 
very  small  and  the  system  becomes  poorly  damped; 
but  still  stable  for  sufficiently  small  values  of  S about 
x0  For  x0  - 1,  the  coefficient  of  j becomes  zero  and 
one  of  the  roots  of  the  characteristic  equation  corre- 
sponding to  (VI- 6)  will  be  zero.  The  theorem  is  not 
applicable  in  this  case.  For  x0  greater  than  unity  the 
system  described  by  (VI- 8)  is  unstable. 

If  equation  (VI-4)  is  analyzed  in  the  same  maimer,  the 
equation  corresponding  to  (VI-6)  is  V.-  . ... 

(VI-7)  ■?-  7*(l-x0l)  K S * 0 

For  this  case,  the  Coefficient  of  8 is  negative  fbr 
0<  x<  1 and  the  system  is  unstable  about  any  equi- 
librlum  position  in  this  range.  For  x0>  i,  "the  coef- 
ficient of  the  5 term  is  positive,  and  the' system  de- 
scribed by  (VI-4)  is  stable  for  small  S about  x0  . 

In  general,  it  may  be  concluded  that  the  analysis  and 
synthesis  of  dynamic  systems  based  upon  the  linear 
approximations  of  the  continuous  non-linear  differential 
equations  may  be  made  with  assurance  that  the  question 
of  stability  will  be  answered  correctly.  It  must  be  kept 
in  mind,  however,  that  the  answers  may  bte, valid  only 
for  small  disturbances  about  some  equilibrium  point . 
If  the  response  of  some  dynamical  system  to  a dis- 
turbance should  be  poorly  damped,  the  system  should 
be  carefully  analyzed;  for  the  presence  of  some  non- 
linear term  in  the  damping  coefficient  may  cause  the 
true  non-linear  system  to  be  unstable  for  very  small 
magnitudes  of  disturbance.  Or,  stated  in  another  way  , 
the  designer  of  a system  described  by  linearized 
equations  should  satisfy  himself  that  .the  damping 
coefficient  is  relatively  independent  of  the  non-linearity . 


SECTION  3 - DISCONTINUOUS  NON-LINEARITIES 


(a)  GENERAL 

Section  VI-1  has  dealt  with  the  continuous  type  of  non- 
linearity. Under  certain  restrictions,  it  was  found 
ihat  continuous  non-linearities  could  be  linearized , 
so  that  the  methods  of  analysis  and  synthesis  outlined 
in  previous  chapters  could  be  used.  Unfortunately, 
another  type  of  non-linearity  also  occurs  in  most  real 
physical  systems.  This  type  is  the  discontinuous  non- 
linearity. 

The  form  in  which  discontinuities  occur  is  varied. 
Figures  VI-3  through  VI-7  illustrate  the  static  transfer 
characteristics  of  Several  of  the  more  common  types. 

Coulomb  friction  exists  in  all  physical  systems  in  which 
there  is  relative  motion  between  two  contacting  sur- 
faces. The  friction  force  is  of  constant  magnitude  and 
is  always  in  such  a direction  as  to  resist  the  relative 
motion.  The  discontinuity  in  systems  with  coulomb 


friction  occurs  at  the  instant  of  a reversal  in  relative 
motion.  Coulomb  friction  may  be  ignored  only  if  the 
friction  force  is  much  smaller  than  the  other  forces 
acting. 


figure  VI-3,  poulotnb  Friction 

In  certain  cases,  it  is  desirable  to  spring  load  a device 
so  that,  when  external  forces  are  removed,  the  spring 
will  cause  the  device  to  seek  a null  or  zero  position. 
The  presence  of  coulomb  friction,  however,  may  cause 
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the  device  to  stop  short  of  the  desired  zero  position. 
To  overcome  this,  the  spring  may  be  preloaded  by  an 
amount  equal  to  the  coulomb  friction  force.  Preloading 
introduces  a discontinuity,  but  is  desirable  for  the  above 
reason. 


Figure  VI -4,  Spring  Preload 

In  many  physical  systems,  an  input  to  the  system  must 
exceed  a certain  minimum  value  before  any  output  is 
realized.  One  effect  of  this  type  is  known  as  threshold 
or  flatspot  and  the  value  which  must  be  exceeded  is  re- 
ferred to  as  the  threshold  value.  Threshold  is  generally 
undesirable,  and  can  be  ignored  only  if  the  threshold 
value  is  much  smaller  than  the  input  value. 


Figure  VI-5,  Threshold 


Linear  systems  can  transmit  signals  of  infinite  magni- 
tude. However,  all  components  forming  a real  system 
have  limitations  on  such  quantities  as  position,  speed, 
or  voltage.  In  some  cases,  the  limitations  may  never 
be  reached,  with  the  result  that  they  need  not  be  con- 
sidered. In  other  cases,  the  limitations  may  be  ex- 
ceeded and  cannot  be  ignored.  Limiting  may  or  may 
not  be  desirable. 


In  many  physical  devices,  a plot  of  the  input  versus 
the  output  results  in  a closed  curve  called  a hysteresis 
loop.  The  cause  of  such  a loop  in  mechanical  systems 
is  referred  to  as  the  backlash  or  free  play  which  exists 
between  two  mechanically  coupled  components.  Hys- 
teresis is  generally  undesirable  and  should  be  elimi- 
nated wherever  possible. 

For  the  cases  in  which  the  discontinuities  may  not  be 
neglected  without  serious  effect  upon  the  results,  it 


Figure  VI -7.  Hysteresis 

is  desirable  to  have  a method  or  methods  available  to 
determine  such  effects.  This  section  of  the  chapter 
will  discuss  two  such  methods.  The  first  method  is 
applicable  only  to  small  discontinuities;  while  the  se- 
cond may  be  used  for  any  discontinuity,  providing  it 
occurs  in  a second  or  lower  order  system. 

(b)  SMALL  DISCONTINUITIES 

For  ease  in  the  analysis  and  synthesis  of  closed  loop 
systems,  one  of  ihe  methods  of  previous  chapters  made 
use  of  Bode  diagrams  in  which  the  amplitude  ratios  and 
phase  angles  of  transfer  functions  were  plotted  versus 
frequency.  While  these  diagrams  have  not  been  empha- 
sized as  frequency  responses,  they  can  be  considered 
as  such,  since  the  curves  are  exactly  those  which  would 
be  obtained  if  the  systems  were  stable  and  were  excited 
with  sinusoids  of  varying  frequency. 

In  this  subsection,  the  non-linear  elements  will  be 
replaced  by  "equivalent”  linear  elements.  An  "equiva- 
lent" transfer  function  will  be  derived  by  applying  a 
sinusoidal  input  to  the  non-linear  element  and  by  de- 
termining the  Fourier  series  of  the  output  waveform. 
The  "equivalent"  amplitude  ratio  will  be  defined  as  the 
ratio  of  the  fundamental  output  amplitude  to  the  input 
amplitude.  The  phase  angle  will  be  defined  as  the 
difference  between  the  phase  of  the  fundamental  and 
that  of  the  input.  The  concept  of  such  an  "equivalent” 
transfer  function  is  sound  if: 

1.  The  system  is  oscillating  at  constant  amplitude 
at  the  frequency  considered.  (This  implies  that  the 
system  is  either  unstable,  or  that  a sinusoidal  input 
is  being  applied.) 

2 . The  amplitude  of  harmonics  appearing  at  the  input 
of  the  non-linear  element  is  negligible.  This  means 
that  the  transmission  of  these  harmonics  through  the 
system  (around  the  loop)  is  negligible  compared  to 
the  transmission  of  the  fundamental. 

A' "small  discontinuity"  may  now  be  defined  as  one 
satisfying  the  above  conditions.  Since  the  non-line- 
arities considered  here  are  not  frequency  sensitive, 
the  ratio  between  the  amplitude  of  the  fundamental  of 
the  output  wave  and  that  of  the  input  represents  a shift 
in  the  amplitude  ratio  of  the  Bode  plot.  A similar  shift 
may  occur  in  the  phase  curve. 

The  remaining  portions  of  this  subsection  discuss 
the  equivalent  transfer  functions  of  various  non-line- 
arities, and  their  effect  upon  Bode  plots.  Ratios  of 
harmonic  to  input  amplitude  are  derived  to  aid  in  deter- 
mining the  validity  of  condition  2 above  for  a specific 
problem. 


VI-4 


To  obtain  the  frequency  responses  of  discontinuous 
elements  of  the  type  discussed  in  this  section,  it  is 
only  necessary  to  analyze  them  at  a single  frequency, 
for  they  are  not  frequency  sensitive.  In  general,  the 
outputs  may  be  represented  by  Fourier  expansions'  of 
the  responses  written  as  functions  of  the  amplitudes 
of  the  discontinuities  and  the  amplitudes  of  the  s ine- 
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waves  being  transmitted  through  the  elements . figures 
VI-8  through  VI-12  illustrate  the  nature  of  the  responses 
of  discontinuous  elements  to  sinusoidal  inputs,  If  the 
amplitudes  of  the  harmonics  may  be  ignored  when  com- 
pared to  the  amplitudes  of  the  fundamentals,  theam- 
plitudes  and  phases  of  the  fundamentals  plotted  against 
frequency  would  be  the  frequency  responses  or  transfer 


Fii’vre  VI -8.  Tranafer  Characteristic  of  Coulomb  Friction 


. . Figure  Vi, 9.  Tranafer  Char  meter  it  tic  of  Sprint  Preload 


Figure  VIrJLO.  Tranafer  Character  it  tic  of  Tfweehold 


VI-5 
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Figure  VI -11.  Transfer  Characteristic  of  Limiting 
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Figure  VI -12.  Transfer  Characteristic  of  Hysteresis 


functions  of  the  discontinuities. 

In  Figures  VI-13  through  VI-16  the  amplitude  ratios 
and  phase  shifts  of  the  fundamentals  and  harmonics 
are  plotted  against  the  ratio  of  discontinuity  amplitudes 
to  element  input  amplitudes  (a/A)  to  show  how  the  rel- 
ative amplitude  ratios  vary.  * 

From  these  figures,  it  is  apparent  that  for  very  small 
discontinuities,  the  harmonic  amplitudes  are  negligible 
compared  to  the  fundamentals.  However,  as  the  dis- 
continuities become  larger,  these  figures  show  an  in- 
crease in  harmonic  amplitudes  relative  to  the  funda- 
mentals. In  these  latter  cases  the  system  equations 
must  be  examined  to  determine  if  condition  2 above 
will  hold..  This  can  be  done  with  the  aid  of  the  Bode 
diagram.  If  the  harmonics  are  not  negligible,  the  dis- 
continuities are  considered  as  large  and  will  not  be  dis- 

* The  'aaplitude  ratio'  of  a hamonic  to  a fundamen- 
tal is  an  arbitrary  term,  and  completely  ignores  the 
difference  in  frequency  existing  between  the  hanBor . . 
nic  and  the  fundamental 


cussed  in  this  part  of  Section  3.  It  is  interesting  to 
note  that  the  discontinuity  amplitude  is  not  necessarily 
small  relative  to  the  input  amplitude  for  the  discon- 
tinuity to  be  considered  small,  e.g.,  the  backlash  case. 

To  apply  the  amplitude  ratios  and  phases  of  Figures 
VI- 13  through  VI- 16  to  a particular  problem,  it  is 
necessary' to  have  an  open  loop  Bode  diagram  for  the 
system.  The  primary  frequency  of  interest  is  in  the 
region  of  the  crossover  point  (the  point  at  which  the 
amplitude  ratio  curve  passes  through  zero  db),  be- 
cause it  is  within  this  region  that  the  stability  of  a 
closed-loop  system  is  determined.  The  procedure  to 
determine  effects  of  discontinuities  is  as  follows : 
T.  Draw  the  Bode  diagram  for  the  linear  system 
and  establish  an  optimum  gain. 

2.  Assume  that  the  system  is  oscillating  at  a fre- 
quency corresponding  to  the  crossover  point  (point 
at  which  amplitude  ratio  curve  intersects  zero  db 
line)  and  at  constant  amplitude. 

3.  Assume  that  the  harmonics  of  the  Fourier  series 
representing  the  output  wave  of  the  non-linear  ele- 

■ m'ent  are  negligible. 
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Figure  VI-13 . Amplitude  Ratio  and  Phase 
Due  to  Spring  Preload 

4.  Determine  effect  that  the  fundamental  of  the 
non-linear  element  ouiput  has 'on  the  Bode  diagram. 

5.  Check  the  validity  of  step  3. 

In  general,  if  the  amplitude  ratio  of  the  discontinuous 
element,  is  greater  than  unity  (zero  db),  the  closed- 
loop  system  becomes  less  stable.  If  the  gain  is  less 
than  zero  db,  the  closed-loop  system  becomes  more 
stable.  As  will  be  shown  in  one  of  the  examples  to 
follow,  it  is  possible  to  have  a combination  of  am- 
plitude ratio  and  phase  lag  with  a resulting  insta- 
bility of  a system  which  is  stable  when  discontinuities 
are  not  present.  Several  examples  will  now  be  dis- 
cussed in  which  the  methTOd  outlined  above  will  be 
applied  to  the  simple' positional  servo  illustrated  in 
figure  VI- 17.  " - 

' . *. 

The  closed  and  open- loop  differential  equations  de- 
scribing this  system  are,  respectively: 

-M 

(VI-8b)  ^B+I  dB  „ Ml  B 

y dt»  Tdt  f * 
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COULOMB  FRICTION.  Figure  VI-8  illustrates,  the 
transfer  characteristics  relating  the  coulomb  friction 
force  to  a sinusoidal  velocity.  When  the  harmonics 
are  neglected,  the  response  of  the  non-linearity  is 
given  by  the  first  term  of  the  Fourier  series,  or 
F(t)  ■ iWir)  sin  «t . The  transfer  characteristics 
corresponding  to  this  first  approximation  are  illus- 
trated in  figure  VI-18 . The  figure  shows  that  the 
slope  or  "gain"  has  the  units  of  viscous  frictidn,  that 
is,  the  first  approximation  to  coulomb  friction  is 
viscous  friction. 

If  the  output  of  the  closed- loop  system  of  figure  VI- 17 
is  subjected  to  this  "effective"  viscous  friction,  the 
differential  equation  written  with  the  first  ^approxi- 
mation becomes 

(VI~9>  r5P  + Ht(1  + S)  + W-K^ 

From  this  expression,  it  is  concluded  that  the  effect 
of  coulomb  fricti'on  on  the  system  of  figure  VI- 17 
. (viewed  in  this  way)  is  to  increase  the  damping  ratio 
without  changing  the  frequency . It  is  to  be  further 
noted  that  for  a given  value  of  coulomb  friction,  the 
effective  coefficient  of  viscosity  approaches  infinity 
as  the; input  amplitude  approaches  zero. 

Equation  (VI-9)  maybe  written  in  the  form  of  (VI-10) 


In  each  example,  it  will  be  initially  assumed  that  the 

harmooics  have  a negligible  effect,.  Following  this, -the..  ..  . ...  Figure  VI-14.  „ Amplitude  Ratio  and  Phase 
validity  of  the  assumption  will  be  checked.  ..  . Due  to  Threshold 
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figure  VI -19.  Position  Servo  with  Coulomb  Friction 


The  open- loop  Bode  diagram  of  figure  VI- 19  is  shown 
In  figure  VI-20. 

It  is  evident  that  decreasing  amplitude  A of  the  eon= 
trolled  variable  (input  to  coulomb  friction  block)  in- 
creases the  open- loop  gain,  thus  resulting  in  an  in- 
crease in  the  apparent  damping  ratio  of  the  closed- 
loop  system. 

The  Bode  diagram  shows  that  at  the  frequency  of  the 
third  harmonic  the  signal  is  attenuated  ft.  S db  below 
its  amplitude  ratio  at  the  fundamental  frequency.  The 
Fourier  expansion  accompanying  figure  VI-8  reveals 
a further  attenuation  of  three  (9 . 5 decibels)  due  to 
the  feedback  element.  With  such  a large  attenuation 
of  the  harmonics  relative  to  the  fundamental,  it  can 
be  concluded  that  toe  harmonics  contribute  little  to 
'the  stability  of  the  system. 

SPRING  PRELOAD.  Figure  VI-9  illustrates  the  trans- 
fer Characteristics  relating  the  force,  applied  by  a 
preloaded  spring,  to  a sinusoidal  displacement . When 
;^he.  harmonics  are  neglected,  the  response  of  the  non- 
linearity is  given  by  the  first  term  of  the  Fourier 
series,  or  F(t)  » [ Ac  + (4a/w)  ] sin  . The  transfer 
characteristics  corresponding  to  this  first  approxi- 
mation are  illustrated  in  figure  VI- 21. 

As  indicated  by  this  figure,  the  preloaded  spring  is 
effectively  replaced  with  a spring  with  a coefficient 
of  k ♦ ,(Aa/VA).  The  closed-loop  differential  equation 
written  for  the  system  of  figure  VI- 17  when  loaded 
.irith  the  above  spring  is 
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Writing  equation  (VI-12)  in  the  form  of  (VI-1S)  . 


(Vi-13)  - k£r- 


Figure  VI-30.  Open-Loop  Bode  Diagram  of 
System  with  Coulomb  Friction 
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permits  drawing  figure  VI- 23;  As  with  the  previous 
case,  a preleaded  spring  may  be  represented  by  the 
addition  of  a second  feedback  path  to  figure  vi-17. 


Figure  VI -22.  Position  Servo 
with  Pre loaded  Spring 


The  open  loop  Bode  diagram  of  figure  VI-22,  in  which 
the  term  [K  ♦ (4a/nA)  J /Kx  is  now  part  of  the  gain,  is 
shown  In  figure  VI-  23 . 


Figure  FI-23.  .Open  Loop  Bode  Diagram  of 
System  pith  Spring  Preload 


For  increasing  values  of  the  ralio(a/A)the  gain  increases 
with  a resulting  increase  in  the  natural  frequency  of  the 
closed  loop  and  a decrease  in  damping  ratio. 

As  is  apparent  from  the  curves  of  figure  VI- 13  and 
the  fairly  rapid  attenuation  above  the  natural  frequency 
shown  by  the  Bode  diagram,  the  harmonics  have  little 
effect  oil  the  stability  as  determined  by  the  fundamen- 
tal alone. 

In  the  above  cases  it  may  be  noticed  that  the  addition 
VI-10 


of  non-linear  loads  to  the  closed  loop  system  of  figure 
VI-17  effectively  added  a second  feedback  path.  In  the 
following  cases,  the  feedback  path  of  figure  VI- 17  Will 
contain  the  non* linearities  and  the  form  of  the  figure 
will  be  unchanged. 

THRESHOLD.  It  will  now  be  assumed' that  the  position 
servo  illustrated  in  figure  Vl-17  has  threshold  non- 
linearity in  the  feedback  portion  of  the  loop.  When  the 
harmonics  can  be  ignored,  the  curve  of  figure  VI-10 
sue  effectively  changed  to  that  Of  figure  VI- 24  with  a 
slope  of  (K/tt)  (w-2B  + sin;2B)  * [(4Ka)/(wA)]  cos  .Bas 
determined  from  the  first  term  of  the  Fourier  series. 


Figure  VI-24  also  shows  that  K2  becomes  part  of  the 
gain  of  the  open  loop.  If  k2  is  the  effective  slope;  the 
differential  equation  for  the  system  becomes;  . 

(VI-14)  M 


From  this,  it  IS  seen  that  a decrease  in  k2  results  in 
a lower  natural  frequency  and  a higher  damping  ratio 
of  the  closed  loop  system.  This  is  alko  illustrated  in 
the  Open  loop  Bode  diagram  of  figure  VI-25. 


When  the  zero  db  line  intersects  the  -40  db/dec  portion 
of  the  Bode  diagram,  the  rapid  attenuation  of  the  system 
above  the  natural  frequency  suggests  the  possibility  of 
neglecting  the  harmonics . Fcr  smaller  values  of  inputs 
to  the  non-linear  element,  however,  the  zero  decibel 
line  may  cut  the  -20  db/dec  line  with  the  result  that  the 
over- all  system  gain  at  the  third  harmonic  must  be 
compared  with  the  over-all  gain  at  the  fundamental. 
Although  figure  VI-25  shows  the  same  harmonic  at- 
tenuation for  both  locations  of  the  zero  db  line,  it  must 
.be  remembered  that  the  straight  lines  shown  are  as- 
ymptotes to  the  actual  curve.  At  the  natural  frequency , 
% , the  asymptotes  are  below  the  true  curve;  and  at  the 
natural  frequency,  , the  asymptotes  may  be  above  the 
true  curve.  Therefore,  while  attenuation  in  the  un- 
. primed  case  may  actually  be  greater  than  19  db,  the 
attenuation  in  the  primed  case  may  be  less  than  19  db. 
' As  shown  by  the  relative  gains  from  figure  VI- 14,  the 
third  harmonic  approaches  the  fundamental  in  gain  as 
the  ratio  a/A  approaches  unity.  In  this  range  then,  the 
discontinuity  is  not  small  and  the  stability  of  the  system 
for  small  amplitudes  of  the  controlled  variable  cannot 
be  determined  in  this  way. 

LIMITING.  The  position  servo  illustrated  in  figure 
VI-17  will  now  be  assumed  to  possess  limiting  in  the 
feedback  portion  of  the  loop.  When  the  harmonics  can 
be  ignored,  the  transfer  curve  of  the  non-linearity, 
figure  VI-11,  is  effectively  changed  to  that  of  figure 
VI-26  with  a slope 


'■  • s -I  fwy  %FW. 


as  determined  from  the  first  term  of  the  Fourier 
series. 


The  differential  equation  for  this  example  is  identical 
with  that  for  threshold  including  the  discussion  which 
followed,  The  effect  of  limiting  in  the  feedback  path 
of  figure  Vl-17  is  to  reduce  the  apparent  natural  fre- 


Amplitude 
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quency  and  increase  the  apparent  damping  ratio  for  the 
cases  in  which  the  input  amplitude  to  the  non-linear 
element  does  not  exceed  the  limiting  value  by  large 
enough  values  to  Invalidate  the  assumptions  concerning 
the  harmonics.  . ‘ 

HYSTERESIS.  From  the  Fourier  series  accompanying 
figure  VI-12,  it  may  be  seen  that  when  the  harmonics 
are  neglected,  an  element  containing  hysteresis  will 
hive  an  effective  shift  of  phase  as  well  as  a shift  in 
amplitude'.  The  gain  and  phase  of  the  fundamental, 
as  Obtained  from  the  Fourier  expansion,  are  given 
by  equations  (VI-15)  and  (VI-18).  , 

(vi-is)'  - • : 

Gain  - sin*1  uj*2^y-  sin'1^  ]l-uJ'(u)’ 


laborious  for  ail  except  the  simplest  of  systems,  since 
the  differential  equations  change  abruptly  at  the  points 
of  discontinuity.'  To  carry  out  such  investigations,  the 
initial  conditions  for  each  new  equation,  following  a 
'discontinuity,'  must  be  determined  from  the  previous 
equation  at  the  points  of  discontinuity  . 

Since  discontinuous  systems  of  normal  complexity  do 
not  lend  tiiemselves  readily  to  analysis  by  the  available 
analytical  and' graphical  methods,  this  part  of  section 
two  discusses  a method  for  determining  the  effects  of 
large  discontinuities  on  simple  systems.  While  it  is 
recognized  that  few  complex  systems  may  be  approxi- 
mated by  such  simple  systems,  knowledge  of  the  effects 
of  discontinuities  on  these  systems  may  sometimes 
provide  an  insight  as  to  their  behavior  in  the  more 
complex  systems. 


(VI-16)  Phase  » tan"  \ 


sin" Ju ♦ ujl-  u*n  J 


The  change  in  gain  and  phase  as  a function  of  the  ratio 
of  discontinuity  amplitude  to  signai  ampUtude  is  plotted 
in  figure  VI-16. 

Unlike  the  previous  examples  in  which  the  effects  of 
discontinuity  were  simple  gain  changes  which  could 
not  make  the  system  of  figure  VI-17  unstable,  hys- 
teresis may  cause  the  system  to  become  unstable. 


When  a system  can  be  represented  by  second  order 
differential  equations,  the  state  of  the  system  at  any 
instant  following  some  disturbance  may  be  completely 
described  in  terms  of  the  dependent  variable  and  its 
derivative  at  that  instant,  Since  these  two  quantities 
are  all  that  are  needed,  a convenient  method  of  de- 
scribing the  motions  of  a system  is  to  plot  one  against 
the  other  in  a single  plane  called  the  "phase  plane. 

, The  path  followed  by  the  point  representing  the  state 
of  the  system  at  various  instants  of  time  then  describes 
the  complete  sequence  of  events  following  the  disturb- 
ance. Such  a.path  is  referred  to  as  the  "trajectory" 
in  the  phase  plane.  ■ 


Consider  the  case  when  backlash  exists  in  the  feed- 
back  path.  Figure  VI- 2 5 illustrates  the  open  loop 
Bode  diagram  of  the  combination  in  which  the  con- 
trolled variable  amplitude  is  much  larger  than  the 
hysteresis  range.  In  this  range  of  amplitudes  the 
effect  of  hysteresis  is  negligible.  For  smaller  values 
of  the  controlled  variable,  figure  VI- 16  shows  a de- 
creased gain  and  a phase  lag  for  the  feedback  element. 
From  the  Bode  diagram  it  is  apparent  that  the  phase 
lag  tends  to  reduce  the  stability  of  the  system. 

For  a sufficiently  small  amplitude, of  the input  to  the 
non-linearity  there  will  exist  a combination  of  phase 
and  gain  change  such  that  the  zero  db  line  cuts  the 
Bode  diagram  at  a frequency  at  which  the  phase  passes 
through  180  degrees.  For  this  particular  amplitude 
and  frequency,  the  system  will  oscillate  with  a con- 
stant amplitude.  This  type  of  oscillation  is  called  a 
"limit  cycle."  If  the  harmonics  are  negligible  at  the 
limit  cycle,  the  oscillations  will  be  sinusoidal.  For 
such  a case,  the  frequency  of  oscillations  may  be 
obtained  from  the  Bode  diagram,  and  the  amplitude 
of  oscillations  from  the  amplitude  ratio  curves. 

(c)  PHASE  PLANE 

In  part  (b)  of  this  section,  a method  was  discussed 
Which  permitted  the  inclusion  of  small  discontinuities 
in  the  analysis  and  synthesis  of  Systems.  It  was  empha- 
sized that  if  the  discontinuities  were  not  small  relative 
to  the  inputs  to  the  non-linear  elements,  the  method 
could  not  be  applied. 

The  investigation  of  systems  containing  large  dis- 
continuities by  analytical  and  graphical  methods  is 


To  illustrate  the  techniques  used  with  the  phase  plane , 
•a  simple  linear  system  will  be  analyzed  in  detail.  This 
will  be  followed  by  an  analysis  of  a similar  system 
having  spring  preload  as  a discontinuous  non-linearity. 
The  techniques  used  with  these  illustrations  will  then 
be  applied  to  several  examples  in  which  the  feedback 
path  of  a position  servo  is  subject  to  discontinuities. 

To  introduce  the  phase  plane,  consider  the.  undamped  . 
second  order  mechanical  system  described  by  equation 
(VI-17)., 

(VI-17)  w—l  + kx-0 

Since  time  must  be  eliminated  as  a variable  to  obtain 
an  equation  in  terms  of  the  position  and  velocity  alone, 
equation  (VI-17)  may  be  multiplied  through  by  dx/dt 
and  integrated  with  respect  to  time: 

(a/2)  (dx/dt) 2 ♦ (k/2)xa  - h 
or-  ,i  - 

(dx\3 

(VI-18)  Vdt/  + x1  . i 

2h/a  2h/k 

where  h is  the  constant  of  integration,  evaluated  from 
the  initial  conditions. 

If  the  substitutions  (dx/dt)  - y,  a2  - (2h/n)  and  p • (2U/k) 
are  made,  equation  (VI-18)  may  be  written  as 

(VI-19)  4+  ZS 

Equation  (Vi-19)  may  be  recognized  as  that  of  an 
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•Wpse  with  semi-axes  a and  ,8  . Figure  VI- 27  il- 
iMtratea  the  phase  plane  plot  of  equation  (VI- 18)' for 
vaifioua  values  of  h . 


Fx'iirm-  VI-27.  Phase  PI  am;  Undamped 
Second-  Order  System 


If  viscous  damping  is  added  to  the  mechanical  system 
described  by  (VI- 17),  the  differential'  equation  of  motion 
becomes  (VI-20),  or  (VI-21). 

01-20)  « ^+b2J+k*  “ 0 

(VI-21)  25w»^+  “n  x * 0 

By  making  the  substitution  <dx/dt)«  y,  (VI-21)  may  be 
Written  in  the  form 

(VI-22)  2£«ny+  co*  x - 0 


If  equation  (VI-22)  is  divided  through  by  y,  and  re- 
arranged^ (VI- 23)  results, 

in:  terms  of  the  two  variables  z and  y alone.  Equation 
(Vi-23)  may  be  Integrated  to  the  form  of  (VI-24), 

(VI-24) 

y3  + 2C«.xy+  u * x* - Ce  ) • “i*  “Jl- 


(VI-26)  P - 0t6  «»  r 

. Equation  (VI-26)  is  that  of  a logarithmic  spiral  in  the 
u-v  plane  and  may  be  of  the  form  illustratedln  figure 

m-26. 

When  discontinuities  are  introduced  into  the  phase 
plane,  more  than  one  equation  is  needed  to  describe 
the  motions  of  a system  completely  . A,  transformation 
Of  variables  is  not  always  possible  when  more  than 
one  equation  is  involved,  without  increasing  the  diffi- 
culty in  interpreting  the  results.  Therefore,  it  is 
often  desirable  to  obtain  the  path  or  trajectory  of  the 
position  and  velocity  on  the  phase  plane  using  the 
original  coordinate  system.  To  obtain  the  trajectories 
given  by  equation  (VI- 24)  without  actually  solving  the 
the  equation,  the  method  of  isoclines  can  be  used. 
In  equation  (Vi-23)  it  may  be  noted  that  the  slope  (dy/dx) 
of  the  trajectory  in  the  phase  plane  depends  only  upon 
the  values  of  x and  y . It  may  be  further  noted  that  in 
.this  equation  the  slope  is  constant  for  any  particular 
ratio  of  x to  y . For  this  particular  example  then, 
straight  lines  may  be  drawn  in  the  phase  plane  corres- 
ponding to  different  ratios  of  x to  y . If  any  trajectory 
intersects  these  lines,  it  must  do  so  with  the  slope 
defined  by  equation  (VI-23).  In  general,  equations  of 
the  form  of  (VI-23)  may  always  be  used  to  obtain  the 
curves  through  which  the  trajectories  must  pass  with 
a particular  slope.  These  curves  are  referred  to  as 
"isoclines. " If  a sufficient  number  of  isoclines  are 
drawn  in  a phase  plane,  a trajectory  may  be  drawn  by 
intersecting  each  isocline  with  the  appropriate  slope. 


Where:  u - p cos  v»  p sin  0 


but  this  expression  is  not  easily  used.  To  express  the 
equation  in  a more  usable  form,  a change  Of  variables 
such  as  u - mix  and  v-y*  £*^x  may  be  made,  so  that 
the  equation  may  be  written  as  (VT-25) 

/*£ it**-1— ^ 

(VI-25)  va  + U*  m Ce  v «’t 

which,  in  polar  form,  becomes  (Vi-26). 


figure  VI-28.  Phase  Plam ; Second  Order  System  with 
Dnmpini  Patio  < 1 

In  figure  VI-  29  the  isoclines  are  drawn  as  straight 
lines  through  the  origin.  The  slopes,  as  determined 
from  equation  (VI-23),  are  drawn  as  short  dashes 
through  the  isoclines  to  act  as  guides  in  drawing  the 
trajectory  from  some  initial  condition. 


VI-12 
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The  direction  traveled  by  a point  in  a trajectory  is 
found  from  the  origin?!  equations.  Consider,  for 
example,  the  fourth  quadrant  of  figure  VI-29 . In  this 


Figure  VI-29.  Phase  Plane;  Second  Order  System  with 
Damping  Ratio  <1 

The  simple  linear  systems  described  above  serve  to 
illustrate  some  of  the  techniques  used  with  the  phase 
plane  representation.  Now,  to  include  a discontinuity, 
the  spring  constant  term  of  equation  (VI- 17)  will  be 
changed  to  represent  a preloaded  spring.  This  changes 
the  equation  to  the  form  m(d.2x/dt3)+(kx  + f0senx)  - 0 . 

This  relation  may  be  expressed  by  the  pair  of  equations 


If  new  choices  of  origin  are  taken  such  Out  a.  • * ♦ a for 
x >0  and  x2.m  x - a for  x < 0 , equations  (VI-28)  may  be 
written,  after  integration,  as 

i>0 

2 2 

(VI-30)  ^ + -rr^~r  - 1 for  X<  0 

' 2h  2h/a,S 

where  h is  a.  constant  of  integration. 

This  system  is  represented  in  the  phase  plane  by 
pairs  of  ellipses  with  origins  displaced  from  x - o by 
* a on  the  x axis.  As.  a point  on  the  trajectory  passes 
from  the  left  half  plane  into  the  right  half  plane, 
the  trajectory  changes  from  the  ellipse  at  origin 
X - +a  to  the  ellipse  at  origin  x - -a . Figure  VI- 30 
shows  the  trajectories  for  four  initial  conditions. 


System  Equation: 


m 


-f„  Sgn  X 

-f0  For  x>  o 
+.fp  For  x<  o 


Equations  of  Trajectories; 


yl 

2h 


1 For  x>  o 


2h 


' 2h4,a 


- 1 For  x<  o 


Where:  xx“X  + a;  x2*x-a 


Figure  VI-30.  Phase  Plane;  Second  Order  with 
Spring  Preload  ■ 


(VI -27) 


m 


dt? 


+ kx+f0«  0 


m ~*kx-f„  - 0 
dta 


for  x>  0 
for  x<  0 


where  f0  is  the  amount  by  which  the  spring  is  pre- 
loaded.  Letk-mo2  and  f0»am<i>2  , equations  (Vi-27) 
may  be  written  in  the  form 


As  illustrated  by  the  simple  undamped  system  with  a 
preloaded  spring,  the  inclusion  of  discontinuities  in 
the  phase  plane  representation  of  systems  may  be 
simply  achieved.  The  labor  of  determining  the  initial 
conditions  at  the  points  of  discontinuity  is  eliminated, 
since  the  velocity  and  position  are  always  available 
for  all  points  in  the  plane  including  points  of  discon- 
tinuity, 


(VI-28) 


+ «3x  + acu2  » 0 
dtr 

for 

x>  0 

+ w2x  - a 6>2  * 0 

for 

X<0 

dt2 

The  remainder  .of  this  section  will  present  several 
examples  of  simple  systems  containing  discontinuities 
to  further  illustrate  the  phase  plane  method, 

COULOMB  FRICTION.  The  effects  of  coulomb  friction 


VI-14 
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- ' 'mXmZlZ 


flow  be  coraideredr 

'Mi*  cotf- 


ellipses  with  center  at  x - +a  for  negative  values  of 
|dx/dt) , as  shown  in  figure  VI-31.  Jt4s  ol  interest. 
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f ort^f  Victor  (dx/dij  < ti  ^ for 
> 0Jnk :,¥>* Jfrd  to  - ara&)3  are  made,,  (VI-31), 
ftHrJjft  wM"ejl  f°*bi  **  ^uatibrs  (Vi-32)  and 
Ur  ilt>bn  Integrating,  SeCdtiil'  those  fat 

(VI-34)  and  (VI- 3 j)  - ' , 


fbr  M <6 

dt*  J*  . r - dt 
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with  difference  -4a  ih  Contrast  to  the  geometric  pro- 
gression of  linear  Systems.  Also,  it  is  evident  in 
figure  VI- 31  that  a Steady  state  value  other  than  aero 
is  possible.*  if  the  methods  used  with  small  discon- 
tinuities were  applied  to  mis  problem,- the  possibility 
of  a steady  state  value  other  than  set o would  not  be 
apparent,,  since  that  method  approximates  coulomb  : 
friction  with; afi  effective  variable  viscous  friction,  f 
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Pjjjijre  VI-32. ^ Closed-Loop  System  . 
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2h 


3 } . yt 


dt 


1 . for  ~ > 0 
dt 


to  illustrate  the  effects  of  discontinuous  non-linearities' 
1 °n  closed-loop  systems,  the  positional  servomechanism' 
illustrated  in  figure  Vi- 32  Will  be  discussed  for  three' 
ci  discontinuities  in  the  feedback  path,  it  wilLt 


Thfese  latter  two  ‘equations  are.  those  bf  ellipses  in 

the  phase  plane. 


the  motion  of  the  output  following  some  initial  condition' 
is  to  be  determined.  * 


ft  - 

, h 
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s(rs  - X) 

H Threshold  H 

W 7 

. > 


Note:  Arithmetic 
Progression 


System  Equation:  m tick  * -P  sen 


System  Equations:  - - Slope  of  Trajectories: 

< U -jrf  * a§£  * 0 for  -a<x<a  ^ - -A  for  -a  <x<a 
dt*  at  dx 


y / x/ 
W * 25$ 


(?)  gUA^to^O 
dt*  dt  1 

for  x>a 

.IPUrfco 

(3)  + Bx2  « 0 

forx<-a 

* 1 ^ af  > o 

df  dt  2 

f ifir*  W-31 , Phase  Plane?  Second  Order  $ t.item  with 
Coulomb  Friction 

In  this  case  the  trajectories  follow  the  ellipses  with 
center  atx-  -a  for  positive  values  of  (dx/dt)  and  the 


' a aaaac  w losco -Loop  System 

with  Threshold  in  Feedback 

* At  this  value  the  spring  restoring  force  is  not 
®re*^er  the  coulomb  friction  force,  and  no 
further  action  is  possible. 


VM5 


THRESHOLD,  When  the  output  is  fed  back  through  a 
component  having  threshold,  it  must  exceed  the  thres- 
hold limits  a and  -a  (see  figure  VI-5)  before  any  signal 
reaches  the  input.  To  describe  this  system  for  all 
values  of  the  output  quantity,  equations  (VI-38),  (VI-37), 
and  (VI-38)  can  be  written.  •' 


d*x  „ <lx 


at 


fcrr  -a<  x < a 


(VI-37)  r k,k2(r-  aj  • 0 for  x>  a 


(VI-38) 


0 for  x<  -a 


where  x is  the  quantity  fed  back  and  k3  is  the  slope  of 


the  threshold  curve.  By  making  the  substitutions 


x.-x-a  for  x>a  and  x,  - x ♦ a for  x < -a  . these 


equations  may  be  written,  after  rearranging,  in  the 
form  of  (VI- 39),  (Vi-40),  and  (VI-41). 


(VI-39) 


^i»A  — 


for  -a<  x<  a 
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(TI.41J  £?!♦  bx,  - o for  x<--ft  • 

; >«,  vrfMre  A-l/v  «nrf  B.  (k;fc:8)/r  . "lithe  substitution 
Jf  mm  \»  made  tv  (▼!-»)  and  this  relation  divided 
-tlStaigh  by  y ylf  m*y  be  written  in  the  form  of  (VI-43); ' 

- &I-42)  &--A  for  -a<  x<  a 

.-4uy  . . •.  dx  , 

*.  and  in,  tiieir*- 

r • , jSeiorletfin  the  jfoae  place  will  here  e constant  slope 
- Of  magnitude  -A.  Equations  (Vf-40)  and  (VI-4i>are 
...  of  thesame  form  as  equation  (VI-21  >:  and  remit  in 
■ SqasfiiqM  similar  to  equation  (Vl-SS),  or  ' ■ * ~ ; 
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: ' • ■ 4^;  B* • ' for  *>  * --•  - 
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The  latter  three  equations  provide  the  necessary  in- 
fonuttoo  for  the  drawing  at  the  isoclines  in  the  phase 


(VI.47)  J ; ; _ A djfvgg-aC  for 

The  corresponding  equations  for  the  iSOettneS.are : : 
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Figure  VI-35.  Byatereaia  Curve 

The  trajectory  shown  in  figure  VI-33  was  drawn  with 
the  aid  of  these  isoclines . As  indicated  by  this  figure, 
the  presence  of  threshold  in  the  feedback  path  of  a 
position  servomechanism  may  cause  a steady  state 
error  equal  in  magnitude  to  the  threshold  value . When 
the  method  used  with  small  discontinuities  was  applied 
to  this  problem,  the  possibility  of  a steady  state  value 
Other  than  sero  was  not  apparent,  since  that  method 
approximated  the  non-linear  transfer  characteristic 
by  a straight  line. 

4 * 

LOOTING.  When  the  quantity  fed  back  in  figure  VI-32 
is  limited  so  that  values  of  the  output  exceeding  *s  will 
not  be  fed  back,  three  equations  (VI-46),  (VI-48),  and 
(VI-47)  are  again  needed  to  describe  all  the  possible 
motions  of  the  system . 


Isoclines 


Figure  VI-36.  Fh erne  him;  Cloned -Loop  Syniem  with 
iyatereaie  in  Feedback 
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for-  x<  -s: 
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These  three  equations  with  A - B > 1 and  c « 10  were; 
psed  to  draw  the  isoclines  of  figure  VI-34. 


HYSTERESIS.  Figure  VI- 35  illustrates  the  hysteresis 
curve  which  describes  the  relation  between  the  output 
i (a)  and  the  quantity  fed  back  (,£) ; xt  and  x2  are  the 
maximum  amplitudes  reached  by  the  output,  and  2a  is 
the  maximum  range  through  which  the  output  can  move 
4 without  causing  any  change  in  the  quantity  fed  back. 

.V/. 

The  differential  equations  for  the  system  are 


f'-  ^(Vr-S4)-  ...  ? • * A ^»+B  ~+  Cfx,*  a)  • 0 

■■■  , . . dt?<  ot 


• " • ilk**.*' .*  - 1“  ■ . _ 


-.•v-.By  making  the  substitutions.  y;-:(da/dt),  xj-x-a  , 
xj • and  dividing  the  resulting  equations  by  y , 
these  became  ?.*&*** 


(VI-33)  - -ftliliilj 

>.  • % \ yj  _ } 


with  center  at  x-  a 


(Visit)  g * ~("  y^"*)  Vhere  Pi  - (x.  - a) 


&i.s7y  p. 

. V - ft  i 


with  center  at  x - -a 


f- ' 


(VI.58)  p- 
fix 


where  02  ■ (xB ♦ a) 


In  figure  'VI- 36  a second  starting  point  was  taken:  at 
point  L and  the  above  procedure  repeated.  Unlike  the 
othef  closed- loop  examples,  the  steady  state  motion 
of  the  output  is  other  than  zero.  The  trajectory  start- 
ing at  A tends  to  spiral  toward  the  origin;  .while  that, 

spiral  away  from  the  origin.  Both  of  these  spirals 
are  actually  approaching  the  closed  curve  indicated 
by  a dashed  line.  • The  significance  of  this  closed  curve 
is  that  the  system  will  operate  in  what  is  termed  a 
limit  cycle.  That-is,  irrespective  of  the  initial  con- 
ditions the  Steady  State  output  of  the  system  will  be 
oscillatory  and  of  a magnitude  indicated  by  the  dashed 
line.  That  steady  state  oscillations  could  occur  in 
such  a system  has  been  shown  by  the  methods  used 
with  small  discontinuities.  ■ •" 


Equations  (VI- 55)  and  (VI- 57)  are  of  the  same  form  as 
previously  discussed.  Equations  (VI- 56)  and  (VI-58) , 
however,  are  functions  of  x„.  Therefore,  no  family 
of  isoclines  can  be  drawn  until  an  initial  value  oi  x„  is 
obtained.  For  the  purpose  of  drawing  the  trajectories 
in  figure  VI-36,  the  coefficients  of  the  equations  and  the 
hysteresis  range  were  assigned  the  values  A - B>  a <1, 
and  c- 10  . 

To  start  the  construction  of  the  trajectory,  an  initial 
value  of  x„  was  chosen  at  point  A in  the  figure.  With 
this  value  of  x,,  equation  (VI- 56)  provided  the  slopes, 
of  the  traj  ectory  for  different  values  of  y * which  per- 
mitted drawing  the  trajectory  froij^  A,to  b . Point .B  is. 
a distance  of  2a  (total  hysteresis' rluige)  on  the  x -axis 
from  A , and  is  the  point  at  which  the'  equations  of  slopes 
must  change  from  (VI-56)  to  (VI-57).  From  point  u to 
C the  trajectory  follows  the  slopes  given  by  equation 
(VI- 57) . The  value  of  x at  point  C is  the  xB  of  equation 
(VI- 58)  which  is  valid  until  the  trajectory  reaches  point 
b . Prom  point  D to  E equation  (VI- 55)  provides  the 
slopes  of  the  trajectory , At  point  E the  process  is 
repeated  except  for  the  different  values  of  x„  used'  as 
the  trajectory  passes  through  the  x-axis. 


BIBLIOGRAPHY 


The  following  bibliography  is  Included  for  reference . The  list  is  in  no  sense  com- 
plete, but  contains  the  major  source  material  for  this  chapter.  Many  of  the  ref- 
erences, themselves,  contain  much  more  complete  and  detailed  bibliographies. 

1.  ‘Probltoe  g&idral  de  la  stabilite  du  mouveraent, ' by  M.  A.  Liapounoff;  Annals  of 
Mathematical  Studies,  Vol.  17,  Princeton  Press, 

o ‘ ’ ^ 

2.  'Introduction  to  Non-Linear  Mechanics, 1 by  N.  Mlnorsky;  J.  W.  Edwards,  Ann  Arbor, 
1947. 

3.  ‘Small  Discontinuous  Non-Linearities,  ’ byD.  T.  McRuer  and  E.  6.  Ualliday;  North- 
rop Aircraft,  Inc.,  Unpublished  paper,  1952. 

4.  The  Effects  of  Backlash,  and  of  Speed-Dependent  Friction  on  the  Stability  of 

■'  Closed-Cycle  Control  Systems,  * by  A.  Tustin;  The  Journal  of  the  Institution  of 

Electrical  Engineers,  Vol.  94,  Part  II  A,  No.  1,  May,  1947. 

5.  The  Dynamics  of  Automatic  Controls,’  by  R.  C.  Oldenbourg  and  H.  Sartorius;  The 
- American  Society  of  Mechanical  Engineers,  New  York,  1948. 


VI-18 


'^AfsJLs. 


6. ' 'Analysis  of  Relay  Servomechanisms, ' by  H.  K.  Weiss;  Journal  of  the  Aeronautical 
Sciences,  Vol.  13,  No.  7,  July  1948.  ; - 


7.  The  Analysis  of  Relay  Servomechanisms, ' by  D.  A.  “Kahn;,  Report  No.  R 48-  22., 
Curtiss-Wright  Corp. , Columbus,  Ohio,  December,  1948. 


8.  Theory  of  Oscillations,’  by  A.  A.  Andronov  and  C.  E.  Chaikin;  Princeton  Univer- 
sity Press,  New  Jersey,  1949.  -- - 


• V- 


^r~~ 


"iff 


* V4-  _ <• 


-•  .. 


*. ..... — 

^ f'V<v 

A'  ' A:  v '•  X.  ■' 


V 


jQ, 


Ifio 


CHAPTER  VI! 

MACHINE  METHODS 


n y'.  ? 


SECTION! —i*  INTRODUCTION 


& 


In  the  preceding  chapters  of  this  volume  various 
methods  of  analysis  and  synthesis  have  been  discussed. 
It  has  been  pointed  out  that  the  matter  bf  primary 
interest  in  control  systems  work  is  the  transient  re- 
~ sponse;  and  the  methods  previously  used  have  been 
considered  from  the  point  of  view  of  obtaining  approxi- 
mations to  that  response,  " - ' " ’ • ; 1 

All  of  these  methods  Have  certain  defects,  but  are 
used  to  obtain  a sufficiently  close  approximation  to  the 
transient.  What  is  meant  by  sufficiently  close  at  any 
^ point  of  the  design  process  is:a  matter' of  judgment , 
but  the  essential  point  is  Shat  as  design;  continues  and 
more  and  more  exact  decisions  have  to  be  made,  more 
7 usd  more  complete  and  accurate  information  about  the 
transient  is  needed. 

The  methods  heretofore  discussed  have  been  arranged 
‘ in  a hierarchy  of  utility.  These  methods  are  desirable 
„V  not  only  from  the  stanc^int  afusefutaess,  but  also  be- 
■ cause  they  help  the  designer  de velop  a "feel"  for  the 
physical  situation,  These  methods,  however,  leave 
c ertaln  things  to  be  desired . For  example,  if  the 
system  under  consideration  is  a multi-loop  affair,  it 

effects  of  varying  an  inner -loop  parameter  an  the  over- 
-r  ail  behavior  of  theentire  system . Systems  of  this 
type  are  frequently  used  to  control  the  behavior  of 
■ aircraft,  which  are,  in.  themselves,  dynamical  systems 
of  no  mean  order  of  complexity. 

In  order  to  handle  complex  multi-loop  systems 
home  method  is  needed  which  rapidly  determines  the 
total  transient  response  In  such  a way  that  the  effects 
of  varying  any  parameter  are  easily  isolated  and  ob- 
served, Theoretically,  it  would  be  possible,  say  by 
hand  computation  of  enough  individual  cases,  to  find 
; an  optimum  combination  of  parameters.  However, 
from  the  point  of  view  of  the  time  required  to  complete 
a design,  this  procedure  is  often  outside  practical 
consideration.  The  result  is  that  a thorough  analysis 
is  not  performed,  and  an  extensive  period  cf  debugging 
the  actual  physical  system  is  required.  For  this 


- reason,  it  how.  becomes  necessary  to  consider  what 
can  be  dene  by  automatic  means  of  computation . This 
will  be  the  general  subject  matter  of  this  chapter 

"In  the  following  section,  the  reasons  for  using; 
machines  in  analysis  will  be  discussed  more  thoroughly 

-thmt'haf  bhenMbfii'  lit 

thtroduetory 'examination.  The  potentialities  and  limi- 
tations of  these  devices  will  be  examined.  Special 
attention  will  be  given  to  problems  which,  to  date,  can 
be  solved  most  practicably  with  computer  techniques  . 

It  will  be  shown  that  there  are  only  two  type's,  of 
devices  suitable  for  such  purposes  at  present}  the 
analog,  and  the  digital  type  of  computer.  The  two 
types  of  computer  (and  variations  within  each  type) 
wUl  be  discussed,  primarily  with  a view  to  indicate 
which  are  best  for  control  systems  analysis  and  syn- 
thesis, and  why  they  are  best.  i ■ 

During  this  discussion,  it  will  become  apparent  that 
the  operational  amplifier  type  of  analog  computer  ap- 
pears to  be  most  useful  for  the  applications  considered 
here  , The  final  section  of  this  chapter  will  attempt  to. 
"establish  that  this  proposition  is  inaeel  true.'  and  io 
say  under  what  conditions,  and  for  what  type  of  prob- 
lems this  superiority  of  the  operational  amplifier  analog 
most  manifests  Itself. 

In  order  to  do  this,  it  will  be  necessary  to- describe, 
in  some,  detail,  how  the  computer  works.  This  section 
Will  therefore  lay  the  groundwork  for  the  following 
chapter,  in  which  the  properties  and  operation  of  the 
operational  amplifier  computer  will  be  considered  in 
detail.  Section  3 of  this  chapter  will  thus  be  in  some 
sense  preliminary,  but  enough  material  will  be  given 
to  form  a firm  basis  for  the  discussion  of  the  relative 
advantages  of  this  type  cf  computer  over  other  kinds  . 
Special  attention  will  be  given  to  such  qualities  as 
easy  and  rapid  variation  of  basic  parameters,  ability 
to  collect  data  in  a form  suited  for  immediate  inspec- 
tion, and  usefulness  in  simulation  while  using  actual 
system  components. 


'At 
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SECTION  2 - NEED  FOR  MACHINE  METHODS 


The  dynamical  problems  presented  by  the  design  Of 
aircraft  control  systems  are  complex.  They  involve 
many  degrees  of  freedom,  and  may  contain  a multiplic- 
ity of  feedback  loops.  'Some  of  these  feedbacks  are  in- 
herent in  the  dynamics  of  the  airframe  itself;  others  are 


added,  in  the  design  of  the  control  system. 

Multiple-loop  systems  give  rise  to  the  most  difficult 
problems  in  control  systems  design,  primarily  because 
of  the  difficulty  of  determining  how  a change  in  an  inner 
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r loop  parameter  affects  the  overall  transient  response  of 
the  entire  system.  An  attempt  is  sometimes  made  to 
avoid  the  problem  of  d- ter  mining  these  effects,  For 
Example,  one  part  of  the  system  may  be  overdesigned 

0 and  forced  to  meet  too  stringent  requirements  in  an 
‘ .effort  to  assure  that  unknown  requirements  on  inner 
loop  parameters  are  met. 

' The  techniques  previously  discussed  do  not  adequately 
<•  meet  the  problem  discussed- above.  The  analytical 
methods  replace  a complicated  system  by  a single 
. clewed  loop  transfer  function  for  the  complete  sub- 
system. This  closed  loop  expression  often  contains 
--  the  parameters  of  the  components  in  complicated  com- 
binations rather  than  as  individual  and  easily  isolated 

~ quantities>..jy hen  such  expyessiionsLflre.lhen  used,  as 

iC ? p^t  of-a'dynamtcai  relation,,  it  becomes  extre.mely. 
•difficult  to  determine  the  effects^due  to  any  single 
; parameter  of  "a  component  in  the  inner  loop. 
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figure  Vli-f . Illustrative  Two-Loop  Sermoechahism 

Far  example  consider  the  system  shown  in  figure  VII-1; 
it  is.a  fairly  simple  two-loop  device.  Its  transfer 

:;fuhctidn  iarv' ^ •' 


(vn-i) 


1+  GjHj+GiGjG^i 


It  is  evident  from  the  form  of  this  expression  that  even, 
for  this  comparatively -simple  case  it  would  not  be  ~ 
easy  to  say  anything  about  the  effects  of  the  individual 
parameters  contained  in  Gi,  or  Ha,  upon  the  behavior 
of  the  entire  system.  * In  more  involved  multiple-loop 
systems,  such  as  found  in  aircraft  control  systems, 
the  determination  of  effects  of  inner  loop  parameter 
variation  becomes  an  horrendous  task  and  is  frequently 
economically  unfeasible.  The  technique  of  overdesign 
(which  was  discussed  above)  may  be  applied,  and  the 
efficient  design  of  the  entire  controls  system,  as  an 
integrated  unit,  is  imperiled. 

To  resolve  this  difficulty,  some  means  of  analysis  is 
needed  which  will  permit  the.  effects  of  varying  all  . 
parameters .to.be  quickly  and  easily. observed,- -no 
matter  how  the. component  bearing  these  parameters 
is  interconnected  with  the  rest  of  the  system. 

It  is  not  to  be  understood  that  the  reasons  discussed 
above  are  the  only  ones  which  indicate  that  it  would  be 
desirable  to  have  a means  by  which  parameter  changes 
could  he  readily  bandied.  The  analysis  of  any  complex 
system,  with  a number  of  adjustable  parameters,  would 
be  greatly  expedited  by  some  such  method.  Even  after 
a large  amount  of  preliminary  thinking  has  been  done 
about  suitable  (and  attainable)  ranges  of  adjustable 
quantities,  there  may  well  remain  a large  amount  of 
analysis  to  be  done  before  the  most  suitable  combination 
“or  paxameters  can  oe  selected.  ' ” - 

For  these  reasons  it  now  becomes  necessary  to  inves- 
tigate machine  methods.,  The  next  section  will  discuss 
the  various  types  of  computer  and  the  basic  mode  of 
operation  for  each.  The  final  section  will  compare  the 
types  of  computers  and  their  relative  usefulness  in 
solving  problems  of  the  sort  discussed  in  this  section,  •' 


SECTION  3 - AVAILABLE  METHODS  OF  AUTOMATIC  COMPUTATION 


Section  2 of  this  chapter  has  shown  that  a need  exists 
for  some  automatic  means  of  solving  the  equations  of 
motion  of  complex  systems.  This  section  will  consider 
two  Afferent  ways  in  which  this  may  be  done  by  the  use 
of  automatic  computation.  The  two  types  of  computation 
considered  are  the  analog  and  the  digital  methods. 

(a)  DIGITAL  COMPUTERS 

A digital  computer  is  any  device  which  solves  mathe- 
matical problems  by  the  numerical  process  of  counting 
discrete  quantities.  The  digital  computer  may  be  a 
device  as  simple  as  the  ancient  abacus  or  as  com- 
plicated as  the  modem  electronic  giant  "Whirlwind  I, " 
but  the  fundamental  principles  of  operation  are  the  same. 

The  normal  desk  computing  machine  is  another  example 
of  a digital  computer.  Since  this  is  a relatively  simple 
device,  it  will  be  used  to  illustrate,  in  somewhat  more 
concrete  form,  the  general  principle  of  operation 
stated  above.  .•  - 


Suppose  that  it  is  required  to  draw  a graph  of  the 
equation  y*  5x  + 10  An  operator  would  choose  discrete 
values  of  x,  say  xx,xa,...x„  and  use  the  machine  to 
multiply  each  x*  by  5.  The  machine  actually  operates 
in  the  following  way: 

The  quantity  one  is  added  xitimes,  and  then  this  sum 
is  added  five  more  times.  In  other  words  the  machine 
has  operated  by  counting  the  discrete  quantity  one,  5xA 
times.  Another  interesting  property  can  be  noted:  Hie 
machine  stored  the  sum  of  Xi  units  so  that  the  second 
operation  of  addition  could  take  place  later. 

After  each  xi  was  multiplied  by  5,  the  operator  would 

* To  do  eo,  of  course,  requires  at  least  a knowledge  of 
their  effects  upon  the  roots  of  the  characteristic 
equation.  Many  of  the  methods  previously  developed 
are  essentially  ways  of  getting  this  information  with- 
out actually  factoring  that  equation,  but  it  is  evi- 
dent fron  (VII-1)  that  these  methods  will  not  work 
here,  because  of  the  way  in  which  Ga,  Ha  (and  hence 
their  parameters)  are  involved. 
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write  down  the  resulting  product,  and  ait  (some  later  time 
add  10  to  obtain  y4.  In  this  operation,  the  operator 
stored  the  information  5xtdo  that  the  quantity  10  might 
be  added  at  a later  time.  When  all  the  were  com- 
puted and  tabulated,  the  graph  y * f( x) could  be  drawn . 
The  precision  of  the  graph  would  depend  on  the  ma»tniiim 
number  of  decimal  places  available  in  the  machine, 
since  this  would  determine  the  minimum  possible 
interval  between  the’  xt.  Obviously  the  graph  could  be 
made  as  accurate  as  desired,  within  the  limits  imposed 
by  the  available  number  of  decimal  places,  by  choosing 

between  the  x*,  — -- 


ships  of  the  system  to  be  studied. 


There  are  many  types  of  analog  computers,  but  they 
all  may  be  divided  into  two  categories:  ■ 

T,  Those  devices  in  which  the  detailed  structure  of 
-each  component  of  the  system  under  investigation  is 
represented  as  its  analog  (e.  g.  ; a spring  is  made 
analogous  to  a condenser , a damper  to  a resistance) . 
2.  Those  devices  which  function  by  performing  the 
mathematical  operations  indicated  > ’ the  differential 
equations  representing  the  systc  .d  to  be  studied. 


The  complete  procedure  and  operation  necessary  to 
solve  the  problem  could  be  outlined  in  the  following 

-»»y:  -•  •;  '•  ■ - 

If  Operator  decided  on  some  plan  of  action  or  "pro- 

gram."  . ' ; 

i2.  Operator  fed  some  information  into  the  machine. 
- <•‘13;.;  Machine  operated  on  some  information,  and 
v';7|tpred  some  information. 

\ d;..  Operator  stored  some  information  and  fed  some 
new  information  into  the  machine.  — - 

-<  5.  Machine  operated  on  new  information  and  pro- 
duced  answers&that  could  be  tabulated. 

~jf:6 . Operator  drew  graph  from  tabulated  information^ 


An. example  of  the  firgt  type  id; a transient  analyzer , 
This  device  might  be  set  up  to  investigate  the  dynamics 
of  a mechanical  system  which  contains  s mass,  M , 
danping,  B , and  a spring  constant,  k , and  is  d^jjcr ibed 
by  the  differential  equation: 


(VII -2) 


One  set-up  which  might  be  used  as  analogous  to  this 
mechanical  system  is  an  electrical  L.,  ft  , c series 
circuit  excited  by  a voltage  e(t)  and  which  has  as  Its 
equation 


(VII-3) 


L.!4t*S*sl 
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e(t) 
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Equations  of  the  types  considered  in  this  volume  could 
' always  be  solved  numerically  if  time  were  available; 
solutions  to  these  equations  might  be  obtained  by  using 
a desk.com^^j-fe*chiner.-Somewhat  in  the  manner 
~ described  above . This  wcsjld.  of  Course,  be  very  time 
'consuming.  It  is  to  overcome  this  objection  that  modern 
high  speed  digital  computers  have  been  built.  In  these 
: machines,  both  numerical  information  and  programming 
are  Introduced  at  the  beginning  of  a problem.  All 
required  operation?  (including  storage)  then  become 
completely  automatic.  Final  answers  generally  are 
received  in  the  form  of  tabulations,  or  punched  cards  ,• 
but  new  methods  have  been  developed  to  plot  answers  in 
graphical  form  also.  7 


The  mathematical  form  of  the  expressions  in  (VII-2) 
and  (Vn-3)  is  identical  provided  that  the  inputs  f(  t)  and 
e(t)  depend  upon  the  time,  t , in  the  same  way  func- 
tionally. Thus  the  behavior  of  the  electrical  system  can 
fc^  studted,  imd  the  results  applied-tothe^ 
of  the  mechanical  system. 


The  magnitude  of  the  inductance  may  be  made  numeri- 
cally equal:  to  the  magnitude  of  the  mass;  the  resistance, 
to  the  damping;  and  the  inverse  of  the  capacitance,  to 
tile  spring  constant. 


Many  techniques  have  been  developed  to  speed  up 
computation.  Electronics  has  been  used  to  replace 
mechanical  parts.  Counting  systems  other  than  decimal 
are  frequently  used.  Tliese  details  will  not  be  discussed 
here,  but  are  merely  mentioned  as  matters  of  back- 
ground interest. 


The  second  type  of  analog  computer  is  one  in  which 
devices  are  used  essentially  to  perform  mathematical 
operations  as  such,  rather  than  to  mimic  more  directly 
the  behavior  of  the  system  being  represented.. 


(b)  ANALOG  COMPUTERS 


An  analog  computer  is  a physical  system  the  variables 
of  which  may  be  easily  measured,  controlled  or  manip- 
ulated; it  is  used  to  study  another  physical  system  which 
does  not  have  these  desirable  characteristics.  In 
addition,  the  physical  system  represented  by  the  analog 
computer  must  be  governed  by  the  same  mathematical 
relationships  as  the  system  under  study. 


These  computers  are  of  the  "differential  analyzer" 
electromechanical  type,  using,  for  example,  Kelvin 
ball-and-disk  integrators,  and  of  the  "operational 
amplifier"  type.  These  operational  amplifiers  perform 
the  mathematical  operations  of  addition,  multiplication 
by  constants,  and  integration  with  respect  to  time.  In 
addition,  special  apparatus  may  be  used  for  multi- 
plication of  variables  and  the  introduction  of  discontinuity 
type  non-linearities . 


In  this  type  of  computer,  variables  are  represented  by 
voltages;  parameters  are  adjusted  by  plug-in  resistors, 
potentiometers,  and  capacitors,  and  results  are  easily 
recorded  in  graphic  form  by  means  of  oscillographs, 


The  analog  computer  may  be  a device  as  simple  as  a 
slide  rule  in  which  a length  along  the  rule  is  made 
proportional  to  the  logarithm  of.  the  number  concerned. 
On  the  other  hand  the  analog  computer  may  be  as  complex: 
as  the  modern  electronic  computer  Whose  electrical 
system  is  set  up  according  to  the  mathematical  relation- 


The  previous  example  may  be  used  to  show  how  such  a 
computer  might  be  set  up.  Equation  (VII- 2)  may  be 
rewritten  as:  ’ 


d*x 


dba 


f(  t)VB  ||  - kx 


The  computer  might  be  set  up  as  indicated  in  the  sche- 
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matic  of  figure  VH-2. 

Note  that  the  only  operations  used  are  addition,  multipli- 
cation by  constants  (including  -l)"or  integration  with 
reaped  to  time.  A voltage  equal  to  f (t)  is  fed  into  the 
computer  and  x and  its  first  two  derivatives ~£ay  be 
picked  off  as  voltages  or  applied  to  a recorder  for 
graphical  representation. 


In  this  example  the  computer  is  easily  designed  to 
operate  in  the  same  time  scale  as  the  physical  system 
represented.  The  operational  amplifier  type  analog 
computer  can  almost  always  be  used  on  this  one-to-one 
time  relationship  with  physical  systems  such  as  servo- 
mechanisms. For  the  special  cases  where  frequencies 
involved  are  too  high  or  too  low  for  satisfactory  opera- 
tion, time  scale  changes  may  be  easily  made,:  . 


.Amplifier 

used  as 
sn  Adder 
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as  Integrators 


future  VII- 2. 


Illustrative  Analog  Computer  Setup' 


SECTION  4 - EVALUATION  OF  MACHINE  METHODS  FOR  CONTROL  SYSTEM  WORK 


The  previous  sections  of  this  chapter  have  shown  the 
need  for  machine  methods  and  the  types  of  computers 
: aeaMsM^y  '•fljrfif5  rmirttfiHrtlT  rnlatfrw  nwi  Ur 

of  analog  and  digital  computers  when  used  in  coni  1 
system  work.  The  two  types  will  be  compared  and 
contrasted  so  that  some  conclusion  may  be  drawn  re- 
garding the  choice  of  computer  type  for  specific  appli- 
cations. -;h  " 

The  choice  of  type  of  computer  will  be  dependent  large- 
ly on  the  following  items: 

1.  Set-iip  time.  ’ ^ V,'.  ■ ■ - 

2 . Easy  and  rapid  variation  of  parameters . 

3.  Ability  to  collect  data  in  a form  suited  for  im- 
mediate inspection.  ; - 

4.  Usefulness  in  simulation  while  connected  to 
actual  system  components. 

? 5.  Accuracy. 

(a)  SET-UP  TIME 

In  the  last  section,  it  was  shown  that  digital  computer 
operation  depended  upon  previous  programming.  Ih 
complex  problems,  of  the  type  treated  in  aircraft 
control  work,  the.  preliminary  programming  may  be- 
come a Herculean  task.  Recall  the  operations  re- 
quired for  the  simple  example  given  to  the  last  section, 
and  then  consider  the  large  programming  necessary 
to  solve  a simple  sixth  order  algebraic  equation , 
This  task  is  multiplied  many  times  when  one  considers 
operations  such  as  integration,  differentiation  and 
inputs  such  as  sine  waves,  or  irregular  waves. 

Muiy  digital  computers  are  built  as  "general  purpose/' 
machines.  That  is,  they  can  be  set-up  to  perform  a 
wide  variety  of  combinations  of  elementary  operations 
necessary  for  the  solution  of  various  kinds  of  problems . 


These  "general"  computers  have  the  advantage  of 
being  applicable  to  a very  large  number  erf  types  of 
- - problems,  -but-a  Considerable  pr?---  ha--  *rt  feg  paid  for 
this  flexibility,  Because  of  it,  extensive  programming 
and  a large  set-up  time  becomes:  necessary  to  prepare 
the  machine  for  the  solution  of  specific  problems . 
Digital  computers  have  also  been  built  for  special, 
purposes  but  not  all 'exigencies  can  be  adequately 
covered  by  such  "special  purpose"  machines,  and 
even  with  "special  purpose"  machines,  careful  pro- 
gramming may  be  required. 

For  those  types  of  problems  where  the  same  cycle  of 
operations  is  performed  repetitively,  the  set-up  time 
for  a digital  machine  becomes  a smaller  proportion 
of  the  total  time  allotted  for  a task.  Use  of  analog 
computers  may  also  require  careful  planning.  Certain 
precautions,  important  in  any  electrical  circuitry, 
must  be  observed.  Details  such  as  impedance  match- 
ing, voltage  levels,  and  efficient  use  of  amplifiers 
must  be  examined-  These  considerations  are  of  con- 
siderable more  importance  to  the  physical  structure  type 
of  analog  computer  than  in  the  operational  amplifier  type . 

With  both  analog  and  digital  type  computers,  consider- 
able interconnecting  must  be  done.  The  interconnecting 
must  be  checked  and  this  takes  time.  However,  the 
wiring  required  to  the  analog  computer  is  considerably 
less  than  that  used  to  the  digital  type  because  of  complex 
programming  required  by  the  latter. 

(b)  VARIATION  OF  PARAMETERS 

It  is  not  usually  easy  to  change  the  numerical  values 
of  parameters  to  digital  computers.  These  machines 
may  perform  individual  operations  at  extremely  high 
speed.  However,  an  entire  computation  may  have  to  be 


mm 
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^ carried  through  one  or  two  hundred  times  before  the 
equivalent  of  one  second  time  of  operation  of  the  device  • 
represented  by  equations  is  complete.  In  addition  the  0 
results  are  usually  presented  in  tabular  or  punch  card 
form.  For  these  two  reasons  - length  of  time  and  poor 
form  of  Output  data  - it  is  difficult  for  an  operator  to 
-evaluate  quickly  a result  so  that  he  may  sensibly  vary 
.a  parameter.'  • - 

■ In  the  physical  structure  type  analog  computer,  each; 
parameter  is  usually  represented  by  easily  identifiable 
isdivlckial  or  group  resistors,  capacitors,  or  inductors , . 
.These  components  may  be  varied  within  limits,  but  the 
problem  of  size  (mentioned  earlier)  must  be  reckoned 
with.  •; 

Parameters  may  usually  be  varied  on  the  operational 
amplifier  type  by  merely  changing  a plug-in  resistor  or 
the;  setting  of  a potentiometer . It  will  be  shown  later 
that,  all  electrical  analog  computers  present  data  in  a 

--form  that  makes  evaluation  simple  and  rapid.  This 
is  of  great  assistance  to-iheropwatqr  who  wants  to  make.. ' ; 
reasonable  decisions  when  varying  parameters , 

(c)  FORM  OF  DATA 


,.V  _. 7.  The  results  of  digital  computers  are  usually  presented 
^form./C^':punched  cards  or  tabulation  of  numbers  . 

, , , Xs  has  been  pointed  out  previously,  it  is  difficult  to 
7 ; visualise  the  behavior  of  a physical  system  from  tables 
% -v’Vv  or  punched  cards . There  are  some  new  machines 
* which  convert  the  results  into  graphical  form.  How- 

*\  ; ever,  even  with  these  machines  it  takes  a relatively 

7f,  v r long  period  oftlme  to  plot  the  equivalent  of  one  second 
7..'  :,9BergtlgLpf  a physical  system.  ; . . ,,  — - ..  ■ - = 

— '-7777/,. . " ~ 

‘ The  results  obtained  from  analog  computers  are  pre- 
sented in  the  form  of  voltages.  It  is  a Simple  matter 
to  connect  any  output  of  the  computer  to  one  of  several. 
==7..  ..,7  types  of  recorders  which  aut$matic.a,1y  plot  a variable 
it  “7.  -7  against  time.  This,  together  with  the  fact  that  the 
.7  7-r_- 7 analog  computers  can  jrbrkln  real  time,  makes  the  - 
7 evaluation  of  the  system  under  investigation  simple 
. and  rapid.  , '■ 

~ ^ (d)  SIMULATION 

- _ ^ 1 V.  " 7 

*•  -<p  |g  frequently  desirable  to  simulate  operation  of  a 
complete  system  by  combining  actual  physical  sub- 
systems with  the  mathematical  representation  (com- 
puter operation)  of  the  balance  of  the  system.  In  this 
~‘7  .7  way,  it  becomes  p^sible  to  avoid  errors  which  might 
result  from  an  attempt  to  represent  the  subsystem  in 
purely  mai*'ematlcal  form.  In  some  cases  the  physical 
laws  whit  ,i  govern  the  behavior  of  that  subsystem 
have  nothin  well  worked  out  in  nnathematical  form,  or 
they  are  sufficiently  complicated  that  reduction  to 
suitable  machine  form  might  demand  excessive  time  . 

digital  computers  do  not  operate  on  a real  time  scale, 
in  general,  and  also  generally  do  not  put  out  signals  in 
a form  directly  usable  by  the  physical  equipment* 
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. therefore,  it  normally  cannot  be  used  for  the  purposes 
of  simulation.  The  analog  computer,  and  in  particular 
the  operational  amplifier  type,  does  work-in  real  time 
and  is  admirably  suited  to  simulation  studies. 

(e)  ACCURACY  . — • 

Theoretically,  the  results  of  digital  computing  may  be 
made  as  precise  as  desired.  The  precision  is  limited 
only  by  the  number  of  digits  which  the  machine  Can 
hold  in  the  various  registers  of  its  arithmetic  unit 
and  its  memory  or  storage  function.  This  limitation 
is  mere  severe  than  is  apparent  at  first  glance.  Numer- 
ical errors  caused  by  rounding  off  figures  and  trun- 
cating numerical  series  tend  to  cumulate  statistically. 
For  this  reason,  it  may  be  necessary,  for.  example,  to 
carry  a large  number  of  significant  figures  in  a com- 
putation in  order  to  be  assured  that  the  result  is  correct 
to  a relatively  few  significant  figures . This  sort  of 
difficulty  may  be  minimised  by  very  careful  planning 
and  programming: — ~ *7  . . 

The  precision  of  analog  computers  is  largely  determined 
by  the  precision  of  the  components  within  the  computer . 
With  Cafeful  planping,  most  analog  computers  can 
produce  results  accurate  to  within  a few  percent. 

It  should  be  noted  that  in  controls  system  work,  the 
parameters  of  components  of  the  control  system  are 
seldom  known  to  better  than  about  ten  percent . In  the 
case  of  certain  aerodynamic  quantities,  uncertainties 
as  much  as  ± 5C%  are  not  uncommon.  For  these 
purposes  extreme  accuracy  is  not  usually  justified  in 
automatic  machines . 7 . J7  • 

For  those  special  cases  where  an  investigation  re- 
quires extreme  accuracy  only  digital  machines  can 
be  used  at  the  present  time . - — • 7 


In  conclusion,  it  may  be  stated,  on  the  basis  of  the 
above  considerations,  that  the  operational  amplifier 
type  analog  computer  Is  generally  the  "best",  machine 
- for  use  in  control  systems  work.  In  special. cases,, 
the  other  types  should  be  considered. 

It  may  not  be  inapposite  here  to  look  ahead  somewhat 
to  a possible  future  time  at  which  a purely  automatic 
comHnatiori  of  digital  and  analog  methods  can  be  effected . 
Many  problems  will  have  to  be  solved  to  do  this  — such 
as  design  of  high-speed  digital-to-ahalog  and  analog- 
to-  digital  translators —before  such  a combination  will 
become  possible.  In  such  a machine,  the  analog  com- 
ponents would  be  used  wherever  their  other  advantaged 
outweighed  the  need  for  precision. 

This  prospect  is,  however,  something  very  definitely 
in  the  future,  and  until  this  means  br  others  become 
practically  realizable,  the  advantages  of  the  analog 
type  of  computer  for  control  system  work  will,  in 
almost  all  cases  overbalance  the  higher  accuracy  of 
the  digital  computer.  .-. 
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CHAPTER  VIII  ~ 
THE  ANALOG  COMPUTER 


SECTION  1 - INTROD1UCTION 
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In  the  preceding  chapter,  tt  was  shown  that  the  opera- 
, tlonal  amplifier  analog  computer  Is  the  most  valuable 
; device  now  In  existence  for  the  machine  solution  of 
” control  systems  dynamical  problems.  The  present 
; ■ chapter  considers  material  relevant  to  the  application 
of  this  type  of  automatic  computation  to  such  problems  . 

' The  first  section  deals  with  d.c.  amplifiers  and  ex- 
plains how  they  are  used  to  perform  certain  mathemati- 
' cal  operations  required  for  the  solution  of  differential 
equations.  In  this  section  it  is  assumed  that  the  ampli- 
fier is  an  ideal  device . Hence,  this  discussion  Will  be 
completely  applicable  only  in  those  cases  where  the 
various  approximations  made  in  Idealising  the  opera- 
’ tlonal  amplifier  introduce  negligible  error.. 

The  second  section  will  consider  real  amplifiers  (i.  e . 
non-ideal)  and  Show  how  and  why  the  results  obtained 
• from  such  a real  amplifier  differ  from  the  results' 
L:  obtained  from  an  ideal  amplifier.  In  particular,  the. 

effects  of  non-infinite  gain  in  the  amplifier,  of  drift, 

: and  of  grid  current  will  be  discussed. 

~ T*!?  third  section  will  consider  in  more  detail  the  use 
jj  of  the  Operational  amplifier  as  a summer,  a sign 
)>  changer,  and  as  an  integrator. 

>,  This  will  be  followed  by  material  related  to  Use  inter- 
connection and  use  of  operational  amplifiers  in  the 
*'■  solution  of  single  and  simultaneous  linear,  differential 
equations  with  constant  coefficients. 

In  this  part  of  the  chapter,  .the  manner  in  which  a com- 


puter is  set  up  for  a representative  set  of  suitable 
equations  will  be  Considered.  This  will  include  the 
determination  of  "gains, " the  selection  of  appropriate 
voltage  levels,  the  computation  of  suitable  resistor 
values  and  potentiometer  settings,  and  the  arrange- 
ment of  the  apparatus  for  maximum  utilization  of  equip- 
ment and  mteimfeatim  of  possibility -of  misbehavior . 

The  concluding  section  of  this  chapter  will  then  take 
up  the  Important  practical  question  of  tee  representation 
’ In  machine  form  of  non-linearities.  As  pointed  out  in 
chapter  n any  read  control  system  will  contain  non- 
linear effects  such  as  backlash,  Coulomb  friction,  and 
threshold  and  very  often,  excessive  efforts  may  bemade 
to  minimize  their  effect  because  of  Ignorance  of  their 
Influence  on  system. behavior.  Other  non-linearities , 

/ such  as  ^n  lng  pre-londing  or  var3ii«  spri!^  corurtaiiis  , - 
may  actually  be  built  into  a system  in  order  to  produce 
a dynamic  effect. which  cannot  be  obtained  by  linear 
meass-.  --  - - . • . • ; ,V>v  ..  4 ^2 

The  means  of  representing  threshold,  acceleration,  ve- 
locity, oe  displacement  limitations,  backlash.  Coulomb 
friction,  spring  preload,  and  varying  spring  constants 
will  be  discussed.  Certain  limitations  on  the  means 
of  representing  these  effects  will  be  pointed  cut. 

The  non-linear  problem  is  one  in  which  computer  opera- 
tion has  a very  great  advantage  over  other  methods  for 
determining  the  response,  since  analytic  solution  of 
equations  with  non-linearities  is  inherently  a tedious 
step-by-step  process.  The  automatic  computational 
methods  seem  to  offer  tee  only  hopeful  teclmiqne  of  deal- 
ing with  these  very  important  properties  ofthe  system  . 


SECTION  2 - ’IDEAL"  D.C.  AMPLIFIER  OPERATION 


This  section  discusses  ways  in  which  operational  ampli- 
fiers may  be  used  to  perform  certain  mathematical 
processes  used  in  the  solution  of  differential  equations. 
These  processes  usually  consist  of  algebraic  addition, 
multiplication,  integration,  and  differentiation.  In  the 
operational  amplifier,  these  quantities  are  voltages 
which  are  analogous  to  the  dependent  variables  of  the 
differential  equations  written  for  the  systems  to  be 
studied.  _ ,/ 

In  general,  tee  operational  amplifier  consists  of  a 
high  gain  dc  voltage  amplifier,  an  Input  Impedance, 
aid  a feedback  Impedance . Figure  vm- 1 illustrates 
tbs  manner  in  wMch  these  elements  are  Interconnected. 

fj  __  O <C*  * ’ 


The  impedance,  zg,  is  added  to  this  figure  to  represent 
the  Input  grid  resistor  of  the  voltage  amplifier. 

The  overall  gain  of  this  amplifier  may  be  found  by 
writing  the  four  equations  (vm-1)  through  (YUM),  and 
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For  this  case,  the  operation  performed  by  the  opera- 
tional  amplifier  is  that  of  integration,  sign  changing, 
and  multiplication  by  a constant  (1/RjC). 

The  operational  amplifier  may  be  made  to  differentiate 
by  interchanging  the  .resistance  and  capacitive  reactance 
used  above  so  that  the  relation  between  the  input  and 
output  voltages  will  be  as  given  by  equation  (Vin-10). 
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The  equivalent  relation  in  the  time  domain  is 
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solving  for  the  ratio  e0/ei . • 

found  from  these  equations,  is  given  by  - = 
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r In. this  section,  the  amplifier  will  beconsidered  an 
Ideal  device . As  shown  by  equation  (VHI-5),  a very 
high  gain  dc  voltage  amplifier  will  make  the  operational 
amplifier  relatively  independent  of  all  q&tiitfes  except 
"the  ratio  of  feedback  impedance  (Zf)  to  input  impedance 
„ (Zi)  ; . An  ideal  operational  amplifier  then,  would  have 
a dc  voltage  amplifier  of  infinite  gain.  For  this  ideal 
mse,  the  relationship  between  the  input- voliage  and  the 
output  voltage  is  given  by  equation.(yni-S);  wherelfhe. 
minus  sign  indicates  a change  in  polarity.  •— -:- 
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The.  ratio  -zf/zt  may  be  thought  of  as  a multiplying 
factor  or  operator  by  which  the  input  voltage  is  multi- 
pli  ed  to  get  the  output  voltage . In  particular,  if  these 
two  impedances  are  resistors,  the  input  voltage  will 
be  multiplied  by  the  ratio  of  these  resistors;  and  will 
have  its  sign  changed . The  operation  performed  by 
thel  . erational  amplifier  is  that  of  multiplication  by 
a constant  and  sign  changing  for  this  case.  If  the  ratio 
is  unity,  the  operational  amplifier  serves  only  as  a 
sign  changer. 

If  the  feedback  impedance  is  a capacitive  reactance, 
i . e. : zt  * 1/ (sO;  and  the  input  impedance,  a resistance, 
the  operator  becomes 
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The  relation  between  the  input  voltage  and  output  voltage 
Is  given  by  equation  (VIII-8). 


(VIII- 8) 
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The  equivalent  relation  in  the  time  domain  is 
(VIII-9)  - rc 
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. In  this  case,  the  operational  amplifier  will  multiply- 
this  derivative  by  fi jC  and  change  its  sign.  As  will  be 
pointed  out  in  section  VBl-3,  the  use  of  the  operational 
amplifier  as  a differentiator  may  not  be  desirable 
because  of  the  presence  of  noise.  ’ ; ~ - 

If  the  feedback  impedance  of  the  operational  amplifier 
consists  of  a parallel  combination  of  resistance  and 
capacitive  reactance  so  that  Rf/R^Jr  h the 
resulting  relationship  between  the  input  voltage  and  the 
output  voltage  is  given  by  equation 
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In  the  time  domain,  .this  relation  is  given  by  "equation 

(vm-13).  , 


For  a unit  step  input,  the  output  is  a first-order  lag 

' v?-” ^ J / • t" 
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Before  discussing  the  process  of  addition  with  the 
operational  amplifier,  it  is  of  importance  to  note  that 
the  grid  voltage,  eg,  of  the  dc  voltage  amplifier  re- 
mains relatively  unchanged  while  the  input  is  varied. 
That  is,  as  this  grid  voltage  tends  to  change,  the  out- 
put voltage  tends  to  oppose  this  change.  To  show  that 
this  is  true,  equations  (vm-1)  through  (vm-,4)  are 
solved  for. the  ratio  of  grid  voltage  to  input  voltage: 


(VilI-13) 
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It  is  apparent  that,  for  gains  approaching  infinity,  as 
does  that  of  the  ideal  amplifier,  the  grid  voltage  re- 
mains at  ceroi,  . . - . 

Figure  vm-2  illustrates  the  manner  in  which  the  ele-. 
mentsare  interconnected  to  perform  the  process  Of 
addition.  The  sum  of  the  currents  flowing  into  point 
A must  equal  the  sum  of  the  currents  flowing  out  of 
point  A : 
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1 The  grid  currant  is  assumed  sera  in  ths  voltage  am- 

- Pllfier  and  does  not  enter  into  equation  (VM-lfl).  As 
shown  in  the  preceding  paragraph,  the  grid  voltage  is 

- o " ; ddrpin  the  idee!  aperatioMl  amplifier.  - Equation  (vm- 
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Id)  then  takes  the  form  of 
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which}  when  rearranged  can  be  written  in  the  form 

jrm-w 

From  this  latter  equation  it  cah  be  seen  that  the  output 
at  the  operational  amplifier  is  the  sum  of  the  inputs 
multiplied  by  their  respective  operators . Though  only 
three  inputs  were  considered  above,  any  number  can 
be  used.  The  operation  of  integration  or  differentlatiaii, 
multiplication  by  constants,  and  summing  cah  be.  com- 
bined in  a single  operational  amplifier.  v 

in  this  section,  it  has  been  shown  how  the  operational 
amplifier  may  be  used  to  perform  certain  mathematical 
processes  needed  for  the  solution  of  Unear  differential 
equations  with  constant  coefficients.  The  manher  in 
which  n«m-linefeitteTfiiay  be  included  with  the  oper- 
SUonelamplifier  will  be  discussed  In  section  slx  of 
this  chapter.  - - • 


SECTION  3 - NON-IDEAL  OPERATIONAL  AMPLIFIERS 
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In  Section  VIII- 2 it  was  shown  how  the  Operational 
'amplifier,  if  Ideal,  could  be  used  to  perform  certain 
mathematical  operations.  Actually,  the  operational 
amplifier  is  not  ideal.  The  dc  voltage  amplifier  does 
not  have  infinite  gain,  and  is  subject  to  "drift, " grid 
current,  electrical  noise,  and  limiting.  In  addition 
to  these  undesirable  characteristics  in  the  dc  voltage 
amplifier,  the  other  components  which  make  up  the 
operational  amplifier  may  net  have  the  properties 
assumed.  In  this  section  the  effect  of  these  non-ideal 
properties  on  the  operations  pertormedwlllbedis- 
: cussed  qualitatively  * Quantitative  material  will  be 
developed  in  section  vm-4. 


The  dc  voltage  amplifiers  used  in  electronic  analog 
Computers  usually  have  voltage  gains  ranging  in  the 
order  of  5, 000  to  100,  000.  AS  is  apparent  from  equation 
(yin- 5),  the  &ct  that  the  gain  is  not  infinite  puts  certain 
restrictions,  upon  the  permissible  values  of  input  and 
feedback  impedances . These  restrictions  Will  be 
further  discussed  in  section  vm-4. 

When  the  Input  to  a high  gain  and  properly  balanced 
dc  voltage  amplifier  is  sero  the  output  should  also  be 
at  sero  potential.  However,  there  may  be  small  current 
changes  (drifts)  In  the  tubes.  These  drifts  may  be 
caused  by  slow  changes  in  dc  supply  potentials,  in 
cathode  emission  due  to  filament  supply  changes,  and 
in  the  resistance  of  resistors  due  to  changes  In  the 
ambient  temperature.  When  these  current  changes 
occur  in  the  first  tube  of  the  dc  voltage  amplifier,  their 
effect  will  be  multiplied  by  the  gain  of  the  amplifier 
with  a resulting  large  change  in  the  output.  When  such 
an  amplifier  is  usedas  a computer,  the  output  signal 
will  then  have  this  drift  voltage  added  to  that  calculated 
for  the  ideal  operational  amplifier. 


The  dc  voltage  amplifiers  la  of 
used  in  whit  Is  tensed  ’tiiii 
the  grid  is  alwmrs  asgative  wifi 


That  Is, 


When  the  grid  is  negative  with  respect  to  the  cathode, 
a current  flows  away  from  the  grid  terminal,  as  shown 
in  figure  vm-3.  This  current  is  of  the  order  ot  micro- 
amperes; but,  when  flowing  through  a sufficiently  high 
impedance,  it  may  cause  an  appreciable  voltage  drop 
across  that  Impedance.  As  was  Shown  in  the  previous 
Seetton,  the  Input  grid  voltage  of  the  operational  am- 
plifier is  effectively  at  sero  potential  for  any  reasonably 
large  gate  la  the  dc  voltage  amplifier.  For  this  reason, 
the  grid  impedance  1b  not  shown  in  figure  yin- 1. 


Figure  VIII -3.  Operational  Amplifier  with 
Grid  Current 

In  figure  VIII-3,  the  Sum  of  the  currents  entering 
point  A asst  be  sero  as  shown  by  equation  (Vm-19). 
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This  equaffeu.  when  solved  for  the  output  voltage, 


(vui-aa)  ••‘-(if 


(Vm-aO)  shows  that  dm  cfeput  voltage  consists 
■Id— d fetich  wwiilu  SMniasd  front  an  Ideal 
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7 operational  amplifier,  plus  an  additional  component 
*•••  - determined  by  the  magnitude  of  the  grid  current  and 
the  feedback  Impedance. 

p ' ■ ' '• 

Generally  speaking,  noise  may  be  defined  as  any  un- 
desirable  voltage  which  may  appear  with  the  desired 
7,  voltage.  The  average  value  of  the  noise  has  been 
...  discussed  in  connection  with  drift  and  grid  current  . 
v*  „ .In  the  following  discussion,  noise  will  refer  to  that 
r component  which  has  a zero  average  value.  The  sources 
; of  noise  are  many.  Within  the  dc;  voltage  amplifier, 
the  two  primary  sources  of  noise  are  that  generated 
in  resistors  when.currents  are  flowing  through  them, 

. - and  the  thermal  noise  generated  within  the  vacuum 
. tubes  due  to  the  uneven  "boiling  off"  of  the  electrons 
from.thepathodes.  Of  greater  importance  is,.,  per  haps, 
~ '^3^hOiSp  due  to  ’’pickup. " TfiejSires  usedio  inter-- 
..  ..  connect  the  operational  amplifiers  cannot  be  completely 
\.  shielded,  and  will  pick  up  stray  fields  radiated  by 
Z other  components  used  in  the  analog  computer  , t The 
7#-^presence;6f^olie;iu  theie-b6ffl^ei^^Mtl'')me‘  lowest 
■ permissible  voltage  which  Can  be  operated  upon  by  the 
. :7  operational  amplifiers  without  having  the  noise  appear 
. ss-amapprwiablS  part  of  the  final  result. 


are  used  in  the  better  analog  computers. 


As  will  be  shown  in  section  five,  the  gains  used  in  the 


of  the  differential  equation  being  analyzed.  Since  there 
is  an  infinite  number  of  possible  coefficients,  an  infinite 
number  of  possible  gains  could  be  required.  It  is  not 
practical  to  obtain  these  gain  variations  by  varying  the 
feedback  impedance,  since  when  integrating,  this  would 
mean  a very  large  variable  capacitor  would  have  to  be 
employed.  For  the  same  reason  it  is  not  very  practical 
to  vary  the  input  impedance  appreciably.  Furthermore, 
if  small  values  of  input  impedance  were  required,  the 
sources  of  input  voltage  would  be  excessively  loaded. 

To  make  possible  the  desired  gain  variations  without 
varying  the  inpui  and  feedback  impedances,  electronic 
analog  computers  have  provisions  for  inserting  a po- 
tentiometer in  the  input  of  the  operational  amplifier 
as  shown  in  figure  VIII-4. 


It  was  mentioned  in  the  previous  section  that  differ- 
entiation with  the  operational  amplifier  may  not  be 
. recommended  due  tpJhe  presence  of  noise . If  the 
noise  voltage  has  small  rise  and  decay  times,  as  do 
the  thermal  andvresistor  types,  the  operational  ampll- 
• Tier  connected  as  a differentiator  will  differentiate 
these  voltages.  If  the  input  voltage  is  varying  slowly, 
it  is  easy  to  see  that  the  output  signal  may  become 
; largely  noise  . In;  addition  the  differentiated  noise 
amplitude  may  become  so  great  that  amplifiers  over- 
load. 


The  dc  voltage  amplifier  used  In  the  operational  ampli- 
fier *s  limited  to  a maximum  voltage  which  can  be  ob- 
tainea  at  the  output.  ’ Above  this  value,  the  output  stage 
saturates.  To  help  eliminate  the  possibility  of  un- 
knowingly exceeding  the  linear  operation  range  of  the 
amplifiers,  most  electronic  analog  computers  make 
use  of  indicators  which  signal  when  limiting  occurs  . 

As  was  pointed  out  in  the  previous  section,  the  oper- 
ation performed  by  the  operational  amplifier  depends 
primarily  upon-the  input-  and  feedback  impedances, 
The  operational  amplifier  may  be  considered  as  non- 
ideal  in  the  sense  that'  these  Impedances  may  not  be 
as  assumed.  While  the  values  of  resistors  and  con- 
densers used  for  these  impedances  are  stated,  the 
fact  that  they  may  differ  by  whatever  tolerance  has 
been  assigned  must  be  kept  in  mind.  In  addition  to 
the  values,  it  is  of  importance  to  know  if  the  com- 
ponents are  effectively  pure.  That  is,  if  a resistor 
contains  only  resistance  and  a capacitor  only  capacitive 
reactance.  At  the  frequencies  used  in  analog  computers 
the  inductive  effects  of  resistors  are  negligible  and  need 
not  be  considered.  Capacitors,  however,  have  a certain 
amount  of  leakage  through  them  so  that  an  accurate 
r epresentation  of  a capacitor  would  show  a resistor  In 
parallel  to  represent  the  leakage.  To  reduce  this 
leakage  to  a negfigiblo  ate.  ttehte  nttb  p^daiMfrft 
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Figure  VIII-4.  Operational  Amplifier  with 

Potentiometer  -;-~- 

In  effect  the  potentiometer  may  be  considered  as  an 
amplifier  with  a gain  variable  from  zero  to  unity.  As 
may  be  noted  in  the  figure,  the  fact  that  the  grid  voltage 
is  always  near  zero  effectively  places  the  input  impe- 
dance across  the  potentiometer  as  illustrated  in' figure 
vra-5,  . '.'-v 


Figure  VIII-S . Fquivn lent  Circuit 
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If  KRi  is  that  fraction  of  the  potentiometer r„  across  tx\ 
the  overall  gain  (ej/e,)  is 


(VIII -31) 


From  this  expression,  it  is  apparent  that.the  gain  ahead 
of  the  operational  amplifier  is  the:  fraction,  K , of 
potentiometer  setting  only  when  the  input  impedance 
is  much  larger  than  the  potentiometer  resistance. 
Equation  (VEI-21)  may  be  used  to  construct  a family 
of  curves  relating  the  fractional  potentiometer  setting 
to  the  ac  tual  potentiometer  gain  for  various  values 
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8ECT10N  4-  EFFECTS  OF  NON-IDEAL  OPERATION 


h section  three,  it  was  pointed  out  that  operational 
ampMtlsrs  are  not  ideal  device*.  They  nay  be  aaeumed 
Ideal,  however,  if  the  effects  which  m*e  theemoliflers 
differ  froni  Ideal  can  be  made  negligible.  In  this  aec- 
tton,  measures  which  minimise  these  effects  will  be 
discussed  so  that  the' operational  amplifier  may  be 
UsM  aa  id  error  in  results;.  If 

such  steps  were  not  taken,  it  would  be  necessary  to 
make  time  enaswming  calibration  and  correction  cotn- 


If  j*>  is  substituted  for  s,  (ym-25)  may  be  separated 
into  the  amplitude  and  phase  expressions  of  (ym-M) 


(tlil-M)~  Mplltede  - 


(¥111-27) 
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b the  dc  voltage  amplifiers  used  with  most  analog 
computers,  the  grid  impedance,  Z,  , is  mads  much 
' „ Isrger  than  the  input  and  feedback  impedances.  For 
% ' these  cases,  equation  (Vlri-S)  may  be  simplified  to 
that pf  (ym-ss).  ' ..  - 

^ ate.-  ••  -=~ **-?>*; ■ 

. ■■■  . .*■ 

For  purposes  of  discussion,  equation  (vm-2S)  may  be 
, fa  jpt.lb  the  form  of  (vm-23)  - ; . 
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X t^'l^'3dididiaaid  terms  of  the  ratio  -Zf/2i  will  consist 
a term  vMch  ia~a  function  only  of  the  fain,  - and  a 
^ ^eecohd  ferm  which  is  a function  crfbothgaln  and  the 
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FOr  any  given  operational  amplifier,  the  first  bracketed 
term  of  equation  (vm-23)  is  a constant,  and  usually 
cannot  be  changed.  If  the  error  introduced  by  this 
1;  term  Is  nagUgible  in  itself,  attention  can  be  given  the 
^SSCOnd''terM;*  ■ The  second  term  will  be  frequency 
sensitive  if  the  operation  performed  is  integration  or 
differentiation,  and  will  introduce  a phase  shift.  It  is 
assumed  that  the  permissible  error  is  known,  and  that 
a prokdem  esiata  cf  determining  an  operating  procedure 
which  will  keep  the  gain  and  phase  changes  within  the 
acceptable  limits.  An  examination  of  the  second  term 
will  determine  these  limits  of  operation. 

Consider  the  problem  of  addition,  ft  can  be  shown  that 
the  equation  corresponding'  to  (Vm-23)  is  (VIff-24), 


(Wiit-M)  V 
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yk«e  Rt  is  the  parallel  combination  of  the  input  im- 
pedances. From  the  third,  bracketed  term,  it  is 
apparent  that  there  is  a limitation  as  to  tha  number  of 
vtritnges  which  may  be  added  for  any  given  feedback 
resistor,  gain,  and  acceptable  error  in  the  non-ideal 
Operational  amplifier. 


In  the  case  o f differ  satiation,  the  emend  1 
term  of  (ym- 21)  becomes  that  of  (VHt-ff). 


fi nil*) 
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Equation  (vm-26)  when  combined  with  the  first  brack- 
eted term  of  (vm-23)  provides  the  means  for  determin- 
ing the  permissible  range  in  component  values  and 
frequency  which  will  keep  the  amplitude  error  within 
.the  acceptable  limits.  Equation  (VIII-27)  provides 
the  some  information  necessary  for  keeping 'the  phase 
shift  within  acceptable  limits.  ^ e - ' 

When  integration  is  performed  by  the  operational  ampU- ' 
fier,  the  amplitude  and  phase  contributed  by  the  second 
bracketed  term  of  eqnatlan  (Vm-23)  are  those  of  (ym- 

2*>  •'? 
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As  with  the  esse  of  differentiation,  these  equations 
provide  the  means  for  determining  the  permissible 
range  in  component  values  and  frequency  which  will 
keep  the  amplitude  and  phase  errors  below  acceptable 
values. 

To  discuss  the  steady-state  accuracy  of  operational 
amplifiers  when  used  ns  integrators,  it  is  convenient 
to  do  so  in  terms  of  the  response  to  a unit  step' input. 
The  unit  step  is  chosen  because  the  error  will  be  larger 
than  for  any  other  possible  input.'-",‘-«  ” "-••••'  ‘ 'J  „ . 

Where  the  input  impedance  is  a resistor  and  the  feed- 
back Impedance  a capacitor,  equation  (vm-23)  may  be 
written  in  the  form  of  (ym-SO) . 


■ (V1II-30) 
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: It  may  be  noticed  that  tide  equation  le  of  the  asms  form 
as  (vm-12).  Thet  is,  the  non-ideal  operational  ampli- 
fier behaves  like  the  ideal  amplifier  with  a very  large 
time  lag.  ° 

The  responds  of  the  integrating  operational  amplifier 
to  a unit  step  input,  as  found  from  (ym-SO),  is  de- 
scribed by  (vm- 31). 
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for  t/  r « 1 . 8tnce  the  Ideal  Integrator  would  have 
|Ui  output  of  t/RjCf,  the  torn  -t/2 r is  that  fraction  by 
- which  the  output  of  a non-ideal  Integrator  id  in  error 
for  t « r . As  apparent  from  (VHI-33),  this  error 
jooay  be  made  small  by  making  r large.  Since  the 
RjCf-- product  is  a constant  for  a given  operation, 
the  error  may  be  made  small  by  using  operational - 
amplifiers  with  a large  value  of  K . 

' - •*»  “ **‘4 ' c-  * • ■ 

ft  can  be  shown  that  the  output  voltage  of  anoperational 
amplifier  with  drift  is  ' 


Zf 
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fn  this  equation,  the  term  ed  is  the  drift  voltage 
measured  at  the  output  of  the  dc  voltage  amplifier 
When  the  input  is  grounded.  From  (VHI-34),  it  is 
seen  that  the  eriputaf  the  operational  amplifier  consists 
pf  a term  which  would  exist  in  a driftless  amplifier,  and 
term  which  exists  due  to  the  drift  voltage.  For 
large  values  of  gain,  this  second  term  reduces  to 
li/t)i(Zt/Zi)*  11  ed . While  It  may  appear  that  a suf- 
ficiently luge  gain  would  eliminate  the  effect  of  drift, 
it  must  be  remembered  that  the  drift  which  appears  in 
is  due  to  the  drift  in  the  first  stags  of  the  dc 
__  Aayiacrmme  la  gpin  will  also  increase  the 


SECTION  S - SOLUTION  OF  DIFFERENTIAL  EQUATIONS 


§4 


■This  section  will  discuss  in  detail  the  process  of  In- 
terconnecting operational  amplifiers  for  the  solution 
pf  a set  of  simultaneous  linear  differential  equations 
With  constant  coefficients.  The  essentials  of  the  pro- 
fess involved  shall  be  illustrated  by  use  at  an,  example 
involving  a fairly  complex  aet  of  equations.  Speci- 
fically, the  equations  will  be  those  of  the  longitudinal 
motion  of  an  aircraft  under-the  control  of  a simple 
jmtopilot.  The  autopilot  is  assumed  to  consist  of  a 
second  order  servo  motor,  a perfect  rate  plus  dis- 
placement equaliser,  sad  a single  time  lag  hydraulic 
system  between  the  servo  motor  and  the  control  sur- 
face deflection.- 

The  equations  of  motion  la  question  are  as  follows 
< rui.35 ) 

u-  -0.008a  -0.0*2*  -32.30 

(flU.36)  , , Alrfrane 

W-  -0.0821*  -0.612V  *9019  »25,2* 

Equations 

(flll-37) 

9 • -0.0006  A -0.0028*  -1. 030  *8. 97  * 

cnn-M)  c., 

13*  *400»  ♦ K jCS  ♦ Ks  91  Servoaotor  Equation 

( mi. 39 ) 


K.v 


Where:  (All  quantities, are  "perturbed"  values  from 
a steady-state  equilibrium  condition.) 

^ u is  the  forward  velocity  of  the  aircraft.  . 

' w is  the  vertical  velocity  of  the  aircraft. 

. ft  e is  the  pitch  angle  of  the  aircraft. ^ 
o- is  the  output  rotation  of  the  servo  motor.  ...  \ 'S\ 
- S is  the  total  control  surface  deflection.  ‘ r 
Si  is  an  input  disturbance  to  the  surface.  - -r~. 

kt ft Ka  are  equaliser  gains. 

Ke-is  the  gain  between  servo  motor  and  surface. 

. It  Will  be  noticed  that  the  three  constants  Klt  Ka,  K^, 
have  not  bean  specified.  This  has  been  done  to  provide 
s simple  illustration  for  later  use,  to  show  how  the 
analog  computer  may  be  used  for  synthesis.  With 
these  parameters  available  for  change  it  is  possible 
to  optimise  the  performance  of  the  physical  system 
for  Which  the  balance  of  parameters  is  fixed. 

It  should  be  noticed  that  the  equations  are  written  so 
that  the  highest  derivative  of  the  principal  variable 
In  each  equation  is  Isolated  on  the  left  side.  This  is 
done  to  facilitate  setting  up  the  computer.  - 

'r*  , - » • • v 1 - - 

The  control  surface  equation  is  an  exception  to  this 
rule.  However,  the  equation  contains  a simple  time 
lag,  and,  as  was  stated  In  section  VUI-2,  this  is  most 
conveniently  represented  by  in  amplifier  with  s parallel 
RC  network  in  the  feedback.  !l " 

0 i:  . - 


drift  voltage.  ; . •,  . . a., 

..If  the  operation  to  be  performed  is  that  of  Integration, 
the  drift  term  takes  the  form  ( l/t)  [l/(ai|Cf)»l]*d. 
That  is,'  the  drift  voltage  is  integrated  as  well  as  the 
Input  voltage.  ' 

Since  the  error  due  to  drift  is  a function  of  time,  it  Is 
1 Simple  matter  to  measure  the  drift  of  an  operational 
amplifier  with  no  input  and  note  the  time  it  takes  to 
exceed  a specified  negligible  value.  Any  solution  ex- 
tending beyond  this  time  is  not  within  the  required 
accuracy.  The  error  due  to  drift  may  be  minimized 
by  using  large  amplitude  signals,  since  the  drift  voltage 
; is  then  only  a small  proportion  of  the  total  output  signal. 


m 


A*  shown  by  (VIU-20),  the  effect  of  grid  current  is  to 
add  a.  voltage  to  the  output  which  is  a product  of  the  grid 
current  and  the  feedback  impedance.  Though  this  grid 
current  is  small  in  well  designed  amplifiers,  a suf- 
ficiently large  value  of  feedback  impedance  may  add  an 
appreciable  voltage  to  the  output. , The  effect  of  grid 
current  may  usually  be  made  negligible  by  restricting 
the  feedback  impedance  to  values  of  one  megohm  or- 
less. 

In  the  next  section,  the  use  of  operational  amplifiers 
for  the  . solution  of  differential  equations  will  be  dis- 
cussed. Though  the  assumption  thst  the  amplifiers 
are  ideal  will  be  made,  it  will  be  noticed  that  the  value 
of  the  components  and  voltage  levels  used  tend  to  mini- 
mize the  undesirable  effects  of  non-ideal  operational 
amplifiers, 


irA'-Xic;; 


vm-a 


o 
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Consider  the  meaning  of  the  first  of  the  airframe  equa- 
tions, Expressed  in  words,  it  says  that  the  rath  of 
ehaage  of  th»  quantity  u Is  equal  to  a linear  combi- 
nation of  e,  w,  and  $ . In  terms  of  the  apparatus,  if 
w.and  6 are  each  multiplied  by  the  appropriate 
constant  and  added  together  (algebraically),  the  result 
M u . - , 

ftetloa  VIII-2  has  already  demonstrated  that  these 
(•orations  can  be  carried  but  by  operational  ampU- 
tiers.  However,  dose  scrutiny  shows  that  die  quantity 
u is  needed  nowhere  in  the  solution.  What  la  really 
wanted  la  rather  the  quantity  u.  As  has  been  mentioned 
before  in  this  chapter,  summing  and  Integration  may 
be  combined  la  a single  aaiplifler.  The  first  equstlcn ' 
Seay  then  beaetupby  the  following  arrangement  of 


*»•  It  was  not  possible  to  carry  out  the  summation  ; 
and  the  integrstloe  in  a single  amplifier,  since  I f Is  * 
seeded  for  use  in  the  equation for  IS. - Therefore Ihe 
tspuf  quantities  bed  to  be  summed  separately.  AHo,  a 
the  two  rarer  eats  of  sign  hi  the  Summer  Sad  the  fa- 
tagreter  gires  ♦*  iaetewd at -r  which  is  needed  to  a* 
e equation!.  Therefore adotiwr atopfiffer last* be 
usod  to  obtain  the  correct  algebraic  elgn  for  tibe 
quantity.  • o j" 

The  third  aircraft  equation  of  motion  may  be  set  ap; 
in  much  the  same  way  . The  principal  dilfSrance'  is 
that  two  integrations  are  required.  t . . 


V K ■ 
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. v .^Figure  VIII -6  .-  Mechanization  of  tkeh  equation  ' 

It  should  be  noted  that  this  connection  of  apparatus  is 
squlraient  to  writing  (vm-35)  in  the  form: 

(tIII-40)  fidt  -u-  / (-0. 009  u -0.0382*  - 32. 2 0 ) dt 

Nothing  lias  yet  been  said  about  where  w and  9 come 
from.  However,  It  should  be  clear  that  by  mechanising 
the  other  equations  and  making:  the  proper  connections 
so  that  each  quantity  appearing  as  the  output  of  an  am- 
plifier'Is  fed  to,  the  appropriate  input,  the  various 
quantities  Involved  will  be  related  as  described  by  the 
aquations,  Hence,  tf  tte  completely  medhhnised  sys- 
tem Is  disturbed  In  mj  manner  at  all;  sad:  thus  cans# 
to  "move, " its  motion  can  only  be  that  which  satisfies 
the  equations.  " . - K- 


Another  thing  to  be  observed  about  figure  VHt-6  la  that 
while  potentiometers,  input-resistors,  and  a feedback 
capacitor  are  indicated  by  the  diagram,  their  numerical 
values  do  not  appear  . Hits  will  be  taken  care  of  later. 
They  will  be  damn  so  that  not  merely  the  general  func- 
tional form  of  the  equation  in  realised,  but  also  so  that 
the  coefficients  have  the  magnitudes  occurring  in  the 
equations.  ° . , 

The  second  of  the  airframe  equations,  (vm-36),  slay 
similarly  be  symbolically  represented  in  terms  of  the 
apparatus  as;  . 


Figure  mi  -7.  Maehanixation  of  the  w equation 


Figure. Vltl-F.  Mechanization  of  the  9 equation 

~y"  "-•«=  . • j.- --  - i . - ‘ -•  . .*  »■>  „ii 

-Here  if  will  ber  Observed-  that  it?  has  been  necessary 
to  provide  both  algebraic  signs  of  9 and  of  # 
negative  signs  are  used  for  the  d and  u equations  but 
the  positive  ones  will  bs  required  for  the  relation 
defining  e.  The  *e  amplifier  was  taken  off  lit  a side 
branch  instead  of  cascading  all  four  amplifiers  to 
reduce  the  number  of  amplifiers  in  the  chain. : : 


The  v and  s equations 
interconnections  of  the 
figure  VHI-P. 


» set  up,  arid  the 
are  as  shown  by 


Ndtlce  that  «r  isnot  required  sines  the  additional 
sign  change  in  thr  » amplifier  gtvee  rise  to  ♦* , which 
Is  needed  for  feeding  buck  Into  the  airframe  aquations. 


Figure  VIII -9,  Mechanleat ion  of  9'  arid  S Squat iont 

Figure  vra-9  represents  the  functional  form  of  the 
above  equations.  Ihcre  sttll  ranntae  the  tato  of  putting 
the  appropriate  numbers  into  ths  mechanisation. 

First  It  is  necessary  to  ssiset  appropriate  Voltage 
levels,  (i.e.j  how  many  vofts  are  to  correspond  to 


vm-7 


o 


l.Oufd 


1.  0 Mfd 


■ , '■>Ji 

' O •*  ' 


figure  Vlii-tl . Mochmltatim.ot.  Servo  Motor  B^mtion 


By  hypothesis;  *,  and  ic,  are  hot  known,  sloe*  this 
is  assumed  to  be  a synthesis  problem  which  requires 
finding  values  for  suitable  response  of  the  system. 
This  means  that  these  two  coefficients  would  have  to 
be  determined  experimentally  by  trial  of  various  com- 
binations of  resistors  and  poteniiflMeter  settings  and 
observation  of  the  transients  occurring  in  response  to 
various  inputs  of  interest,  fit  this,  the  actual  gain* 
- Kjiu  and  K.  would  then  have  to  be  calculated  from  the 


SO ANTI TT  COSrriCIENT  POTBtTIOUHTBR  Rt 

' I ‘ I "•  • ■ I W 


Chapter  vm 
cy  Section  6 - 


, It’ » and  the  pptenUosneter  settings,  after  these  were 
'*  known, ' . i-  . - ir 

,;"V  - c- 

-however,  there  is  another  problem.  The  gain  from  <r  to 
ip  400;  thiit  is,  3or/3a  ■ 400 ; and  while  gains  of  100 
r or  so  across  a single  operational  amplifier  ar  e practi- 
cable if  the  amplifier  Is  a good  one,  400  is  definitely 
much  too  high.  This  disposes  of  the  obvious  solution 
of  making  o * 10‘®  farads,  R.  ± 2500  ohms  so  that 
vl/RtrC«  400.  ..  . 

■ft:  •.  "C.  ’-,V. 

Tide  gain  does  not  all  have  to  be  taken  at  the  input 
or  to  the  circuitry,  however.  It  makes  no  difference 
if  part  of  the  gain  is  taken  there,  and  the  rest  in  passing 
through  the  other  amplifiers  in  the  cascaded  chain. 


_Jh®p^vCj-.:10*,,rjR4i  '-V#  X 10"s  250, 000  ohms;  then  ft- 

galn  of  4 is  picked  up  across  the  first  integrator.  If 
then  the#  input  resistor  to  the  Sign  changer  Is  made 
‘ 0.  l x 10  ohms,  and  its  feedback  resistor  a megohm, 
a voltage  gain  of  ten  results  at  this  point,.  A further 
gain  of  10  may  be  taken  in  the  last  integrator  by  using 
a 0. 1 megohm  input  resistor  and  a microfarad  feed- 
back capacitance.  (Tips  is  preferable  to  a megohm  and 
a 0.1  microfarad,  since  the  first  method  reduces  the 
impedance  level. ) . ; 


■o; 


Then  the  gain  around  the  closed  a loop  ('without  velocity 
i ll  feedback)  is  400  as  it  should  be . 

It  Is  of  great  importance  to  notice,  however,  that 
Somethings  essentially  different  has  been  done  here 
•v'  than  if  the  gain  were  all  taken  at  the  Input  to  the  first 
v.  integrator  . In  the  latter  case,  the  voltage  level  from 

? v input  to  output  of  the  or  amplifier  Would  not  have  been' 
changed.  In  the  way  the  gain  was  actually  taken,  the 
,c  voltage  level  has  been  raised,  twice,  as  shown  in  the 
v^‘f<fiagramofflgure  vm-11. 

If  one  volt  is  placed'  at  the  input  of  the  sign  changer, 
for  example,  and  this  represents  one  unit  of  <?,  then 
* the  ten  volts  resulting  at  the  output  of  that  amplifier 
can  still  represent  only  that  one  unit  of  the  physical 
quantity  b;  and  hence  the  voltage  level,  the  number  of 
volts/unit  of  a,  has  been  changed.  It  is  essential  to 
bear  this  concept  in  mind  When  the  voltage  represent- 
lng  o-  is  used  as  In  the  $ equation  here,  as  it  is  neces- 
•>; 4 sary  to  know  the  o-  voltage  level  so  that  the  gain  into 
the  next  equation  may  be  properly  calculated.  ~ 

The  gain  blr/bcr  requires  no  particular  effort;  a gain  of 
20  may  be  taken  at  this  input  by  using  a 50, 000  ohm 
resistor,  and  setting  the  associated  potentiometer  for 
600  (uncorrected). 


: The  gain  3S/9<r-Kr  in  the  next  equation  is  again  not 
known.  The  voltage  level  of  S may  arbitrarily  be 
taken  as  1, 000  volt  per  .unit  which  is  convenient  tor 
feeding  t into  the  w and  e equations,  and  K,  ultimately 
calculated  on  this  basis;  ..  % 

It  remains  only  to  determine  the  feedback  resistor,  and 
; capacitor  in  the  S equation  so  that  the  time  lag  has  the 
right  magnitude  to  complete  the  mechanisation  of  the 
equations  (Vin-35)  through  (V^“3f)v-  '•-r-'-r  • 

As  was  shown  in  section  VIII-2  the  RC  product  here 
must  be  the  value  of  the  lag,  0.1  sec  . in  this  case, 
This  is  easily  obtained  by  using,  say,  a megohm  re- 
sistor, and  a 0.1  mfd  capacitor.  As  has  been  pye- 
, viousiy  remarked,  this  car.  be  a good  paper  condenser; 
~Jhe-hi^qua!ity  polystyrene  type  needed  for  integration 
is  not  required  for  use  in  time  iag  circuitry. 

”■  Figure  vm-12  shows  the  complete  diagram  for  the 
mechanization  of  the  equations  under  consideration. 
All  numbers  are  included  except  those  to  be  deter- 
. mined  by  the  synthesis;  those  not  computed  above  may 
easily  be  verified  if  it  is  desired  to  do  so. 

This  diagram,  has  been  drawn  on  the  basis  that  all 
resistances  are  one  me^hm  and  aU  ca^itancss  one 
' mfd  unless  it  Is  otherwise  explicitly  indicated.  The 
„*  convention  has  also  been  adopted,  that  input  and  feed- 
back  resistances  of  a sign  changer  are  not  drawn  if 
are  the  standard  value  so  that  the  symbol 

ud 


is  equivalent  to  io*oha 


also  integrators  are  indicated  by 
, ,,1  mfd 

lO^Ohmr^ 


As  a synthesis  problem,  the  one  here  considered  is 
very  simple.  However,  if  it  were  desired  to  do  more 
than  merely  fix  certain  gains,  that  is,  if  it  were  desired 
to  investigate  the  effects  of  various  additional  lags  or 
to  introduce  Other  types  of  control,  It  is  easy  to  see 
that  these  can  be  introduced  into  the  computer  by  intro- 
ducing new  apparatus  and  interconnecting  it  properly. 

’ Xi 

Another  interesting  and  important  aspect  of  such  prob- 
lems is  to  determine  the  effects  of  certain  non-linear- 
ities, such  as  Coulomb  friction  or  limiting,  upon  the 
behavior  of  the  system.  The  machine  means  of  repre- 
senting such  discontinuities  will  be  the  subject  of  the 
next  andfinal  section  of  this  chapter  . 


SECTION  6 - SIMULATION  QF  NON-LINEARITIES 


(a)  INTRODUCTION  " 

In  the  previous  sections  of  this  chapter,  it  was  shown 
how  the  electronic  operational  amplifier  could  be  used 
to  obtain  the  solution  of  linear  differential  equations 
with  constant  coefficients.  As  was  pointed  out  In  chap- 
ter VI  , real  physical  systems  may  not  be  accurately 
described  by  this  type  of  equation  because  of  non- 
linearlties  which  may  exist.  This  section  will  discuss 


methods  by  which  it  is  possible  to  introduce  these 
non-linearities  in  the  analog  computer  for  mare  accurate 
representation  of  physical  systems. 

Since  the  simulation  of  non-linearities  in  the  analog 
computer  makes  frequent  use  of  the  diode  or  polarised 
relay,  a brief  discussion  of  the  general  properties  of 
these  devices  will  aid  the  understanding  of  the  circuits 
to  be  discussed. 


-*f '» -w  — . — -<i  - ^ 


ssimg^es 


The  ideal  diode  is  a device  which  will  behave  like  a 
resistor  of  sero  resistance  for  currents  flowing  in 
one  direction,  and  a resistor  of  infinite  resistance 
for  currents  flowing  in  the  opposite  direction.  The 
non-ideal  diodes  possess  neither  of  these  features, 
In  figure  Yin- 1$  typical  characteristic  curves  are 
shown  for  non-ideal  diodes.  The  reciprocal  of  the 
slopes  of  these  curves  have  the  units  of  resistance  . 
As  shown  by  the  relatively  small  slope  for  negative 
values  of  e , the  resistance  of  the  diode  (Rd)  IS  quite 
large  in  value.  AS  • increases  through  sero  and  as- 
sumes positive  values,  the  slope  of  the  curve  increases, 
and  the  corresponding  resistance  decreases.  Dor  still 
larger  values  of  e,  the  slope  becomes  relatively  con- 
stant and  determines  the  lowest  resistance  a diode 
.may  have.  . . 


’ ~sp,  ;r,  '~T ' ■ • • 1 
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I A! 


Hot  Cathode  Diode 


I <B> 

Crystal  Diode 


/litre  YIIl -13.  Diode  Characteristics 


The  polarised  relays,  as  used  in  computation,  are 
very  sensitive  devices . When  no  voltage  is  applied 
to  the  electromagnet,  the  armature  is  in  a neutral 
position.  When  a voltage' is  applied  to  the  electro- 
magnet, the  armature;  closes  either  Of  two  possible 
contacts  depending  upon  the  polarity  of  the  voltage 


(b)  COULOMB  FRICTION  ; 

To  Simulate  coulomb  friction,  It  is  necessary  to  have 
a device  which  will  accept  a voltage-'representing 
velocity)  and  deliver  a constant  voltage  (representing 
force),  which  will  reverse  in  polarity  when  the  Voltage 
representing  velocity  is  reversed. 

The  polarised  relay  could  be  used  alone  to  do  this, 
but  the  voltage  representing  velocity  would  have  to 
be  relatively  large  before  the  contacts  would  close 
in  one  direction  or  the  other  , T overcome  this  diffi- 
culty, a high  gain  amplifier  iv.  used  in  conjunction 
With  the  relay  as  shown  in  figure  Vin-14.  With  the 
aid  of  this  amplifier,  the  relay  contacts  close  at  a 
very  small  value  of  input  voltage/  The  voltages  ' 
and:  %&pplled;to:th&£ei^^ 
which  represent  the  coulomb  friction  force. 

In  figure  vm-iS  the  representation  of  coulomb  frictian 
Is  accomplished  through  use  of  biased  diodes  and  oper- 
ational amplifiers.  ' y - v.  ji,  y.- 

For  sero  output  voltage  the  diodes  are  biased  by  the 
battery  (B)  so  that  both  diodes  represent  very  high 
resistances  and  effectively  open  the  circuit.  Since 
the  battery  (B)  and  the  resistors  (R)  form  a dc  bridge, 
the  voltage  at  point  a equals  the  voltage  at  point  b-. 
For  an  output  voltage  equal  to  one-half  the  battery 
voltage,  it  may  be  noticed  that  one  of  the'  diodes  must 
have;  twice  the  bias  it  originally  had,  While  the  other 
has  sero  bias.  Any  Increase  of  e0  above  this  value . 


e^~  Velocity 
-e0.~  FWrce 


,,rfT  a b:^lR<<Ral  - 


Rif  > > Rtl  Raf  > > R2t 

t 1 1 


Rt>  > Rj 
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tl  Sr 
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et~  Velocity 
e0~  Force  ^ 

E ~ Couloab  Friction 
Force  ^ 
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Fide re  YIU -14,  Shmi»tion  of  Ceeissb  Frktim 

vith  Fkferimd  ieiar 
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Figur*  YIII-1S.  Simulation  of  Couloab  Friction 
with  Diode * 

results  in  the  conduction  or  lowered  resistance  of 
one  of  the  diodes.  Since  this  diode  is  in  series  with 
R , and  the  combination  in  parallel  with  the  feedback 
resistor,  the  effect  of  a conducting  diode  is  to  lower 
the  operational  amplifier  gain.  This  reduction  in 
gain  prevents  the  rise  in  outpoy  .voltage  which  would 
normally  be  associated  with  a given  rise  in  input  volt- 
age. As  s result  of  the  changing  diode  resistance  and 
reduction  of  amplifier  gain,  the  output  voltage  remains 
essentially  constant.  High  gain  amplifiers  are  used 
in  thln  dxentt  for  the  same  reason  as  with  the  :.oIarized 
relay  elreait. 


vm-n 


figure  VIli-16.  Simulation  of  Spring  Preload 


r (c)  SPRING  PRELOAD 

To  simulate  spring  preload,  the  circuits  described  for 
- coulomb  friction  may  be  combined  with  one  operational 
amplifier  connected  as  an  adder  as  shown  in  figure 

vm-ie.  ;r - ^ 


<d)  THRESHOLD 


The  simulation  of  threshold  may  be  accomplished 
through  a circuit  similar  to  that  of  figure  vm-17. 
As  shown  by  this  figure,  the  diodes  are  non-conduct- 
ing  (very  high  resistance)  when  the  input  voltage  is 
aero.  For  input  voltages  exceeding  the  bias  voltage, 
onfe  of  the  diodes  conducts  (lowered  resistance)  and  the 
output  voltage  becomes  Ifc*  / (Rx  ♦ ♦ ig  ] (ei  - eb)  . In 

this  Circuit,  Rt  must  be  small  compared  to  Rj . Since 
the  output  of  the  diode  circuit  will  interact  with  the 
input  of  the  following  operational  amplifier,  the  thres- 
hold Circuit  must  be  connected  to  the  circuit  with  which 
it  is  to  operate  when  calibrating. 
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has  been  reduced  sufficiently  to  cause  the  other  diode 
.io  conduct.  Whan  this  second  diode  conducts,  ct  haa  a 
voltage  equal  to  the  input  voltage  plus  the  Mas  voltage  * 
The  feedback  impedance  of  the  operational  amplifier 
is  made  a capacitive  reactance  to  prevent  differen- 
tiation due  to  the  fact  that  the  input  impedance  la  a 
capacitive  reactance. 


# CONTINUOUS  NON-LINEARITIES 


Up  to  this  point,  the  diodes  have  been  used  to  simulate 
discontinuous  non-linearities . In  figure  vm-30  the 
use  of  chodea  to  approximate  a smooth  curve  by  straight 
lines  is  illustrated.  This  circuit  is  similar  to  figure 
Vm-15,  The  difference  in  this  case  lies  In  the  re- 
slstanc  es  placed  in  series  with  each  diode.  These 
resistors  permit  thee  Harigihg  bf  the  enictfve  feed- 
back impedance  in  steps.  The  diodes  serve  to  switch 
in  each  resistor  when  the  output  voltage  reaches  a 
certain  value.  *, 


f.  'Z&it 


The  circuits  described  above  are  not  necessarily  the 
best  ones  for  the  particular  non-linearities  simulated. 
They  are  circuits  which  have  been  used;  and  serve  to 
show  how  a few  auxiliary  components  can  be  used  to 
represent  the  majority  of  non-llnearltles. 


f igure.  VIII -20.  Simulation  of  Continuous. 
ton-Linav  itiea  _ 


S'  1 " i%~r*~r'  * 
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TRANSFER 

FUNCTION 

T(e) 


TATI ON  IN 
•-PLANE 


REPRESENTATION 
IN  COMPLEX 
Y(s)  PLAJffi 


LOGARITHMIC 

REPRESENTATION 


*2Qd! b/decy^. 


Log  a 


40db/dec 


-60db/dec. 


Phase  i 

Angle  -270  Log  o>- 


+20db/dec.-> 
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Ratio  0db ■T^-o  . 
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FlgUre  '4’J  - Typical  1**°°™  *****  Second  Order  System  to  Step  Function  Disturbance 
When  Damping  Ratio  is  Less  than  Critical  (£  Z.1)  chance 
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Figure  A -4.  Damping  Ratio  of  Oscillatory  Transients  as  a Function  of  Subsidence 

Ratio  for  Second  t>rder  System 
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figure  A ‘■9,  Response  Of  a Second  Order  Accelerometer  to  Sinusoidal 

Acceleration  Input 
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Figure  A-l'l * Response  of  a Second  Order  Accelerometer  to  Sinusoidal 
Displacement  Input 
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\TECTiON  A OF  A^BRAIO  EQUATIONS 


_ I . . . 

0ne  met  >od  of  determining  tlv\ « iranaieni  vwywiM. 
df  a dyoi  nical  system  is  to  calc  d&tte  ifte  roots  o?  the 
charaeteiHstic  equation  (the  chs s',  Kristie  Ovation,  is 
the  denomi, '^.tor  polyiiomil  ? of  SI  O tranefer  fnncttor. 
set  equal  to  Serb) . As  was  ed  out  m t«:  * main 
body  of  the  text,  most  of  iftojael  hods  available  to 


Order,  is  Itself;'  ' ■' 

(A  1-2)  s0  - PCS!) 

The  second  Sturm  funetioA  ki, the  derivative  of  p wi*h  - 
respect  to>  z Td?/&z.  , \%.L. : _ -- 


find  roots  are  tedious  and  are  &yr):\  vnd  when  possible. 
However  some  ,;4mpie  Cases  may  tfc  ’ ?S^tiveiy  h©idl'#, 
in  this  way,  an  i for  this  reason  ti  o flowing  dis- 
cussion is  presented.  /£- 

The  problem  is;  (.,iven  the  equation, 

(A  t-l)  **  + z.1zR-l+  ..+an.1z+  a,,  = C 

.find  the  values  of  z foAt  whie;h  the  equation  is-  satisfied, 
when  the  at(i-  l,2,3,.,,n)  are  known  real  quantities. 


(A  1-3)  Si*  ~~ 

* dz 

The  third  Sturm  function  is  derive!  from  S0  and  Si,  as 
follows;  Divide  «t0  by  Sj  ; the  result  will  be  a quotient 
Qt  and  a remainder  Pn  ; the  latter  will  be  of  degree 
n-2 . The  quotient  js  of  no  further  use  in  the  process, 
and  is,  discarded,.  The  remainder,  with  changedalge- 
braic  sign,  is  s2.  In  Symbols,  if  so,'£i  * Q|t  (^/s.) 
'then;  ' .*/■ 

(A  1-4)  S5  - -R. 


It  can  be  proved  rigorously  that  the  desired  .’oots  „ . , 

are  never  anything  other  than  complex  numbers,  with  T ■ tarthef  St-aym  functions  of  the  sequence  are  pb* 
real  numbers  considered  special  cases  of  complex  tained  by  using  the  following  formula-  ?«-i  _•  0 . 

numbers.  ■ and  the  definition  ’ s,  "’  ^ si  - 


lt is  a matter  of  common  experience  that  real  roots 
are  much  more  easily  located  than  are  the  complex 
Ones;,  it  is  also  true  that  some  of  the  methods  for  find- 
ing all  of  the  roots  tend  to  work  Out  considerably  better 
when  the  equation  has  only  complex  roots.  A logical 
procedure  is  then; 

1.  Determine  real  roots  and  remove  them  from 
charar 'eristic  equation. 

2.  Determine  complex  roots  from  remainder. 

Standard  graphical  and  numerical  methods  for  doing 
this  are  well  known,  such  as  the  Newton-Raphson 
method,  Horner's  method,  and  the  so-called  "method 
of  false  position. " For  those  wishing  to  study  these 
in  detail,  standard  references*  provide  ample  material. 
They  all  depend,  however,  on  first  obtaining  at  least 
a rough  approximation  to  a real  root,  and  then  im- 
proving the  approximation.  This  can  be  done  to  any 
degree  of  accuracy  desired,  by  these  method. -. 

In  the  general  case,  there  is  no  information  about  the 
characteristic  equation  to  indicate  if  there  are  any 
real  roots.  The  initial  step  is  to  obtain  some  in- 
formation on  this  point.  A method  due  to  J.C.  F. 
Sturm,  a.  French  mathematician  of  the  early  nineteen- 
th century  , which  determines  if  an  equation  has  reel 
roots, will  now  be  presented.  The  method  may  be 
stated  rather  simply  and  is  presented  here  without 
proof.  * 

Let  the  characteristic  equation  be 

P(z)=  a0zn+ a1zn‘1+***an  * 0 

From  the  given  P(z),  a sequence  of  functions  is  derived 
as  follows; 

The  first  -Stum  function,  referred  to  as  that  of  zero 

* fillers,  Dr.  P.A.,  Practical  Analytic,  Dover,  N.Y.  1948 
tfilne,  W. E. , N unerica  l Calculus,  Princeton  U.  Press, 

, Princeton,  N.J.,  1948 

Scarborough,  numerical  tint  !xi  net  lea  t Analysis 

Tile  John  Hopkins  Press,  Baltimore,  id.  1930' 


(A  1-5)  SXH  •>  -rk 

that  is,  by  repetitions  of  the  general  process  giving  . 

S'nce  the  degree  of  each  successive  Sturm  functioi  is 
one  less  than  that  of  the  preceding  one,  the  process 
will  finally  end  with  an  Sn  which  is  a constant,  net 
dependent  Upon  a . 


The  whole  sequenceof  Sturm  functions  for  PCs)  is 
then;  “ • 

(« t-6)  ■ . 


S0»  zn  + a1zn'1+***+an_1z  + an 

Si“  nzII":I+(n~l)aizn'2+**-+2an.2Z+  a,,.; 

S2‘  ~a  [2az  " — Z"'2~  ~ 3aa-  -ii— yn - :! 

- -if/n-*l)a  ..3aittn-g|  ^ ij  Uihn-r1 
. *•*  n [(n  II  jz . uj  an  T lT-j 


Sn  - K 

where  X , of  course,  is  a constant. 

The  location  of  the  real  roots  of  P(z)  is  thm  carried 
out  by  applying  the  following  rule; 

If  it  is  desired  to  determine'  tne  number  of  real  roots 
of  p(z)«  o lying  between  the  (real)  values  a and  b of 
z , evaluate  each  of  the  functions  S0(a),S1(.a),  ....K;a:id 
S0(b'  3z(b>, , . .,K . The  number  of  real  roots  between 
a and  b,is  then  the  difference  in  the  number  of  changes 
of  sign  between  the  two  Sequences  of  functions. 

It  is  to  be  noted  that  since  only  the  algebraic  sighs  of 
the  functions  of  the  two  sequences  is  of  interest  in  this 
rule,  the  arithmetic  used  in  establishing  what  the 
• sequences  are  can.be  considerably  simplified.  Any 
function  of  the  Sequence  (A  1-6),  for  example,  can 
be  divided  through  by  any  positive  constant  which  will 
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, ... 


m&$e>he  work  easier,  instead  of  Vising  Spas  it  stands 
%-,>!"  8),  itiniayfesdivided  through  by  n to  facilitate 
eemputaiioa. 

The  mbs  makes  it  very  easy  to  settle  the  question 
°$  whether  F(z)  has  any  real  roots  or  not,  ’ la  this 
case,  the  constants  a and  b may  he  taken  as  +»  $&& 
-05 » respectively,  and  the  evaluation  of  the  functions 
9*  t&e  sequences  fa  then  simply  a matter  of  inspection 
of  the  algebraic  sign  of  the  terms.  of  highest  degree  in 
If  the,  Sg  .have;  two  chdbgegmf  sign  for  z * ***  and 
four  changes  of  sign  for  a»«,  then,  by  the  rule,  there 
areesaatly  two  real  roots  Of  the  characteristic  equation 
P.(z)  » 0 . 

If  -shouid  also  fee  mentioned  that  the  presence  of  positive 
real  roots  may  be  determined  very  easily  by  this 
method.  In  this  case,  the  functions  are  to  be  evaluated: 
for  z « +oj  and  a »0.  The  former  gives  simply  the 
algebraic  sign  of  the  terns  of  highest  degree,  as  before,* 
and  the  latter,  that  of  the  constant  terms;  examination 
of  this  range  of  the  variable  can  then  also  be  carried 
out  by  inspection. 

The  use  of  the  Sturm  functions  can  be  extended  to  the 
process  Of  getting  initial  approximate  values  of  the 
roots  for  refinement  by  one  of  the  standard  methods. 
The  a and  b used!  above  in  the  rule  are  any  real  numbers 
at  all,  and  by  taking  trial  values  of  these,  the  Sturm 
process  can  be  used  to  locate  ranges  of  any  size  at 
all  in  Which  roots  must  lie. . Theoretically,  the  Sturm 
functions  can  be  used  to  locate  the  roots  with  any  ac- 
curacy desired;  however,  the  computational  work 
involved  fa  their  use  for.  iMs  purpose  is  considerably 
greater  than  for  more  usual  techniques,  and  their 
greatest  utility  is  achieved  in  merely  determining 
fairly  broad  ranges;  of  values  in  which  the  roots  must 
lie. 

An  important  exception  to  the  use  of  these  functions 
must  now  be  noted";  the  Sturm  functions  will  always 
do  the  job  they  are  supposed  to,  when  they  exist;  how- 
ever, if  So  contains  higher  order  roots,  it  will  be 
found  that  the  result  of  the  first  division,  S0/Si , lias 
no  remainder.  In  this  case,  the  process  does  not 
apply.  There  are  ways  of  avoiding  this,  but  in.  controls 
work  the  case  of  multiple  iroots  of  PCz)  occurs  so 
seldom  that  they  are  not  worth  considering  here . 

Ifor  the  sake  of  illustration,  a numerical  application  of 
Sturm  functions  now  follows;  consider  the  characteristic 
equation: 


(A  X-7)  z®-  z5-  I4z*-  z*+  25zz  + 38z  +24  * 0 

The  corresponding  Sequence  of  Sturm  functions  -may 
be  computed  as: 

(A  1-8)  s6 “ z6~  a5-  14z4-  z3+  25z2+  33z*  24 

s,  = z5 - 0.833Z4-  9. 3S3Z3 - 0. az2  + 8.333Z+  6.333 
,s2=  z4  + 0-428Z3  - 3.450Z?-  6!t8’Z9Si-  .6,214 
s5  = 23-  6.380Z2-  0.910Z-  0)045 
s4=  z2  + 2,7723  + 2.351  . 

s5=  -Z- 1.361  • ' . ’ • 

s6=  “0.433.  ' 


The  teformatlop  obtainable  from  these,  accordance 
with  the  rule  given,  .above,  is  best  indicated  la  tabular 
form:  *'  v ' 


+i»  + 
o.  + 


: . ",  ■ ' Number  of 

Sj  -Sj  S|f-  s4  1 Sg  ’ -•  v sign  changes 

+ " + + + X - | 

+ % V.“  - x + v , 


-»  + X - X + X - X*  + X- 


The  crosses  have  been  placed  between  the  Signs  pf  the 
functions  of  the  sequences  to  indicate  where  the  sign 
changes  occur. 

It  is  seen  that  there  is  a difference  of  four  changes  of 
sign  between  -raan.d+» ; the  conclusion  is  that  the  given 
P(z)  has  exactly  four  real  roots;  since  there  are 
differences  in  changes  Of  sign  of  two  between  *»■  and 
Q , and  two  between  0 and  +%  there  are  two  positive 
and  two  negative  real  roots.  Actually,  this  equation 
Was  arrived  at  by  multiplying  out  the  expression  f 
cs + 1)  (s  - 2KS  + a)  (is-  4)  (S*+  m i)  ■ it  may  be  seem 
that  this  has  exactly 

by  the  Sturm  fimction  process,  ' ■ - 


Once  the  total  number  ©f  real  roots,  and  their  approxi- 
mate locations  aredmown,  any  of  the  standard  methods 
may  be  applied  to  obtain  better  approximations  to  the 
roots.  When  these  have  been  carried,  out  to  whatever 
accuracy  is  desired,  the  degree  of  the  equation  may 
then  be-  successively  decreased  by  one  by  dividing  out 
each  of  these  roots. 

The  process  of  synthetic  division,  is  particularly  recom- 
mended in  this  determination  pf  the  real  roots;  if  r is  a 
root  of  the  equation,  synthetic  division  by  it  leaves  the 
remainder  .zero,  and  the  partial  quotients  are  the 
coefficients  of  the  equation.of  next  lower  degree.  If 
r is  not  an  fexact  root  (to  that  order  of  approximation 
desired)  the  last  figure  resulting  from  the  .division  is 
the  remainder,  and  may  be  used  as  a measure  of  how 
far  away  from  the  true  root  is  the  approximation  Which 
has  just  been  tried.  A closer  approximation  can  then 
be  obtained  by  any  of  the  standard  nf  ethods,  and  the 
division  repeated  With  the  new  trial  divisor. 

When  all  the  real  roots  have  been  removed,  not  all  the 
factors  of  the  original  equation  may  be  accounted  for. 
It  is  then  necessary  to  have  a process  which  will  extract 
complex  roots . Several  methods  for  this  purpose  are 
in  more  or  less  frequent  use;  of  these,  the  most  common 
and  best  seem,  to  be  Graeffe’s  root  squaring  method, 
and  Lin's  method. 


Graeffe's  method  suffers  from  certain  defects  not 
found  in  some  of  the  others.  In  the  first  place,  the 
numerical  work  involved  is  not  of  an  iterative  nature, 
so  that  an  error  in  computation  makes  all  the  rest  of 
the  application  of  the  process  worthless.  It  is  thus 
essential  to  check  dll  roots  obtained  by  substitution 
into  the  original  equation.  Also,  the  roots  are  not 
obtained  initially  as  their  correct  values,  but  as  the 
second,,  fourth,  or  some  higher  even  power  of  the 
roots  of  the  original  equation,  This  means  that  it 
is  necessary  to  extract  the  Square,  fourth,  . . . , 
(24)  th  root  of  the  complex  number  which  the  Graeffe 
method  gives.  This  gives  rise  to  additional  possibilities 
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.of  error  in  the  computations, ' For  these  .ri&dtms,  as 
well  as  the  fast  that  the  process  is  rather  commonly 
hnoym,  Ms  method  'will  pot  he  discussed  further  here. 

Lin's  method  is  probably  the  most  usable  of  all  the 
present  processes  for  the  extraction  of  complex  roots. 
It  takes  out  the  roots  as  quadratic  factors;  since  each 
..  pair  of  complex  soots  glass  rise  to  one  pugh  factor, 
it  may  be  said  to  yield  the  roofs  themselves  directly, 
in  a form  requiring  only  the  application  Of  the  drutie 

formula,  it  has  the  further  advantage  that  •%#.  com- 
putation is  iterative;  errors  tend  to  slow  down  the  work, 
but  do  not  absolutely  prevent  getting  the  correct  final 
result. 

Tf.  csiif-pA^e  IwAm  whaf  o nrviaoi •*•<*  1m  V».o  flic  H^Ponl* 

_ K»  A*  lyHM  n»U>'  U **KS  *J”'Z  *****  WMtAMVU  'W»W»'****» 

of  all  present  methods  of  accomplishing  the  same  end; 
if  two  pairs  of.  complex  roots  are  very  nearly  equal  in 
magnitude,  the  process  converges  slowly,  and  may. 
heed  many  repetitions  of  its  baste  procedure  before  a 
Sufficiently  accurate  result  can  be  obtained,  it  is  also 
true  that  in  some  rare  cases  Lin' s method  diverges 
rather  than  converges,  The  conditions  under  which 
this  may  occur  are  not  fully  understood;  it  happens 
only  very  seldom,  in  event,  and  is  practically 
always  obviated  by  taking  out.  a*l  real  roots  first. 

Essentially,  Lin's  method  Is  this;  The  last  three 
terms  of.  a polynomial  are  used  as  a first  approxi- 
mation to  a qUadratiteflctpr*  The  polynomial  is  divided 
by  the  first  approximation.  The  result  is  a quotient 
and  a remainder . 


Certain  coefficients  in  the  quotient  are  used  to  get  a 
new  trial  divisor  from  the  old  one, 

. . Id. this?  process,  the  reminder  has  no  use  but  to  serve i 

5 as  a measure  of,'  the  closeness  of  the  approximation  to ) 
the  correct  value.  The  method,  is  repeated  untii  the 
r emainder  is  within  some  assigned  limit  of  approxi- 1 
roation;  or,  until  it  remains  of  the  same  magnitude, 
after  several  repetitions  of  the  process.  If  this  last 
occurs,  it  indicates  that  the  result  is  as  accurate  as 
can  be  attained  with  the  number  of  digits  used  in  the . 
coefficients,  ’ ' ; 

It  should  be  noted  herd  that  the  first-  cycle  of  ,pn!« 
process  gives  an  approximate  factorisation  of  the; 
polynomial.  If  the  coefficients  are  literal,  this  first 
cycle  is  all  that  it  is  practicable  to  use,  However,  in 
practical  situations  as  in  the  case  of  the  stability 
quartics,  the  approximate  factorization  works  out. 
excellently. 

Figure  A 1-1  shows  the  application  of  the  first  cycle  of 
Lin's  method  to  a general  case.  This  illustration  snows 
how  the  first  trial  divisor  is  obtained  from  the  quadratic 
terms  of  the  polynomial,  in  line  (2);  it  also  illustrates 
the  notation  used  in  the  quotient,  and  shows  in  line  (4) 
how  the  nest  Mai  divisor  is  dbtaiaed  from  the  anpropri^, 
ate  terms  of  the  quotient  and  dividend.  The  subsequent 
trial  divisors  are  obtained  in  a similar  manner  . 

If  the  polynomial  being  investigated  has  a pair  of  com- 
plex roots  of  very  nearly  equal  magnitude,  the  con-1 


1 


(©  * • * + iiy*  §• 

(2)  first  trial  divisor 


.M-  8>a 

7i*  $ Z + r~ 


dp>4-5-;  d.1%  is-  •' 


o - a. 


(3)  zJ+ d^1)2+ di'1^)  zn  + an.1za'1+  . . . + a2z2+  at  z+  a0  (zB‘’’2  + (an.:1-Q^)zn'3 

, z*  + (J^hz2 +gC*>z  + qW 

Caa.i-dii))zn‘1*  * , via.- 

<an-l- 


ai:2;+  a0 
(r|l'z  + r*lb 


remainder 


(4)  Sssond  tf 


a»). 


•*  t'\  0'\‘  . 

Figure  AI-1 . Lin’s  Method  for  Co^.alex  Boots  of  a Polynomial 
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8:*  7 * 5,"  8 (1  17/8  + g/fi)  . 3 (1  + 0*8.75  + 0,625) 


I + 0.875  + 0.625)  1 * 3.000  + 8,000 

“1  0.375  - 0.69s 

■ 2,,l25  + 7.375 

" ' ■' "2,425  - 1.859 

--  '-;i  5,516 

. , - _ .1  . “5.516 


;*H?  7 *■  ■' 

■ a0  5 ’ 


+ 7,000  +'5.000  (1  + 2.125  ■ 

_ (+  5.516 

+7.000  

- 1.328,  ■ 

+ 5.672  + 5.000 
* 4.527  —.3-,  448  ; . 

+ 1.845'  +"17552  ■ 


0.  - 2.125 
q*  * 5.  516 


» “ Mi  27,987 

1 Qt02  . 20.426256 


- 0.920 


- . r - , s/; 


.H** ::: 

i ■ 'f'\  iJ  • ...  'V'-  \ 

. 1 + .820  + .866)  1+  2.’600  + 8.000  + 
• : "-l~-.-0.920  - 0.906 
r'  ' , 2.O8O  + 7.094  + 

-2.  080  - 1,914  - 
5.180  + 

• • •.  -5.160  - 

. + 
d,  - <21  (5.180)  - (5).  (2.080) 

,•  (5. 180) 2 'I 

- 25. 86  0.964  + - : 

*_  26.8324  ' ; t • 

•>  *dr  °:965 

1 +.0.964  + 0.965)  1 + 3.000  + 8.000 
■ ' .-1  - 0.S64  - 0.SS5 

" ' 1 2.036  + 7.035 

. . . . _ -2.036  - 1.963 

’ " “ " + 5.072 


7.000  + 5.000  (1  + 2.080  + 5.180 


7.000 

1.884 

5.116  + 5.000 
4.766  - 4.693 
6.350  +0.307 


jw'i  z >; 


7 ;=a  r 
J'*,  < {jyh 


+ 7,000  + 5.0001  (1  + 2*036  t 5.072 

y'  ’ . --  . .*  l 

+ 7.000 
- 1.965 

+ 6.035  + 5.000  — - • 

0.146  ♦ .106  + 


d.  « IZ>  (5.072)  - (5)  (2, 036i 

(5.072)2  • 

= , Q gg. 

25.725184  * 

i'-faw 

1 + 0.984  + 0,986)  < + 3.000  + 8.000 
- ~ 0,984  - 0.936 
2.016  + 7.014 
- 1.984 
• 5.030 


a.  - (7)  (5,030)  - (5)  (2.016) 

1 fOSTi — ~ — 

„ 25.130  " * ~ . 

25.3009 
» 0.390 

“-■-rar0-994 


:(1  + 2.016  +5.030 


+ 7.000 

- 1.988 

+ 5.012  + 5.000 

- 4.950  - 4,960 
0.062  + 0.040 


1 + 0.S93  + 0,994)  1 + 3.000  + 8.000 
" ~ 2.007  + 7 . 005 

- 1,993 
5.013 


+ 7.000 

- 1.995 

+ 5.005  + 5.000 

- 4.978  - 4.983 
0,027  +•  0,017 


Cl  + 2. 007  + 5.013) 


ti gurs  Example  oF  Li&s  Method 


Vergehee  depends  G&rectly  xlponthe  relative  xn^jgnitutles 
of  the  yogis  ,!  -?o¥  this  reab&y  whoa  the'$rcceg&  appears 
to  be  going  too;  Slowly,  it  is  worth  while  to  subject  the 
polynomial  to  a transformation  which  ■will  increase  dif- 
ferences in  magnitudes  of  the  roots , Graeffo'  S method 
may  used  for  this , If  there  is  any  appreciable  sepa- 
ration in  sue  size  of  the  roots,  squaring  them  once  or 
; iwtss  will  giro  ? transformed  equation  for  Which  Lin's 
prossfes,  verge' with  satisfactory  rapidly..  As  a 

matter  of  fact,  the  roots  are  usually  far  enough  apart  in 
the  equations  met  with  in  controls  work  so  that  it  is 
seldom  necessary  to  transform  the  polynomial  in  this 
way. 

.As  a numerical  example,  the  location  of  the  roots  of 
(ZJ  * 2z  + 5)  < z*  * z.  ♦ i)  » z*  t 3*2*  ♦ 8sa  ♦ 1z  + S = 0 will 
b#  obtained  frdm  a knowledge  of  the  unfactored  form,. 
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Figure  A 1-2  shows  the  necessary  work,  ; 11 

It  will  be  notadtfeat  .four  cycles  of  Lin’s  process  de- 
termines the  quadratic  factors  with  errors  of  lee® 
than  1%  in  their  coefficients,  !'  * v 

The  magnitudes  of  the  roots  of  the  factors  are  1 And 
V»  » 2.24 . It  will  be  seen  that  the  ratio  of  the  magni- 
tudos  is  not  very  much  greater  than  unity;,  despite  f®L 
the  convergence  of  the  process  is  fairly  rapid. 

Detached  coefficients  have  been  used  in  the  working 
out  of  this  example  to  shorten  the  process  . A pile 
practice  in  applying  the  method  will  enable  one  to 
simplify  it  still  further  by  omitting  the  writing  of 
various  numbers  occurring  in  the  process.  However 
it  was  felt  that  the  whole  work  should  be  shown  here 
to  facilitate  checking  one's  understanding  of  the  process. 
' * ‘ > : * ",  •'  ■>*  ~ . ; 


SECTION  All  - THE  ROUTE- HURWITZ  STABILITY  CRITERION 


In  dealing  with  stability  problems  one  oftentimes  has 
fo  decide  if  the  roots  of  a given  algebraic  equation  of 
n*ti  degree,  such  as 


r*5'  fj  ^ * , 


(A  ll-l) 


a0zn  + axzn"  l+*  • • .a^.jZ  + a„  = 0 


all  have  negative  real  parts.  The  coefficients 
a o ....  art  are  {real  numbers. 


the  additional  condition  is  that 

(A  11-6 ) a3(a,a2-  a0a3)  - a|  a4>  0 

For  equations  of  higher  degree  than  the  fourth  all 
the  determinants  (A  II- 2)  must  be  formed  and  the 
valitm  of  each  must  be  tested  for  its  sign. 


A general  criterion  giver,  by  Hurwitz  is  that  the  n de- 
terminants; 

(A  II-2) 


Di  ■ ai  : 

°2“ 

[al  ao 

; d3>- 

al  a, 

o 0 

l a3-'  a2 

a3  a: 

2 ai 

a5  a. 

t a3 

\h 

a0 

0 . . 

• 0 

! a3 

a3 

ai  • • 

• 0 

*•--*  D„  = 

a5 

H 

a3  * \ 

• • 

• 

• 

• 

. 

* 

• 

• 

. 

a2n-i 

a2n-2 

a2n-3  • • 

• • art 

must  all  be -positive,  The  coefficient  a0  must  be 
positive  or  must  be  made  positive  (by  multiplying 
the  equation  by  -1).  : 

This  stability  criterion  results  in  simple  rules  for 
quadratic,  cubic  and  fourth  order  equations 

For  the  above  three  types  of  equations  the  rule  States 
that  all  coefficients  must  be  positive.  In  addition 
for  the  cubic  equation  ’ ' 

(ill-3)  a0z3+  a132+a2z+  a4=  0 * .'4;  ' 

there  is  the^plohditiqh.  that 

(t  11-4)  aIa2-  > 0 


Another,  more  general  criterion,  the  Houth  Criterion, 
is  given  in  chapter  VII,  section  9,  of  "Transients  ;in 
Linear  Systems"  by  Gardner  and' Barnes.  IrfMpion 
to  Indicating  instability1  it  also  discloses;ftle.  nuipjer 
of  roots  with  positive  real  parts  as  well  as  the  number 
of  purely  imaginary  roots. 


As  an  example  of  application  of  the  above  stability 
criterion  let  it  be  required  to  investigate  the  stability 
of  the  motion  of  the  pendulum  shown  below  f saae  figure  ' 
A H-l).  The  pendulum  is  rotated  about  its  axis  o - o 
at  an  angular  velocity  u rad. /sec.  ; it  is  deflected 
laterally  thru  a small  angle  a ; will  this  angular  de-^  ~ 
flection  dieout,  or  will  it  diverge?  ' I '.  . ;5;:. 


Figure  A IX-1.  Pendulum  (Stability) 


For  the  equation  of  fourth  degree 
(A  11-5}  a0z*+  a1#  + a2z2  + a3z+  a4 


-It  is  assumed  that  o>  is  constant;  that  the  mass  of  the 
pendulum  is  concentrated  in  the  bob,  c ; and  that  the 
lateral  motion  is  opposed  by  viscous  friction . 
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Appendix  , 

Section.  A ni 

The  equaffim  of  motion  this  system  is*  . 

8+  :2n&4  -o* 

’2n  is  the  damping  coefficient;  g is  the  grfiyi, 
tational  acdeleratio^ebnstant.  Assuming  a solution 


of  (A  H-7)  of  the  forma.  e-t  there. results  the  Titian 

(j  &.'§).  , , :s2.+ .,2n§  + 


(4  u«s) 

and  ' 

(4:  11-9) 

. ' 


•i  Sl,J*‘n*  ln2“  (f-^) 


.0?,  C^Utog'^^.r.p,  : ..:  ';V< 

XZ-ZQ)  s%2»s-pe»0  , 

it  is  seen  thattfes:  soot  sfw-n  * bosi tty e “'-ikis, 

corresponds  to  ' V* ' 

This  shows  that 
the  condition  that  all 

an  unstable  motion.  '"•• ‘.v  ’•'•  w.  V;"'-'  £'■ -'4 


. '•  ' if , /■  , ‘ f 


>■  -■*  ,■’ SECTION  A.  m -FUNCTION  OF, A COMPLEX  YAmML’E 

(A  pre**Mgls!'ie  tor  the  understanding  of  this  section  lies  ve^ie  allv  above  the 

is  a working  Knowledge  of  the  elements  of  the  theory  that-  aT? moves  ataLe  i 

TUs  incMdes  the  properttee  of  o»  f S Is  s£f 


lies  vertically  above  the  given  x ..  J % may  be,  gated 
that;  As  x moves  along  the  x-axis*  y moves  along 
the  curve  f (x)  as  shown  in  figure  A IK-1 . 


» 7 “ r1'  D y *»«u  V/ilW  1UJ1U4*- 

m.ehtel  opifrations  ofaddition^  subtraction,,  multipli- 
cation, division,  evolution  and  involution  of  complex 
i,  , numbers.) 

;£;:i.:|pT®iiTW  ^-sgpTtOK  , 

■ > - This  section  introduces  the  concept  of  functions  of 
complex  variaMss;;  it  defines  analytic  functions  and 
-(pqcpsses  spme  of  their  proper  ties;  it  introduces,  the 
Complex  v/~plane,  in  wldel  functions  % of  the  complex 

* i plowed;  if  discusses  poles  and  zeros  of 

v,  • rw  ,:  It  deals  wh.ffe#  fine  integral 'of  ?/,,* 

‘y^L ■;  - >.  t.  ■-  . /. 

The^  material  presented  here  is  -a  useful  tool  lit  the 
-study  of  Various  technical  Subjects,  especially  in  the 
stu4f  , Of  electrical  circuits  and  of  certain  phases  of 
;;iServ&mechaiiism  Theory. 

• -INTRODUCTION  OF  w (z) , A FUNCTION  OF  THE 

VARIABLE  z . . ■■ 

Let  z be  a complex  number  z « % + iy.:  Mie:ii  y «.  o;,  z 
.becomes weal.  Thus  real  numbers  may  be  considered 
.% a special  case  of  complex  numbers. 

The  function  y = f (x)  of  the  real  variable  x may  be 
represented  as  a curve  in  thexy-plane.  The  value 
of  y which  corresponds  to  a given  x is  found  on  the 
same  horizontal  line  as  the  point  on  th£  curve  which 


"1 

. f 

1 > 

y 

K 

t 

• * PC  Mi £-*». 

Figure , A 1II-1 . ‘Reel  Ss««£ian 

? z is  used,  as  the  symbol  for  a complex  ilUmbei*  (in- 
...  stead  of  a,  as  in  the.  bo^;qf;vthis  volufce)  to  ear* 
respond  with  traditionai.:.mi^|fiematicai  us_agei 


Now,  one  may  think  of  the  function  y »■  £(x)  fefthe  real 
variable  x as  a special  ease  of  the  function  w « ;of 

.the  complex  variable, z ,.  ^The  fupctfpn  * 
generalizatibn  of  the  function,  y » £ (x),  iust  cm  z is  a 
generalisation  of  x .. 

Since^z  = x + jy , w = P(z)  + iy)t  it  is  of  interest 
to  and  the  relationship  between  w , and  x and  v,  when 
the  relationship  bettveen  w and  z is  known , 

The  followirg  example  shows  how  this  can  be  dene.  Let 

(Ain-1)  w-.  f(z)-zs  '^Ki: 

Then 

(A  III- 2)  w»  (x  * iy) 2 * (x2-  y2)  + i 2xy 

Thus,  w Is  itself  a complex  number;  designating  the 
real  part  of  w by  si  and  the  imaginary  part  by  v, 

(A  III- 3)  u»:  x9--  y3  v*  2xy 

and  C 

(A  III -4)  W = u + i v 


v*  2xy 


W = u + i v 


It  may  be  seen  that  the  rpal  and  ralso  the  imaginary 
part  are- functions  of  x ailtl'y,  . -■ 

(A  HI-5)  V*. : • ,,,-v 

Another  example;  let 

(a  at- 6) ' ■■  * V-  ' ;r;i  v"  <' 

Then  ...  . 

cim*>  ; 

where  ■■ 

(Vi  nx-s)  _Jl._  •.  v,  -y 


. \ , 

■-  i “r—f*-:  S't'i'V 


U - — L_.  • v=  _ry__ 
. x2+y2  • r.2+ys 
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* 4 ■*  ’ *■  * /ifiMM 


/■MKv-r' 

it  .•/ . 

J 5. 3\^- 
'IP:'' 
iJbipp 


}A  * , v-’V 


? THE  DERIVATIVE  ;0&'  $!G:  z . 


1 Since  s is  a function  -MP';:  t .if  fe  ifpak  i-  isf  to  Tod  the 
1 'derivative  dw/ds.  ■ 


‘vf?The  real  fur.  v . , - t' 
^figure  A XH-2J;  this  5 ft 


> ft:-.’  ' dc.-tvatiVe  <b  '«„•  (a< 

— .,  Kftir  #a  quantity  fo  r any  given 

rvalue,  of  xj  . it  rep^seiita  the  magnitude  ei  the  slope 
; “Qffthe  curve  fp>  at  fcsgiVf  ft  point*.  The  expression 


1 ' 


: ‘^for/dy/dx  may  Ctiftir\fty-  i»  addition  to  x,  and  functions; 
.iPotx,:  also  functions  Oi  y/butsince:  y must  lie  Oft  the 

fl.lHIIA  V L -P/V,  V'  «.4«  n 


fno^ft  curve  y & f y i§  completely  specified  fori  a 

!^uri»n -jv..  * • •"  ’r\  f ' v’  - V 


^Pygn-X;* 


*r-  i-'Nv,  y 

" . nr 

1 u i '.i 


W '';A\  U. 


Ifi 


.Figure  <4  111-2,  Derivative  of  a Real  Function 


derivative  dw/dz  will  now  be  found. 


iV'Ja The  derivative  dy/d?  has  been  defined  as  the  limit  of 

"Vi/Lt!  ...  . . . . . 


jthe  ratio  Ay/Ax  as  the  .increment  Ax  approaches  zero  , 
*'  ’ to  x along  the  xr  axis  and  Ay  is 


ii*' y as-  the  latter  moves 
; J-^JaJd1 pjg^lse  curve  (see  figure  A HI-3) . 


1 ,>  ,jr_. 


r 


i- 


Fi  A(ur,e  ‘k  XII-3  ± j iniie  Change,  ift  y 


if  one  were  to  define  dw/dz  as  the  limit  of  the  ratio 


A\v/Az  as  the  vector  z is  given  an  increment  Az , and 

irirnscliss  ram  a Mlnnlhr  would  srise?  for 


f;_y,  Ait;  approaches  zero,  a difficulty  would  arise;  for 
while,  in  the-case  of  Ay//,x,  x is  constrained  to  move 
thru  the  increment  Ax,  along  the  X-axis,  z can  "move 
through  Az-"  in  any  direction  at  all;  and  this  would 
i,  mean  that  dw/ds'  might  have  any  number  of  values , 
depending  oft  the  direction  of  Az  ..  (See  figure  A III- 4). 
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i$ 


■ n. 


','Ti 


' m 


. . -■  «Vi  f' 


...  4 ff  ■ •' 


v'v^'V 


/;  Hf.  ' S 

, ; ro:  V 


.)  *.'1 


MC  ( 


Obviously,  in  order  tq  f ht,!  « .pirfWftf.’.  e 

and  still  have  fe4efinifc;e:fpiftgie'hnsyf%-.'ike.  f.c&ip'o i 
functions  to  be  dealt  v/lrii-ftiust  be  na^Owed  dear,  t •' 
those  which  are  so  constituted  that  tiw/ijs  h,-iS  the  same 
value  regardless  of  the  direction  of  Az,  Asjfe  what  fho 
condition  is  that  is  imposed  hyilnis  reqjjjr^^j;  can  be 
found  by,  tlhe  following  reasoning ; Lei 


-=-**«  lira  ..filial 

dz  Az-o  Az-o  hitjAy 


~=  lim 


(A.  in~9) 

and  let  Az  lie  along  the  x-axis;  i.  e,(  az=Ax;  then 

/ v/dz  gsr0.  Ax  W . 3*'  a$ 

• i ,j  ■ 

Now,  let  Az  lie  diong  tfte  y-axis;.  1,  qlf  az  = Ay  ■;  then 


(A  III -11) 

■ ff=lim  A 
dz  Az-*o 


= lim  jjJLt  iAF-  lim  f^lL  + A^L 

• lAJr  ggto  liAy  +A^  ’%* 


3u,  ’ By 
3y 


If  the  derivative  is  to  be  independent  of  the  diredtion 
of  Az , these  two  expressions  for  dw/ dz  frmst'be  identir 
cally  the  same;  hence, 


(A  III-12)  |E+i|v.-i  |h+|v 

' dx  dx  dy  »y 


or: 

(A  III -13) 


h.  and  — = .5H 
dz  dy  dx  Ay 


A function  a»*  f(z)  = f (u,  v)  «»■  P(x.  y)  + igb  (x,  y) 
■ which  satisfies  the  condition  (A  HI-13)  i&  called  "analy- 
tic" at  the  point  z where  It  has  a deriva(iye.  The  equa- 
tions (A  III- 13)  are  known  as  the  Cauchy-Riemann 
■conditions . 


Tor  the  function  w = z2  given  above: 


(4  ill -14) 


u*  x2-  y2  j |S  =2x 

oX 


Y“  2xy 


^ » ax 
By 


dir  0 
d|*-2y 


% S ? .4^ 


yK 

This  function  is  analytic  at  any  ^ * 

plane.'  It  satisfies  the  condition 


Ae  z 


Thus, dw/dz  = d(z2)/dz  = 2z;  the  carried 

out  as  in  the  case  of  a real  3l  ‘the  derivative. 


2z , has  a definite  value 
Tor  the  function  w » l/z 
u-  - 


c-fj 


’my 


Mil 


ila. 


x2+  yS 


dr/. . w : ys-  x2 

#-  <x  ’ A2vy2)2 


(Vi  nr-ysr; 


f-.  r4  , . 

tz’t. 


<&/ 


V# 


r d*  ■-R'r- 


fy2)1 


'WSi.V—H-ws — % SSiZyrji.-tr. 


fr&S'  ’"'A’VM 


...-■  / =tepeh%,  ■;  , 

, ,v  ■ 


h.te  % except  z = d^'at 
' nor  does  the  deriya- 


(a  m*M) . 


clz  dzlz/  2d 


Expanding  ei0  formally  according  to  the  last  series 
gives;  _ , 

**  m-X>>  f- If- iff  t If-H  If 


It  cjut  he  stoat  that  «*zB  ami  dw/dz=nz»-  textst  and  hvin- 
tegfal)  a, e analytic-  at  all  points  in  the  z-plane  when 
a>  (3  . When  n<0  , w has  a derivative  at  all  points 
O&espt  at  the  origin,  i.e.y  at  z c0  • 

The  sum  or  the.  product  of  two  analytic  functions  is 
algo  a.ft  andlytic  iunction.  Thus,  any  polynomial. 

(A  1II-A7)  w*  a*  + a,Z+  a,z2+* * ’S,,zn 


61  - * tT  . 


If  the  sin  9 Series  ts*  multiplied  by  i and  added^gg^^,  - 
cos  & series,  the  result  is  the  series  (A  tfe 

fore* 


,s  an  analytic  function 
\ -plane. 


w-  ap  + hz+  a2z2+*  • •anzn  . 
iction,  in  the  finite  ■:$  the 


f4  m-2i) 

Now  jb«^ 


p^M«  coay  + ’i  sin  S 


i.e.,  for  which  a is  ^infinite. 

It  can  tg£0$sm  that  sin  z , m t , tad  other  trig- 


a)  ts  also  analytic,  then  sin  (1  + z2)  is  also  anaiy- 
jv.!8j  i.e.,  it  cam  be  shews  that  an  analytic  function  of 
an  analytic  function  is  itself  analytic.  And  in  all  cases 
it  will  be  found  that  the  analytic  functions'  satisfy  the 
Cznchy-FJemann 'conditions  (A  HI-13). 

An.  example  e£  a non-an&lytic  function  is 

(A  XII-18)  Zx  g«  (x+  iy) (x-  iy)  « x2*  y2 «■  «+  iv 

where  u«  x2+  y2,  v-  o;  obviously  3u/3x^  3v/3y. 

It  should  also  be  mentioned  that  a function  fails  to  be 
analytic  at  a point  where  it  is  multiple-valued.  An 
example  is  w = = if2;  for  this  simple  function,  things 

can  be  redefined,  of  course,  so  that  the  plus  of  the 
double  sign  is  always  taken, w.Mpk  makes  z^  single 
valued;  bufcuntil  this  is  done  the  function  as  it  stands 
is  not  analytic. 

v this  point  on  only  analytic  functions  will  be  dealt 
with.  ’ 

EXPONENTIAL  FUNCTIONS  OF  z 

What  is  the  meaning  of  w = ea  = ex'l'iy  ? To  arrive  at 
the  answer  it  is  convenient  to.  consider  the  series 
expansion  of  cos  e , sin  6 and  e* 


(A  111-19)  cos  &=  !■ 


ez  , &t__  e±_,  , . . 

2.1  4!  6! 


-Sin  9=  9 - $L+  fr-  * * * - 
3!  . s:  7! 


. es  = 1 *~~+  It* 


JL+  £+$L 

V.  2!  3! 


4!  5! 


(A  111-22)  ez  = eM’^^fcos  y<  \ sin  y) 

This  is  what  is  meant  by  the  exponentia'  Action  w . = 
. This  is  .an- analytic  function,  as  can-be.ghow^  N 
the  test  for  the  Cauchy-Riemann  coh&timsr;  ' 


ez»  e*-  eopy+ie*  siny*u-s-iv 
where  u - e1  cos  y and  ' v » e*  siiiy,  • - 
(A  III -23) 


3? -e* cosy;  g— a* 

FONI>A'ME‘m*ALS -OF  % 'FPfi  16 

Since  w=  f(x,y)  * i^x.y)  andz  - x + iy,  it  followr 
to  eaeh z0»x0+  iy0 , there  corresponds  a ».  * /f 
+id(xp,  y0)  . A new  complex  plane  Can  be 
which  there  is  a u-axis,  the  axis  of  reals,  and  a v» 
axis,  the  axis  of  imaginaries,  then  one  can  plpt  w r 
this  plane  as  a function  of  ” and  V;  this  is  the"! 
"w-plane . " To  each  ue  and  v0  there  corrospO'-ds  •. 
w0;  then  to  each  za{ih  the  z-plass)  there  corref!]  u,4t 
a w0(in  the  w-plane).  if  gll  the  z?s  along  some  cu-vw; 
in  the  z-plane  are  plotted  in  the  w-plane,  the  r ?*»!•: 
is.'  a curve  in  the  w-plane  Which  is  called  the 
of  the  curve  in  the  z-plane.  If  all  the  points  in  • gi  -or 
area  in  the  z-plane  are  plotted  in  the  w -plar  e,  the 
result  is  an  area  in  the  w-plane.  Thus,  curvet 
and  areas  can  be  mapped  from  one  :pl*  ■«;  in?o  the  otlse” 
(See  figure  A7JI-5.) 


/ ■ 
J c 


w - Pj.atie 


\C‘^%-  0-) 


* J 


i'i  ^tUrs  A lil-S.  Mnftytitig  'through  » ■>  f(g_) 


(4-  III -24)  Wfss>  - , --j — - -S  = ‘AViK 

$d*»se  S(z)  and  U(z)  have  no  cGmmoh  Vuotor, 

'A 

It  ib  required  to  plot  tMs  .tevtVor,' -ih  tfeb-.'Wvpia4« 
order  to  do  this  it  is  to fcvfesilhftf  to  k^sM.  r.> 


^Vi28'1*'  'Ao  = NOft 
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'4-h 

v) 


& ■ .*■ 


, plot;  for  instance/  any  zc  which- makes 

;JHe  polynomial in  the. numerator,  n(z}3  vanish  gtyess: 
~W'(a'o).*  0 ; but  the  z!  s which  .make  the  numerator  vanish 
are  t»e  roots  of  the  equation 

C4  ni-25)  H(S)  ■ Afp*  • *+Ap  = 0 


he  t those  roots  be  pl,p8...pm  ; then  (A  IK-25)  can  be 
factored  into 

(A  m -26)  N(Z)  = (a-  Pi) (2-  p2)‘  * *(2-  p„) 

where  the  p' s are  complex  roots -of  n(z) . When  z as- 
sumes each  of  these  values,  N(z)  vanishes,  and  so  does 
w(z)  /therefore,  w<p1)w(p2).  ..w(pm) are  all  zero.  The 
roots  Pj.Pj.  ..p!3  of  N(z)  are 'called  »'zeros"-of  w(z); 
they  all  map  into  the  origin  of  the  w-plane. 

Any  z0  which  makes  the  polynomial  d (z)  vanish  causes 
, r w(  z)  to  become  infinite.  These  z values  are  the  roots 
of  the  equation 

V ■(,&  IU-27)  D(Z)  - BnZa  + Bn^1z"-1+*  .•  •■B0  » 0 

:•  .'Lei  these  roots  be  %;s2)  . ..s„  • then 
''■fyhz~28)  D(z)  = (z-  Sx)  (z-  s2).  . . (z-  sn) 

“•4  / ' 

Tms,  w(z)  becomes  infinite  for  z = s ., , z = s2. . . z = sn  ; 
these  are  called  the  "poles"  oiw(z).  Since  w(Zj),  wO^l 
A , w(zn)are  infinitely  large,  thoy  cannot  be  plotted  in  the 
finite  portion  of  the  w-plane. 

To  show  them,  sn  "artificial”  reprint -union  of  infinity 
is  introduced;  the  locus  of  all  infinitely  large  it'  s is 
shown  aA®  circle,  about  theorlcb^f  of  finite  radius  il.  f 
anKifc-to  specified  that  K ' approaches  infinity. 

Ifey  all  vabies.  of  z other  ?<asi  the  zeros  Ahd  poles  of 
f it  is  ogeesagryta  apfesSfttte  &fl.usaber  of  z*  a into- toe 
polynomials  of  (A  IK-24)  ©id  to  solve  for  the  sorres- 
ponding  values  of  w.  IS  the  s’  s lie  along  a closed  curve, 

■ the  plot  im  lha  w-plsne  *&  also  h,  closed  curve;  the  area 
inside  this  curve  will  plot  inns  an  area  in  the  w-plane 
Bat,  sot  aeKteSSitrily  inside  the  w-curye;  it  cas  also  fall 
oufSTdf  f M W-toitove.  The  subject  of  mapping  is  an 
fssj^raht  o&a  fc  tod  study  of  servomechanisms , More 
about  it  id  give®  lit  section  A IV  of  this  appendex. 

mTEGRATiON’  m FUNCTIONS  OF  COMPLEX  VARI- 
ABLES 

The  integral Jf(x)  dr  can  be  thought  of  as  the  area  under 
' the  curve , y = f(x).  It  is  the. limit  of  the  sum  of  the 
areas  of  the  rectangles  whose  base  is  Ax  and  height  is 
y a f(x) , as  Ac  becomes  indefinitely  small  and  the  num- 
ber of  these  rectmigteSfeecomes  indefinitely  large  (see, 
figure. A III-B).  - „•  ■■} 


*.  .V 


* — - x +* r- 

•7 

Figure  A III -6.  Integration  as  Limit  of  Summation 


.■SehtltmAM 

- Should  one  form  the  integra'i/wf  z)  dZ  and  thtfek  of  it  as 
the  limit  of  the  Sum  of  the  rectangles  whose  base  is 
As  and  height ffz),  the  same  difficulty  arises  as  in 
the  base  of  diSferehtiatipn,  namely,  in  which  direction 
•is  Az  to  toe  taken.  If./ f(z)clzi®  to  have  a definite  mean- 
ing, the  direction  of  Az-has  to  fee  prescribed;  and  this 
Is  done  by  picking  out,  of  the  infinite  number  of  z’ s in 
the  z-plane,  only  a set  of  z’ s Which  lie  along  Some 
single  selected  line  in  the  z-plane.  For  this  reason 
the  integral  i-s  known  as  a "line  integral;*  it  is  de- 
signated by  the  symbol  St  f (z)  dz  (see  figure , A IK-?)  , 


O (path  of 
Integration) 


Figure  A 1X1*7.  Line  Integral 

If  the  line  has  as  its  end  points  the  values  z.  and  z2 , 
the  integral  is  a definite  one,  f|af(;z}clz.  These  esid 
points  may  be  anywhere  iij  the  z /plane.  If  the  points 
z-i  and  z2  coincide,  i.e.,  the  line  is  a Closed  eurye2 
the  integral  is  sometimes  designated  by  the  symbol  f -'. 
The  line  selected  In  the  z-plane  is  known  as  the  ’Tall) 
of  integration”  (see  figure  A IJI-B) . • • 

; ■ ' '.a*' 

(Path  of  • 

, f v * -mtegfattom 

) V\  a Closed  Cans..  > \ 


Figure  A HIS.  Closed  Conto^ 

A xreguently  used  Path  of  integration  is  g circle  (see 
figure  A iII-9)‘.  T-hre‘  equatibii  of  SuCh  a circle  is 


(A  III -29) 


Z s 2q  ^ 8>'6 


, . ' IV  , 

> W 


Figure  A III-9 .‘Ifircte  i« ,zfl  + 6exS 

lJhis  means  that  any  point  on  this  circle  can  fee  located 
■fey  a vector  which  is  the  sum  Of  and  '6f  the  vector  _a 

Whose  angle  with  the  positive  x-axis  is  8*. 

1 ( , . “ . 

If  the  center  of  the  circle  is  at  the pfigin  of  the  Zrplane, 
the  equation  (A  IU-2&)  simply  becomes:  (see  figure 

‘a m-io).  a V)- 
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li/ge  circle,  a small  otys(  3b  events  nqt&tg,.. 

' scfuare  been  n times  as  large  ($#f  JjgumA  ‘Pt-lS-th) ) . 
the  limits'  would  become  &m  ahwdh'j  along  pb  z » it  * ..ty 1 
along  CD  .z » x + in ; the  ihtbgrai/now  would  &$:. 


ft  ■ ' 


••:  Ji 


Figure  A III -10 . Circle  z=*  ne2^ 

.1  As  -H  example  of  a line  integration,,  let  w = z2  be  in- 
£••  t te  grated  a long  the  above  circle  (figure  A HI-10), 
z-=  aetft  v this  path  w » a:2gi«;  hg  . lae^dfl;  then 

. a H/-JXO  pyjdz*  ^aV^i  a a“W  . i a i,3r2V3%0 

.'•  • ,,  •'/  *0 

,•'•■’  , ■ J ' - “ “ ■'  . « r2^  , 

*ia3f  cos3fid0-a 3J  sin 3 Sd.0  = O 

,i  o •'o 

’ " Thus,  the  integral  is  aero  and  is  ir. dependent  of  the 
1*. <v"  I’&mus  of  the  circle  used  as  the  path  of  integration. 

If  the  path  of  integration  is  the  circle  shown  in  figure 
A IH-9,  the  integral  is  still  zero,  as  shown  below: 


■ (A  III -34) 

{.■ 

/ :z2dz-  /nx2dx+  /“(»*' .ty’,*idjr*  J°(s+  J8(iy)2  idy 

' C 1 0 0 , ft  XX  ' ' 

• » J^x2dx+ in2^W;  in^'i2ydy+ i/^i2y2dy 

•'  ! - + J°x2dx+  i$ffadi+  fJi2n2dx+  if°i2y2dy 

*.  •.«  tt  . ffrv  • 0- 

» jf  x8<$*  * aj  *•  Dili* 2ydy - ij£y2dy>  j£«?.dx  / 

- i nf*2xdx+u  ‘ to- ► hfV2dy  1 . 

=■•  in3*  u2--  in3  ■»  n3  = 0 

It  is  clear  that  £z«Vz  is  zero  for  any  finite  sit  Kjff'ot 
square.  By  trying  other  paths  of  integrations  %J.  --  til 
be  found  that  (Mri?.  is  zero  for  any  path.  'I his  ’A  .&  true 
because  z9 1«*  analytic  at  any  finite  point  in  the  'Jt.,  -plane . 
And  it  can  he  shown  that  for  any  function  a which 
is  analy  tic  at  any  point  in  the  z-plar«e  \ ategral 
along  any  .closed  curve  is  zero.  **" 


. Zf^of-ae^r  z2  = z|+2hj^eie  + a2e21fl;  'dz“iaeifld0; 

.'/.-y  ; yz2dz*  i^^ae^d^f  i;*'*2&zo<ei-ze&e*  = 


/ 


*1ZH  [ct,S0  +i  sin^d  ^ a2z0/2fffuos2  ( * isln  2-9]d  0 + 1 isin  !',&]  d0  - 0 


. In  this  case,  too,  the  result  is  mdependeni  of  the  radius; 
nor  does  the  posifiQn  of  the  cento--  of  the  circle  matter. 

y shoihbp  sxajhpl^  letthesajae  function  w«  z2  be 
integrated  along  a path  which  is  a square  in  the  z -plane 

•• , ■■' . . :0m  #gk  e A I>J>il:{a)).  ' • 
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Figure  A m-11.  Rect^slef  as  Paths-  of  Integration 

ifc  is  seen  that  alofig^B  -g=  x|  'dB  '*  dx,  sin.'e  j cncs  net 
ehaiige;  aloii'g' .jg,  -g.s-1  <•  fy;  <»>•  ■«  idy,  stud®  x -jcses  not 
. change;  along  Dd  2«  x +,  i,.;  dz  dx ; siujig  ffi  i « iy 
dz  = idy.  - - * 


f A (J.I-3S)  $ 0 

. M 

for  any  dosed  path  iffi.  f(z)  is  analytic  anywhere  in  the 
z -plane.  /&■ 

This  property  of  woialytic  functions  which  is  ,'iven  here 
without  proof,  ^6ufc  only  made  plausible  by  a few  ex- 
amples, in  itejr  content  of  the  Cauchy-Gourss  t theorem. 

Jr/ 

Such  a prjQsxiy  of  a function  is  without  precedent  is< 
the  reaKfV,  of  real  numbers  and  might,  therefore,  pro  fa 
somew^  Act  puzzling.  To  make:  it  easier  to  aecept  it, 
one  fir*:,  ’y  think  of  some  physical  models  sn  which  an 
Integra  aj  ofaf  ndiou  e#ilbits  similar  chaiacteristics. 
S’on  / 1:-.  jpiu.  lei  a tension  sprirg  be  attached  at  the 

I''1.  »>  (see  figure  A M-B). 

gjj^  a , is  made  to.  follow  the  carve  c . At 

i«^nt  1 9 fkA  rtjino.ti  1-Ka  . .vfiaMOmn  A1?  flift  cnvvh/y 


•;  rfSpeptively; - 


counterclock- 
cd  and  da 


■(A,III--33‘)  f z*o%B  flxidx  * J 5 » ij  iiy  + /°te+  if  & .. 

vv.v'"  0 . . 0 i,  l . . 

' '■  " iffy  vS(i&  *4  Jy- jr*^dy* 

™ 1 .'>■  1 '■,»  ttwawntenj*  ^ , _t ,,  ^ A « - n>i 

' : r';:1  ■ ■ 


— “ VF  - . [ & • * A*‘w  vv.t  V*  l>*WUU*  bU 

tt  ;«Vs  -extension.  Thus  g is  a function  of  z . The  net  in- 
erfy'enne  in  energy  at  any  point  is  the  summation  of  the 
c M ranges  in  energy  up  to  that  point.  The  total  change 
i§pi  energy  as  A returns  to  Jts  initial  point  is  the  in- 
fjil  c-grai  of  the  change  dE  along  the  curve , And,  since 
* spring  ends  up  in  its  initial  coflditian,  there  is  no 

a*  f/|  nn.  -----  - i *-1 ••/-■*• I -I  „•  _ i_ 

/jViyip  My  »J'o1x2dx+  if* (l*  i2y-  y2).dy-J'^'x2;i  i2x-  l)dx 
■ jrV<»y  h ■■  if*2xdx  *£dx+  iffy-zdy  «,i.- 1 - \ +;i  * o 
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Appendix  '~.';u 
SeMjon  ^XII  ^;-: 


fajfietore,  fMs  integral  i$  • 
o of  ^hA  r>>  IC'y.itl^/ycIi ..  A 


. *&*  '■  .r&  «S 3 integral  is  • 

•$&*  , •;.•»  oi ; ;j.'  ^ Vvflf  A* 

u f«  ■<.  : _..*«&  4 haaft  ^&.fU  /,$••  • 

* hW.».  t4*  <•  v'  -(.Ww  f<A-  hid  gw  • 

«jiws  axwmd^AMU while  ettatf-* 
i w'4R*sr  -.nafcg  She  net  change  in  potential  energy 
i At--*®/  paiu  alorvf -tfee  path  is  the  integr  al  pf  the  qhAnf^'Si 
-jtpfiip  to  that  point,.  «#6"iwlli 
Jg&mt,  the  change  in  ins  potential  energy  is  zero  , $MS 
" & another  integral  which  is  zero,.  xegardiAsS'.p^t'hh .. 
path  of  integration, 


Figure  A,  III -12 . Tension  Spring  as  Mosel  of 
' . ’ i ■’-.  --'  Ansiiyrs.c~  Ft srscixon 

.,;•'  .•/£  jLf  4 !$■ -a  lonsipnspring,  ^in  thp  shape 
. of.  a, rod);  haw*  one  end  a^^acfie.?  teilApeint  (0,  0)  (see 

•;f  / figure  A fll-13).  ' '* ■ ■ 


jlj  ■.■s'..-. .......  MFj  Slider 


> K '.  V - ■-.  1 ■«* — Rod 

■ •'.  ■'  i-  =•  v,  f 


\,-,i  ' •'.. 
r- 

. - ( ; # . 


figure  1 111.-13,  Torsion  Spring  as  Model  of 
Analytic  Function 

Let  the  point  A of  the  slider  move  along  a closed  curve, 
such  as  the  one  in  figure  A HI- 13.  The  torsional  energy 
of  the  rod  is  proportional  to  the  angle  0 ; as.  the  point 
A comes  back  to  its  original  position  the  pet  energy  in 
the'torsion  spring  (i.e.,,  in  tfe  rod)  is  zero  and  this  is 
true  for  any  path  not  surrounding  the  origin,  i.e.,  the 
point  where  the  rod  is  attached. 

Turning  to  the  function  w ~l/zf  it  is  seen  that  it  becomes 
infinite  at  z = 0 (i.e.,  it  has  a pole  at  z » 0).  This 
function  is  analytic  everywhere  in  ;the  z -plane  except 
at  the  origin.  It  is  pt  interest  to  integrate  this  function 
along  a circle  having  its  center  at  theorigin  (see  figure 

A ni-io).  . ■■  ■ : 

‘ Thus  along  c %•  ae^;  dz=  iaei^dtfj.anct  , ‘ 

(A  111-36)  ■ I.f  dz  A :JS,ria 10 M -2?fi  > 

$ V „ o ae10  o , • r - 


- U is  seen,  that  the  integral  fnAliis  case  is  not  zerp  put 
%,i . ..For  w-  i/s'h  a-.  ■.  ■ : s,  > „,1  •„ 


••  4:|r.  - ; 

* ^icoafm-De-'l  Q ■ 

for  all  w/ 1,  ■ ,j:  ' . 

- , ♦ 

Thus,  / zMz  is  zero  for  any  n , positive  or  negative , 
except  pn  <r  -i,  for  which  its  value  is  2ni- 

If  the  path  of  integration  is  ap  aye  pf  the  aboye  gircie 
with  the  anglo  of  the  end, points z.,  ahhf  z?  heiiig.  0 and 
% (see  figure  A the  integral  becomesg  * ' ” 

(A  .111-38)  J |dz - i/fl.  dd *-i(0s  - 5t)  • 


. jLi.  :Zzg^ 

ily  f-N 


</ 


Figure  A 111-14.  Integration  Along  Circular  Arc 

if  the  integration  proceeds  from  zx  to  z2  , and 
-iC02  - e.)  - i(5»t  - 02>  if  it  proceeds  from  z2  to  z%  .■ 

The  integral  of  ,j/aa  (wherem  > | over  the  same  aye 
gives 

(A  m-m  f %{cos  t(ffl-l)  y i sin,  i(m-l)  elJd^ 

S’  - % 

As  the  radius  a increases,.  i;he  yalue  of  (A  III-.39) 
decreases  and  as  a approaches  infinity,  it  approaches 
zero.  - 

The  integral  of  z.n  over  this  arc  is; 

(A  III -40) 

/ZJzndz«  f2 aneiae ^iaeiff dd  = ia’1+1  f 2ei^n+1^i,dS 

» iaa'fi/<32{cos[(nrl)0]  + isin  [(n+l)i?]-}d0. 

h 

This  integral  varies  as  an+1  and  as  a approaches  sera, 
it  also  approaches  zero. 

To  surmmrize.  the  integral  of  za  over  an  are  of  radius 


(A  111-41 ) a)  for  n *-2  and  a very  large, 


b)  for  »«  -1  and  any  a,  J^a'zdz*! (fig  - 8X ) 

- , •-  - * g - 

c)  for  n>  0 and  a very  small  f 2zndz-*() 

. • zl 

In  taking  the  integral  along  a simple,  closed  curve  (i.e, . 


Action  A I?  < ..  - ' • , / . 

y|pnirBiStv''4oes  iibf  crliss  itself, ) the' counterclockwise 
- ~dj.r:ectiaft  is  takes!  as  positive. 

it;;ha.s,  beeh  shown  that  the  value  of  a line  integral  -of 
: "a  function  depends  not  only  on  the  function  itself  but 
: alfeo  on  the  path  of  integration.  It  will  near  be  shown 
; _/that  when  the  path  of  integration  is  a closed  curve  and, 
r - fdi%srSio£e,  the  function  is  analytic  on  the  curve  and 
at  any  point  in  the  region  enclosed  by  this  curve,  except 
at  the  point  z0  (that  means,  z0  is  a pole  of  this  function) , 
7'7'thetffliES  value  of  fMsiineintegral  ih  a known  function 
* - , v%of  this  point  Sp.  - ' * ' 

;4.~  This  can  fee  done  as  fdliows:  The  liinOtion  having-a 
pole  at  e - z0  is  ofthe  form  w(z)  - f (z)/fz  - m?)  (see 
figure  A III- 15),  where  'f(z)  does  not  cdfitain  the  factor 


Figure  k ili-15.  Contour  of  Integration  Enclosing 
a Pole  - 

■ : * > 


' Because  of  the  .presence  of  this  pole,  the  line  integral 
around  0 -is  not  zero . But,  one  can  -change,  the  contour 
Cin  such  a manner,  as  to  avoid  the  pole;  (see  figure 
A III- 15(b):.  Now  the  function  is  analytic  on  the.  new 
contour  and  at  all  points  inside  the  enclosed  region. 
Therefore,  the  Cauchy-Goursat  theorem  applies,  and 
f&fe  the-int€g6di0iLas  shown  in  fhe  figure;  one, 
..  --can, write: ' ' ‘ 

; •:  -,.  3 /. 

■ -,(*111-42) 

"■  /. , if  w(.z)  d2r-  j^  w(z)  dz  + fp  w(z)dz  f j£>  w(z)  dz  - JI  w(z)  dz 


(The  negative  sign  is  used  because  c2  is  traversed  in " 
a direction.  opposite  to  c ^ } » Since  ps  can  be  Kjade  ih- 
' definitely  olose  *0  S' pi , and  since  the  two  lines  are 
- traversed  in  opposite  directions,  the  integral  ovfcr  this 
part  ox  the  path  canOels  out.  Noting  that  the  integral' 
around  the  circle  c2  is  taken  in  a.  direction  opposite  to 
that  of  %,  there  rsmsl-hs-j  - ■ ' ' .4-.-  _ 

(A  III -43)  Jf  w(z)dz«  pw(z)dz  :f  .-c 

1 ci  ~2 

The  equation  of  the  circle  Gz  is  ” ' « 

(it  ill -44}  2-z0+fteJff 

. Also;  dz«jaeJs  and  z-.  z0  « aeJ9:.  By  substituting 
these  values  into  the  right  half  of  equation  (AIil-43), 


: (A  111-45} 


do  »jj^wf(ss0  + ae^).d'5 


The  radius  a can  be  made  arbitrarily  small;  in  the 
limit  it  approaches  zero.  Then  equation  (A  III-45)  «' 
becomes: 


(A  ltl-46)  4r^g-^f(ao),  -~t 

and,  finally,  equation  (A  III-43)  becomes: 7C  " ' ' 

« la-«>  4 • »«*.) ; 


This  relation  is  known  as  the  Cauchy  integral  formula, 
ft  states  that  if  a function  has  a pole  at  some  point  z 
(i.  e. , it  is  of  the:  form  [f  (z) ]/fz-z0) ),.  the  integral  of 
this  function  around  any  closed  curve  surrounding  the 
pole  is  equal  to  2rrjf(z'05  where  f(z_)  is  the  value  of 
f.(  Jz)  at  the  pole . . 


As  an  example  of  the  application  of  the  Cauchy  integral 
formula,^  let  w(z)  = sin  z/(z-z0)  (which  shows  that  w (z) 
has  a pole  at  z = z0).  Then  the  integral  of  w (zl  around 
a path  which  encircles  the  point  z0  is:_  f ' 

{ W(z)dz  « l |HL5  dz  * 2rrj  sin  zn 

“ 2#j -l-sf  n xQ  cosh  yy+j  cos  x0  sir.h  y6] 


SECTION  A IV  - MAPPING 


(a)  INTRODUCTION  ' 

One  of  the  methods  for  investigating  the  stability  of  a 
servomechanism  is  based:  on  the  use  ofthe  sp-called 
"Nyquist  criterion, " In  order  to  understand  the  deri- 
vation of  this  criterion  it  is  necessary  to.know  some- 
thing about  the  operation  of  "mapping"  of  a given  contour 
from,  the  z-plane  into  the  w-plane . Furthermore,  before 
a discussion  of  mapping  may  be  begun  certain  funda- 
mental concepts  regarding  plots  in  k complex  plane  . 
must  be  understood,.  For  these  reasons  the  presentation 
in  this  chapter  will  be  as  follows: 

1 . Fundamental  concepts  - methods  for' designating 
, points,  lines  and  areas  in  a complex  plane. 

2.  Mapping- 

3.  Nyquist  criterion.  < . o > t.- 

■ ••  V-  . t <'■• 
A-S6  - . ,.  7'-; 


(b)  METHODS  OF  DESIGNATING  POINTS,  I.INES 
AND  AREAS  IN  THE  Z-PLANE 

It  is  important  to  become  familiar  with  the  ways  used 
to  designate  points,  lines  and  areas  in  the  z-plane  . 

♦ - 

Iti  the  theory  of  Complex  numbers  it  is  shown  that  a 
liked  point-ln  the  z-plaiie  is  designated  by  z„  » ^ + jy 
(see  figure  A - - 

Straight  Hnes  when  unlimited,  are  designated  as  follows? 
The  y axis  is  x = o : the  x axis  is  y=  0:  a line  parallel 
' tb  the  y axis  and  at  a distance  C from  it  is  x«  c ; when 
C > Q , the  line  is  in  the  right  half  plane  (see  figure  A 
IV- 2) . The  designation  of  certain  other  lines  is  shown 
in  figure  A IV-2 . 


• Appendix 
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x2  - C2  5 72- Qi  1 , The  area  inside  this 

rectangle  is;:-;  x < Ci2;  :G3<y<.G4;.,  A circle  of  unit 
radius  is  r - i (gee  figures  A TV-  6 and  A/lY-1?). 


m<sm^r 


■“v:..,  . . /"  jy 

■ r*  . ■ ' 

- ■ - /<7 

r <:  X 

..  ir.- 

5 ".T"' 


Figure  d lV~t~  Circle  at  Origin 


\\-_l  ;;'/n 5jie  area  Inside  che  unit  circle  is,  r < I;  if  the  boundary 
'V J ' is  included,  one  writes:  r 4 1 the  entire  area  outside 
unit  circle  is  r>  1;  another  way  cf  designating. thse 
Unit  central  circle  is:  z«  eis  , A circle  of  radius, 

. a and  with.  its: center  St  • 0*  So  is  z*  z6  * aeJd  (sc-?; 
v ; figure  A i.V“8)i>' 


I*  ?;  • jy) 


The  area  inside  iUt,  circle  , s , 

. , . , , Jfffl  the'  concentric  circles- 

A nng-shapea  area  be  snded  byM  their  center  at  ; ls  . 

of  radu  a,  and  i2'and  VUvfiuM*  ° 

• (see  figure  A IV- 9)  . 

, , , . . . , n sufficient  to  enable  One 

The  above  examples  |S.  be  asediater . 

to  identify  all  the  desi^&Ucjm 

(c)  MAPPING  ijjg  ] 

, , , , . . Ilf , essentially,  as  follows:-: 

The  problem  of  mapping  ome  closed  curve  lying  in 
gwen  , contour,  fJyw(z),  to  draw  the  corres-* 

the  z-plane  and  a tw,v  if  the  function  w (z)  5. 

ponding  contour  n fcfc.  CEJ1  b6  done  bytWufornimr 

a : simple^  z-plwe.  But,  gcu&aiV,  a 

.the  contour  *-!&*•  drawn, 

separate  % --plane  muspf  ~ j 

-«;<**«**.  . J^UR  THROUGH  TITf'E  FUNCTION 

MAPPING  A CON'Mj  aiv„.10). 

• //  S To  in.  z •*  Plane 

j,  j ^ jv  | V-Sle'  in  w-  Plane 


- / 

r . \ ■ 

> • ( ■ 
r%\, 

x~*r 

/yO 

^z'  zo 

\a?\ 

f 

( 

-A  / 

w 

W'  al 

^ 

a- 

■ Ks 

c/'- -■  , 

Figure.  A T/~10 . Sapping  Through  w-z+cQ 

Let  there  be  an  irregular  contour  C ir.i  the  z-plane  .. 
To  each  point  Ort  this  contour  corresponds  a point 
w=  z ->-50  , where  c0  is  a complex  number  „ it  follows 
that  w transforms  C merely  by  shifting  it  in  its  entirety, 
through  the  distance  | c0|. , in  the  direction  of  the  angle 
of  C0.  Rather  than  draw  the  contour  C in  its  new  po- 
sition it  is  simpler  to  shift  the  axes  to  a point  -C0  . 
Thus,  with  respect  to  the  uv  axes,  that  is,  in  the 
w -plane  the  map  of  c is  of  the  same  shape  and  Orienta- 
tion as  C , but  shifted  through  c0 . This  map  or  "image” 
of  0 is  designated  by  O'  , 

Analytically,  this  transformation  is  arrived  at  as 
follows; 


a jy~i)  f 


C0  = x0+i-y0:  Z =X+  jjr,  «r=0+eo*(x+^)4-j(y+yo), 
p'iVM  u = stx0;  v*yeyw  ’ ' 


This:  shows  that  every  point  of  the  contour  c is  shifted 
.horizontally  through  x0  and  vertically  through  y0  , 
hence,  through  the  distance  . |co  j , in  the  proper  direc- 
tion, ag  was  done  graphically.  This  simple  transfer- 
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itiaijorf  '^elps.  to  exprigiira  theorem  ^hicft  is/used  later 
on. 

..  Let  #■  = #»$>  i ajtd  let  0p  be  a point  inside  the  contour 
c in  the  .(see  .figure  & * ■ 


>#'  ' '>A- 


;:rW  iy).  , 


■ ji*  i 


C in  z <?  Plane 
C'  ih  w - Plain)' 


I'y.,-";,  ' Figure  A XV-ll,  Mapping  (Translation) 

rather  than  shift  the  contour  C through  -C0,  the 
WV'^-  tiy  axes  are  shifted  by  +c0,  i.e.,  the  origin  of  the 
nv  coordinates  is  at  point  c_.  The  contour  C is  now 
: also  the  contour  O'  in  the  Wrpiane.  (Note  that  plotting 
■ ’ ''  iv  -'  -'  a contpur  through  the  function  w=  z-Q0  amounts  to  putt- 
ing  the  origin  of  the  uy  axes  at  the  point  C0  .) 

§2)  ■yr-'fi  Now,  let  a point  a traverse  the  Contour  0 in  a clock- 
w*r  , wise  direction;  using  z=reJ®,  it  is  apparent  that,  as 
z travels  completely  around  the  contour  c,  the  vector 
• r swings  back  and  forth  through  an  included  angle 
bat  ends  up  in  its  initial  position  so  that  the  net 
angle  traversed  is  zero  „ Using  w»pele , it  is  likewise 
apparent  that  the  vector  p rotates  through  360°  about 
• ■ : ' a ' the  origin  as  the  point  ^travels around  C';  w travels 
! around  G'  in  the  same  direction  as  z travels  around  C . 

f A theorem  can  now  be  stated  as  follows;  When,  a closed 
■i: contour  C is  mapped  through  the  function  w«~z  -C0,  where 
l c lies  inside  the  contour,  then,  as  z travels  com- 
pletely around  c,  w travels  once  around  the  origin  and 
, in  the  same  direction. 


This  theorem  can  be  extended  to  the  esse  where  ito 
contour  f?  has  a loop  hhd  thereby  encircles  the  point 
c0  twice  (see  figure  A XV- 12).  it  is  seen  that  as  z 
travels  completely  around'  P*  w travels  twice  around 
the  origin-.  In  general;  when-  c cncircles.  Qt  rffibTes, 
* goes  around  the  origin  n times  and  i?  rotates  through 
:%m  radians-,  - : - — -- - ------  - 

If  the  point  ••  •'tSide  the  contour  .&  *hsn  w does 
not  go  around  the  origin  but  swings  back  and  forth 
through  some  angle  % with  net  apgje;  traversed  equal 
to  zero  (see  figure  A.  IV-13) ...  . " . b.  vV  ->/  ; • 
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Fi  gure  A IV-13 . Mapping 


MAPPING  OF  A CONTOUR  THROUGH  THE  FUNCTION  '' 
w = ^oz  - To  map  a contour  c in  the  w-plane  through  * ' . 
the  function  w = caz  > where  cb  is  a complex  number,,  it  ' ••  „ 
is.  best  to  use  the  polar  form  for  z and  w f-  thu'*;  - 


(A  IV -2) 


j z = rejs;  vf^peW)  C0*roeJ£,<> 

| w»  C0?  » r0r  e^r{  ^ 0 


(C  in  z - Plane 
JG'in  w -■  Plane 


Fig ure  A IV-12.  Mapping  ( Multiple  Encirclement) 
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Fi  gure  ,4  fV-14.  iSgppifijf {Through  »• » c02 

.......  T ,//  - 


Th^  ^"transformation  consists. .in  enlarging  all 
vectors  z by  a factor  r0.  and/then  rotating  these  on- 
larged  vectors  throu^i  the  ar  c ie  (see  figure  A .W-14). 

- $ ly  ■ . ^ 


i {tisv  m 
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(In  this  figure^  j?a$ttlkea  ft-  he  abe. 

^ A.  JL  J A'  ' a >■«.»  JLj*  4 a \L*  t o **  fi 


/ 


of  rotating'  the- cbhfoai?  c,  Uie  n,i2ws.  Instead 
through  - *’  - 1 /axes  sieve  rotated: 


•)  . 


/ 


axes  seve  rotated’ 


The  result  oi  tliis  traneform^ 
is  geometrically  similar  ty/don  is  a contour  c'  which 
f/emovedfrom  the  origir/e,  tte  *w,birged  (W  ij,  > 1), 

t f>S*  /and  n,:ii  h Wft  rtrifilnfafiftn1 


lativeto  th$  uv  &«B9  cfrvWd  n»tti  its  orientation:  re- 
its  original  erieotatieinged  by  ^ constant  angle  from 

U '•  ■■  ' 4 ' , 


where  Cj  and  o2  are  complex  numbers*  Calling 

■&,  0-4)  , Wj*  z-  cs»  px  eJ^:  and  wa*  »-  C2«  P-, 

!'  1 ; v ■ ■ • ' ' 

one  can  writefsee  figure  A SV-45): 

fw«  paW  » WjWj  » n1,%e^H+^ 1 
A Pa  PlPot  <£*  4>1  + 4>H 


C4  1^-51 


Figure  A 1V-15.  Mapping  Through  (A  IV -5) 


c ?e  vdotfe  two  transformations  can  be  combined  into 

A>  w“  C°z+  Ct 

mn  orbing,  to  this  transformation  a contour  c is  first 
cqi’ltiglvM  by  C0 , giving  w'  = cQz;  then  the  resulting 
thi  >5nr  S#  shifted  hyC1,  giving  w=w'+cl4  Graphically 
fig  can  be  done  by  plotting  C into  c' , as  shown  in 
she  *4  4 rtf  *44  and  then  shifting  the  origin  by  -c?_,  as 
in  figure  A IV-10. 

In  al. 

gsoii.  he  transformation  described  so  far  C'  remains 
reJxtl  trViuily  similar  to  C,  though  its  orientation 
r.  J’v'3  tw  the  uv  axes  may  lie  different  from  that  of 
vtiVg  to  the  xy  axes. 

U&e  fen: 

folfottfi.  .'<*  *'bl  bthted  &bnye--Ca»  be  further  extended  as 
C/i  i'rtv  i*st 

' w **  {z-  cil-cz-  02) 


Examination  of  wt  shows  that  if  Cj  lies  inside  the  contour 
c , p,  traveling  along  C'  in  the  wp-plane  rotates  through 
Ztt  radians  around  the  w,  origin  as  z goes  completely 
around  C.  Similarly,  p2  traveling  along  c“  in  the 
Wa  -plane  rotates  through  2 w radians  about  the  w2  origin 
as  z goes  completely  around  C . 

Consequently,  when  <£,  and  <£a  each  goes  through  2 w 
radians,  which  is  *•<*,+  <£„  goes  through  4 77-  radians  . 
The  theorem  is  now  extended  to  the  case  when  C contains 
two  points,  c,  and  d9,  and  the  contour  is  mapped  through 
w = (z-  C,)(z-  Cs) . Then,  as  z goes  once  around  the 
contour,  w goes  2n%  2 times  around  the  origin,  and  in 
the  same  direction  as  z {i.e.,  clockwise,  if  z travels 
clockwise). 

If  both  C,  and  G.  are  outside  the  contour  C , w does  not 
go  around  the  origin  but.  rotates,  through  an  angle 


A-?d  / 
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4>*<P%*4>»*  ; If  one  of  the  points  lies  inside  C,  *>v.  goes 
me.  .compile  time  abound  the-  .origin.  Similarly,  for 
m points  inside  the  contour  C , w goes  through  2rm 
radians  around  the  origin,,..!,  d,,  it.  encircles  the 
origin  m complete  times,  rotating  in  the  sdme  direc- 
tion as  z . 

The  extended  theorem  can  now  be  stated:  When 
a,  closed  contour  is  .mapped  tftrougSs  a function 
(ss*-G>,Mf2*  ca)  . where  all  0?s.  lie  inside 

the;  contour,  then  as  z travels  completely  around 
a , w travels  around  the  origin  & times  and  in  the 
same  direction. 

There  is  no  restriction  on  the  lOcation  of  9,  , gnd 
as  long  as  they  are  inside  the  contour  C(.  Thus,  e*  may 
coincide  with  C,  giving  w«  (a-  C*)* ; the  rule,  still  re- 
mains the:  same.  , 

MAPPING  A.  CONTOUR  THROUGH  THE  FUNCTION 
w = 1/a  * ft  will  he  shown,  that  when  the  contour  ct  is 
mapped  through  this  function,  the  resulting  contour  ci'  is 
no  longer  geometrically  similar  to  c but  is  generally, 
distorted  into  quite  a different  shape.  This  transfor- 
mation still  transformseircles  int»<  l?Cles,.  but  straight 
lines  become  either  circles  or  straignt  lines,  depending 
on  their  position  in  the  z-plane. 

Using  the  polar  form,  one  writes: 

z = re-10;  w=  ps-Ne  i*  _Le-Js 
(A-  IV-6)  ? r 

■•Pm  ~ r 4>=  -s 

These  relations  explain  the  reason  for  the  distortion 
of  the  contour:  each  vector  r turns  into  its  own  re- 
ciprocal, 1/r  ; thus,  points  far  away  from  the  origin 
come  quite  near,  and  vice  versa.  Moreover,  each 
angle  0 turns  into  its  negative,  -6  . Thus,  the  contour 
is  reflected  across  the  x-axis,  i.e.,,  points  of  C lying, 
in  the  upper  half-mane  become  points  in  0'  lying  irt 
the  lower  half-plane  (see  figure  A lY-16) ; 


Figure  A IV -16.  Hupping;  w*  1/z 


Figure  p'  the  image  of  the  circle  r » ,2 , 


Figure  A 1V-17 . Happing;  w*  1/z 

The  "encirclement"  theorem  can  now  fee  extended 
once  more.  Let  ...... 

po-^;  Wj - y, - p o ^ /' i ■ , ...- 

(A  IV-7)  { 0 

(•••w  = -■  « ~ e’-W, 

wi  Pi 


Examination  of  w«j?-0o  (C^.  inside  contour  G>  shows 
that,  as  z moves  around  Ct  in  a clockwise  direction 
once,  wi  circles  the  origin  once,  also  in  a clock- 
wise direction.  And  since  w=  it  follows 

that,  as  wx  circles  the  origin  once  in  a clockwise 
direction,  w circles  its  origin  once  in  a counterclock- 
wise direction..  By  analogy  one  may  infer  that  %f  - 


(A  IV -8) 


w= 


1_ 

(z-  Cj)(z-  C2) 


when  0i  and  C2  lie  inside  the  contour  c then,  as  •/. 
travels  around  c once  in.  a clockwise  direction,  w ro- 
tates through  2wk  2 radians  around  its  origin,  but  in  the 
counterclockwise  direction.  Once  more,  if  C2  coincides 
with  Cj,  w=  1/  (z-  Cj)2;  the  rule  still  remains  the  same . 


Figure  A E7-16  shows  the  mapping  of  a single  point ,, 
Co  into  the  w-plane.  It  also*  shows  the  unit  circle , 
r = 1 . r0  is  shown  to  be  about  2 Units;  P„  is  1/r 3 1/2 
unit.  The  final  image,  c'o  , . is  the  conjugate,of  C*„  . 


MAPPING  THEOREM  UNDERLYING  NYQUIST  CRITER- 
ION OF  STABILITY.  The  above  theory  is  sufficient  to 
prove  all  important  theorem  used'  in  servomechanism 
work. 
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It  will  be  recalled  (jsee  section  A HI*  Functions  o£ 
Complex  Variable  ) that  a transfer  function  can  be 
of  the  forte 

(A  iv-9)  v(z)  * S£&.  = fgi^KSfMi  ■ - jg£&L 
~ ' D(z)  (z-a1);^-«2),,.(2-«tt)  . _ 

...a,  ars  the  zeros  of  w(z)5  av et2, , . .anare  its 


EE  these  are  multiple  roots  of  N(z)  or  of  D(s),  this 
expression  may  become: 

■*»  r«  «,*  _ <**  a0K(v  a2)...(z-  aa) 

/*  1>  u>  *(z)  “ 


Let  there  be  n contour  C in  the  z -plane  and  let  a’.l 
the  zeros  . poles  of  w(z)  lie  inside  this  contour  ; 
let  C be  mapped  into  the  w -plane  through  the  function 
w(3)  shown  in  (A  IV- 10).  It  will  at  once  he  seen , 
as  a conscience  of  the  above  "encirclement"  theorem, 
that  as  z travels  ground  C once,  in  a clockwise  direc- 
tion, the  point  w traveling  on  its  image  o',  will  circle 
the  origin  of  the  *•  -plane  in  the  same  direction  as  many 
times  as  there  are  roots  a,  (i.e,.,  zeros)  and  in  the 


jpiposi'te  dfreetioi  as  many  times  as  there  are  roots 
‘M-  (i<e*vif!>l?s).  If  there-are  g zeroe  and  b poles 

lying  inside  »>  tfc»  a,  oaMug  the  -nc^ibei  ol  encfable*- 
T-imn-*}?  tb*:  felgm  >*  the,  w^lgnej-#^^tarcSlr^ 
tfon-as  of  z;,  R\  tMe  theorem  states:  thatj.- 

(A  jy.il)  N»2.p 

Defining  the  esmn'Kwcbmkwise  direction  as  positive, 
(A  HM1)  can  Sa  expressed  in  words  as  follows:  "If 
the  contour  0 eaxirale/s  z zeros  and  P poles,  in  a positive 
sense,  the  eonfamr  ■©  encircles  the  origin  K-  Z-p  times 
in  a positive  sense.- " 

In  servo  work  «?( z)  usually  is  of  the  form  p(z)  -1*  Y(z). 
It  is  more  convenient  to  work  with  Y(s)  and  thus  the 
Y (z) -plane.  Since  Y(z)  « , any  point  in  the 

w (a)  -plane  maps  into  the  , me  point  shifted  to  the 
left  by  one  unit  in  the  Y(z)  -plane,  Thus  the  origin 
of  the  w (z) -plane  becomes  the  - 1 point  of  the  y (?) 

-plane  and  the  mapping  theorem  may  be  restated . 

"If  the  contour  o encircles  Z zeros  and  p poles  in  a 
positive  sense,  the  contour  C\  encircles  the  -l  point 
N=Z-p  ttwe-v  in  a nesitive  sense."  - ; 


& 


M 
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SECTION  A V - FACTORING  POLYNOMIALS  BY  SERVO  ANALYSIS  METHODS 


SECTION  AV  - FACTORING  POLYNOMIALS  BY  SERVO 
ANALYSIS  METHODS 

Any  of  the  servo  analysis  methods  developed  in  Chapter 
HI  can  be  used  to  find  the  roots  of  equations  to  varying 
degrees  of  approximation.  This  is  accomplished  by 
rearranging  polynomials  to  obtain  a succession  of 
equations  c£  the  form  l * f(x)  - 0 and  applying  the  special 
methods-  developed  in  that  chapter  for  finding  roots  of 
this  type  of  equation.  A method  is  explained  here  in 
detail  using  the  ruot  locus  method  only  as  a matter  of 
convenience. 


Any  rational  polynomial  with  constant  coefficients  can 
be  factored  by  the  root  locus  method.  In  order  to  do 
this  the  equation  is  rearranged  as  in  the  following  steps: 

(A  V-l)  x4  + Ax3  + Ex2  + Cx*  B * 0 
(x*  A)xs+  Bxa+  Cx+  D = 0 
[Cx+  /i)X+  B]z^i  ex* D * 0 
jjAx+  + Bjx+  cjx+D  - 0 

Next,  the  expression  ill  the  inner  brackets-  []  is  Solved 
as  follows,: 

(*■'?*$}  (X*  Ay**jB  * 0 - 

fix) 

Jt> 

•|-(x+A)x  * -1 

The  last  expression  may  be  represented  by  the  complex 
number  ref" . This  procedure  is  the  same  as  was  used 
in  plotting  the  root  locus  of  Tfs)  - -1,  Thus,  Using 
X « 0 and  x - -A  is  the  zeros  Of  the  last-equation,  in 

i 


(AV-2),  one  can  plot  a locus  of  points  for  which 
"180  Kod(1  (see  figure  A V-l).  Next,  on  this  locus 
one  finds  two  points,  -a  + joand-b  + jq,  which  satisfy  the 
conditionIIKr|,  ■»  i,  in  this  case  X » 1/b  ; there  are  just 
two  r„’ s : -a  and  -b  . 

(It  will  be  seen  that  the  expression  l/B(x  + A)x  « -1  is 
different  from  those  encountered  in  the  development 
of  the  root  locus  method  in  section  HI-4  in  that  it  has 
no  denominator.  The  situation  was  not  covered  ia 
section  HI-4  which  deals  only  with  system-"’  *n  which 
the  order  of  the  numerator  is  lower  than  that  of  the 
denominator.  However,  this  property,  as  well  as 
some  others  dependent  upon  the  poles  of  Y(s)  pertains 
only  to  transfer  functions  of  physical  systems.  But 
the  root  locus  method  is  not  limited  to  such  systems: 
it  can  be  applied  to  purely  mathematical  equations, 
i.  e. , ones  which  need  not  be  tied-up  with  the  dynamics 
of  physical  systems.  The  form  of  the  root  locus  of 
these  equations  will  differ  in  some  respects  from  those 
shown  previously .) 


figure  A V-i  # (x  * &)X  + B « 0 a (x  + a)  (x  + b) 

Note  that  the  locus  comes  in  from  infinity  and  ter- 
minates at  the  zeros  as  li  decreases  from  infinity. 
Having  determined  roots  -a  and  -b  , the  next  Step  is 
to  substitute  the  new  found  factors  in**/  *he  expression 
in  the- braces  0 of  eqdaihm  (A V-i)  w-tie 
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Figured  V-2  . [(x  + A)x  + B]x  » c = 0 * (x  + d)(x  + e)  (X  +-f) 

Finally,  the  factors  (x  + d)  , (x  + e)  , and  (x  * f ) are 
substituted  into  equation  (AV-1)  and  the  new  equation 
solved: 

(x*  d) (x+  e)(x+  f)x+  D - 0 
-A- (x+ d)(x+ e)  (x+ f)x  - -1 


$«?  i figure  AV-S. 

Evidently,  tfctn  procodu:. « can  be  used  to  wtw  iat. 
the  roots  of.  »f:>  rations  * polynomial  with  consign, 
cot  if  leiente . '.!  nee  Si ! essence  of  tho  method  is  tc 
recy.o©  the  $*■,*.  imisl  lo  * series  ot  aquations  of  4l>e 
for»n  31  ♦ |(*)  * o , .soy  o f the  methods  discussed  in. 

III  may  be  used  to  handle  VL  Him 
the  i^m-loop  < !<ne^Spop  method  yisMs  appro/d* 
mat  ion.  to  the  rauis  iftat  can  be  of  a neat  * alae,  (see 
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Figure  it  F-3.  t [(x+ A W+Mj\+C'-X'.  0*  x!  *■.  * B)T  +Cx+D 
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